CHAPTER 5
INTEGRATION

- Integration is the process of calculating an integral.

- Integral calculus is the mathematics we use to find length, area .... etc.

- By integration we get (general solution) of the problem and by applying
(boundary conditions) we get (particular solution). This is for indefinite
integral.

5.1 Antiderivatives:

The antiderivative is the function when the original function obtained from its
derivative. It is defined by F

For example if f(x) = cos x, F(x) = sin x There

are two types of integration:

1. Definite integral fab f(x)dx

- | : Integral sign ( it is elongated S chosen by Leibniz from the letter S in
German word summation). - Give numerical values - No constant of
integrals.

2. Indefinite integral [ f (x)dx

- General solution (constant of integration C) -
Particular solution (applying boundary condition)

5.2 Definite integral:
The area problem:

If we have the function y = f(x) = x?, and want to find the area under the graph from
Xx=0tox=1:

« The area is not regular; it is not easy to find it.
» We can estimate the area by dividing it to small strips.
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 |f the area is divided into four strips of rectangular shape:
Base = ¥4 unit
Height = the right edge of the rectangle.
The area equal to
R4 = Y (1/4)% + Ya (112)? + Ya (314)? + Vs (1)2
= 15/32 = 0.46875
« If the height is equal to the left edge of the rectangle: L4 = ¥4 (0)? + ¥4 (1/4)?
+ Y, (1/2)2 + Y4 (3/4)? =7/32 =0.21875

The exact solution is greater than L4

0.21875 < A (exact area) < 0.46875

 If we repeat this procedure with a larger number of rectangular strips, the
values of R and L closed to exact area A = 1/3 = 0.33333333 obtained from

integration.
For RlOOO =0.3338335 , LlOOO =0.3328335

Now: if we have the function y = f(x), and we want to find the exact area under the
graph of this function from x = a to x = b, divide it into n rectangles:

Take a typical rectangle (k™ rectangle):

Area of k™" rectangle = f (C,) . AXx

The sum of areas of rectangles (S) is:

S =Yk=1f(Cr). DXy

The Greek capital letter ) (sigma) is used to indicate sums.

The exact area (A) =1im,,_,o Yp=q f(Ci). AXy
The definite integral of f(x) fromx =atox =Dbis



b n
f(x)dx = lim ) f(Cy).AX,
_L n—0oo kz

=1
Where;

a: Lower limit of integration b: Upper

limit of integration dx: Differential

(index integration).

Notes:

1. All continuous functions are integrable.
2. If f(x) is negative, the area becomes below the x-axis.

5.3 The mean value theorem for definite integral:

If f(x) is continuous on the closed interval [a, b], then, at some point ¢ in the
interval [a, b]

1 b
FlO) = — f £ (Odx

For example: the average value of y = x> fromx = 0 to X = 1 is LO G) — %
1_

Rules for definite integral:

1. J; f(x)dx =0
2 FOOdx = -
f; Kf(x)dx =
PTG + g0
[ f@ydx = [}
fbcf(x)dx = f;



2. fbaf(x)dx

K [ f(x)dx
ldx = [ f
f(x)dx +
f(x)dx — [
3.
4. (x)dx + [” g(x)dx
[ F(0)dx
;f(x)dx
5,
6

7Mgw 2ft [P gGdr > [P Fdx
8. IFf()>0 [ f(x)dx =0

5.4 The fundamental theorems of integral calculus:
5.4.1 The first fundamental theorem:

If f is continuous on [a, b], then the function F(x) =_[:f(t)dt has a derivative at

every point on [a, b] and

dF _ d jx (Odt =
=3 Sl = G
Example 1: Find dy/dx for y =f_xn cott dt

- . _d rx _
Solution: dy/dx = — [~ cott dt = cosx
Example 2: Find dy/dx for y = flxz cost dt
Solution: Let u = x? y = flxz cost dt = J"lu cost dt
@ _ay du_ sy 2= cos x 22X = 2X €S X2
dx du dx dx
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5.4.2 The second fundamental theorem (Integral evaluate theorem):

If f is continuous at every point on [a, b] and F is any antiderivative of f on [a, b]
then:

b
[ oo =r®) - F@
a
Example 3: calculate [ cos x dx

foncosxdx = [sinx]f=sinm—sin0=0-0=0

5.5 Integration Formulas:

n+1(b

[S—

b u
. [ utdu =
a n+1

a
b
J,, du=ulg

[ (du+dv) = [ du+ [ dv
f; sinudu = —cosul?

f; cosudu = sinul?

f; sec?udu = tanul}

f; secutanu du = secu|?

b
J,, esc?udu = —cotulg

A A S B T o

f; cscucotudu = —cscul}
5.6 Area Under Curve
Example 4: Find the area under the curve y =x + 2 from x =1 to x = 4.

Solution: A = [dA= [ ydx = [(x + 2)dx



=16 —-5/2 =13.5 units

Example 5: Find the area under the curve y = cos x from x = 0 to x = /2.

Solution: A = fonlz ydx = fonlz cos x dx = sin xlg/2= sin /2 —sin 0 = 1 units

Example 6: Find the area bounded by the curve y = f(x) =v2x + 1 and the lines x
=0, X =4 and the x-axis.

Solution: A = f04(2x + 1) 2dx

N |

2 3/2|* 1,093
2(2x+1)¥2| =2[(3%)2 - (1)]
3 0 3

=1/3(26) = 26/3 units

Example 7: Find the area of the region between the x-axis and the curve y = x3 -
4x. -2 <x <2 Solution:

In this case, the graph has +ve and —ve values of area. We must divided the interval
[-2, 2] into [-2, 0] and [0, 2] and take the absolute value of results. y =0  x3—4x
=0 x(x2-4)=0 X(X—=2)(x+2)=0 x=0, x=2, x=-2

A = f_oz(x3 —4x) dx= [x—4— 2x2]0 =[0]-[4-8]=4

2 4 2_2
Ay = [[(x® = 4x) dx=[%—2x2]0=[4—8]—[0]=-4

A=A+ A
= 4]+ |- 4
=4 + 4 =8 units
nrgz sin\/fd

Example 8: Evaluate |, N
— x

L



Solution:

Letu=+x
d ! d
Uu=——ax

2\/x
dx 2d
—_—— u
2+/x

UL = yr2=x, L.L=E:g

T i
f sinu.2du= 2 sinu.du
/2 /2
= 2[cosu]z/, = -2 [cos m— cos /2]
=-2(-1-0)=2

5.7 Numerical Integration:

The numerical integration methods are approximate rules for evaluating definite
integral. It used when we cannot compute the value of an integral exactly and

specially useful for approximately integral of functions that are available only in
graphical or tabular form.

In the present study, we will deal with three methods:

1. Trapezoidal method
2. Mid point method

3. Simpson’s rule method.

5.7.1 Trapezoidal Method:
If we have the function y = f(x) and we want to estimate f; f(x)dx

If we have n divisions



h =
n

A = total area under the curve y
=f(x) fromx=atox=D0b
A~a+a+az+... an = n_lai
_ (YotV1 _ [ V1tY2 _ [(Y2tYs _ (Yn-11tYn
al_(z)h’az_(z)h’a3_(z)h’a"_( )h

A=) () () ()

AxhR+L 22 X2 ¥ Y Yno1 y Ynor y Im
2 2 2 2 2 2 2 2 2 2
—_ Yo Y
Awh[?+y1+y2+y3+ ...... yn_l+?”]

h
A= Y [Vot2y1 + 2y,F...c.ee +2yn_1t Vil
Where,

Yo — yn . values of the function f(x) at Xo — X, Yo

=1(a) , yn = f(b)

h = width of Trapezoid = (b —a)/nn

= number of divisions

Example 9: use Trapezoidal rule to approximate f16(x3 + 3)dx; n =6, then

compare the result with the exact value and find the percentage of error.

Solution:

6-1 5
6 6

h
A= 2 [Vot+2y1 + 2yy + 2y312y, + 2Y5 + V6]



X y=f(x)=x3+3
Xo=a=1 fla)=y0=4
x,=1+ (5/6)=11/6 |y.=9.16

X, = 16/6 y» = 21.96

X3 = 21/6 V3 = 45 .87

Xs = 26/6 ya = 84.37

X5 = 31/6 ys = 140.92

Xe = 36/6 =6 Yo = 219

A= 1—52 [4 +2(9.16) +2(21.96) + 2(45.87) + 2(84.37) + 2(140.92) +219]
= 344.82

The exact value = | 16(x3 + 3)dx

=[5 +3x]§ =338.75

The percentage of error = % 100= 1.8 %

Note: the error estimated from Trapezoidal method = E+

b
Er=T-— f f(x)dx
a
T — approximated value of integral by Trapezoids

b—a
IETl S Tth

D- Upper bound for the value of | f(x)|on [a, b]

Example 10: Find the upper bound error estimate from using the Trapezoidal
method with n = 10 for the integral f; X sinx



Solution:a=0,b=1,n=10,h=(1-
0)/10 = 1/10 f(x) = x sinx f(x) = x cos x +
sinx

f(x) = x (-sinx) + cos X + C0OS X = 2 COSX — X Sin X
D=2

b—a
|Er| < Tth

PRIERNER e

E.| < —
|T|_600

1

()@ Bl

100 ~ 60000

_ 1
Ifn=0 |E <=

5.7.2 Mid-Point Method

In this method, the area under the curve is divided into a number of rectangles. The
curve intersects each rectangle at the mid-point of the top side.

A zM:Zf(ck).h
i=1

n = number of rectangles
Cxk : X- coordinate for the midpoint.
The error estimate for midpoint method is:
|Ey| < uhZD
24
Example 11: Estimate flz x?dx with n = 4 by Midpoint method.

Solution:a=1,b=2,n=4h
=(2-D)/d=Y
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Cr f(CY)
Cl=1+(L/4)2=9/8 f(C1) = (9/8)?= 81/64
C2=9/8+vs=11/8 f(C2) = (11/8)2= 121/64
C3=11/8 + Y= 13/8 f(C3) = 169/64
C4=13/8 + Ya= 15/8 f(C4) = 225/64

A=Y [81/64 +121/64 + 169/64 +225/64] = 149/64 = 2.328125 f
X)=x%f(x)=2x, f{x)=2,D=2

Ed<222(0) @
24 \4
|Eml < —
192
|Ey| < 0.005208

5.7.3 Simpson’s Rule

Simpson’s rule is based on approximately curves with parabolas instead of line
segments. Each three points are connected with a parabola. The general
equation of parabola isy = Ax?> +Bx + C

da = Yy dx = f_hhydx

n
Ar = f (Ax? + Bx + C)dx
~h

Ax3 Bx? N
Ar = [T+T+ Cx]_h
L AR BRE AW BR2
TT3T (3 2 )
h3

2Ch
3 +
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Ar = %(2Ah3 +6Ch) = % (2Ah? + 6C)= Exact Area

Since the curve passes through the points (-h, yo), (0, y1), (h, y2) then:

Yo=Ah?—Bh+C....... (1)
Yi=C ot ool )

Y,= A2 +Bh+C ... 3)
Yo—yi = Ah2— Bh
Yz—yleh2+ Bh

Yo—Y1+VY2—Vy1=2Ah? Ar=%[y0+y2—2y1+6C]

h h
Ar =2[yo + ¥, — 2y1 + 6C] = [yo +4y1 + ]

Now: Ar1 = 2 [y, + 4y, + ¥,

h
Ar2 = 3 [y2 +4y3 + Y4l
Total area = Arl + Ar2 = % (Vo + 4V, + Vo + Y + 4y + 4]

h
= E[YO + 4y, + 2y, + 4ys + yal

A—S—h
T3

Vo +4y1 + 2y, +4ys + - o +2yp 5 + 4yn_1 + V)
Example 12: Estimate flz x?dx with n = 4 by Simpson’s rule.
Solution:a=1,b=2,n=4h

=(2-1)/4=Y

h
A=5=§(yo+4Y1+ZJ’2+4y3+y4)

I
| —

Xo = y():l
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X1 = 5/4 y1 = 25/16
X, = 6/4 Y, = 36/16
xs = 7/4 Vs = 49/16
Xq = 2 Ya = 4

A——l 1 425 236 4(49)+4
_4*3[ T (E)Jr (E)Jr 16 ]

=7/3=2.333333

The error estimate for Simpson’s rule is :

1l < 2= %htp
— 180

D — Upper bound for the value of | f(*)| on [a, b]
O When the power of f(x) <3 D=0 error becomes Zero
S gives exact value for the integrals of the functions of third degree or less
For the above example: f(x) = x2, f(x) = 2x, f(x) =2, f(x) =0, f(x) =0 D=0
Theerror=0
Example 13: Determine n that will guarantee an accuracy of at least 107 for using:

1. Trapezoidal rule

2. Simpson’s rule
To approximate f:x“dx
Solution:

1. By Trapezoidal rule:
|Er| < uhZD
12
a=2,b=4,h=(b-a)/n=2/n
f(x) = x* £ (x) = 4x3 f (x) = 12x2
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atx=4 f(4) = (4)>* 12 =192 D =192
4-2 [2\2 128
Bl < (5) 192 1Bl <SF

128 1077 n2>128 * 107 n>35777.08 n=> 35778

— =
2. By Simpson’s rule
|Es| < b_—a h*D
180
f(x) = 12 x2f(x) = 24 x

f(x) = 24 D =24
2

(_)4 * 24 |Es| < —

n — 15n*

2
< =
|Es| < o5

82

ot <1077 n>80.82 n

15n* —

Example 14: The table below shows the velocity of submarine with the travelling
time. Use Simpson’s rule to estimate the distance travelled during the 10 hours
period.

t (hr) v (mph)

12

14

17

21

22

21

15

11

11

OO NOO|UIBW DN O

14

[EEY
o

17

14



Solution:

p =% ds = v. dt
dt

s = fomv(t).dt

h=1,n=10

S=1/3[12 +4(14) + 2 (17) + 4(21) + 2(22) + 4(21) + 2(15) + 4(11) + 2(11) +
4(14) + 17] S =161 mile

5.8 Indefinite Integrals:

If the function f(x) is a derivative, then the set of all antiderivatives of f is called the
definite integral of f.

The form of indefinite integral is [ f(x)dx
The value of this integral is F (x) + C

F(x): Antiderivative

C: Constant of integration (arbitrary constant)
[fldx=F((x)+C

5.9 Integration Formulas:

If u=f(x)

n+1

—

.f‘u”aluzwr1

2. [sinudu=—cosu+c

+C

3. [cosudu =sinu+c

4. [sec’udu=tanu+c

5. [secutanudu = secu +c¢
6. [csc’udu=—cotu+c

7. [cscucotu du = —cscu+c
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Example 15: [(3x? — 2x + 5) dx

=3fx2dx—2fxdx+5fdx

=3 (x33)-2 (x?/2) +5x + C
=x3-x?+5bx+c

Example 16: [ cos? x dx

= f”czszxdx:f%dx+f%c052xdx

1

1
> Efcost-de

1 1
f§c052xdx—§fc052xdx—
—1 2x+2d —1 in 2
—chosx x—Zsmx

f 2xd x+1 in2x + C
cos~ xax = — —SINn £2X
2 4

Example 17: Solve the following differential equations:
1. dyldx=x*+1
2. dyldx=[xy, x>0,y>0
3. x¥(dy/dx) = - 2, x > 0 Solution:
1. dy/dx =x2+1 dy = (x2 + 1) dx
[dy=[(x?+1)dx y=x¥3+x+C
2. dyldx = NEZ, dy/dx = (xy)¥2  dy = (xy)*2dx
dy = x12 y1/2 dx y-1/2 dy = x12 dx
y~Y2dy = fxl/zdx

y1/2_x3/2 12_232 _2
+C o 2yVP=x3P+C 2 fy=Vxad+c

[

3
2

3. x3(dy/dx) =-2 dy = -2 x3 dx
16



[dy=-2[x3dx y=—2(x—)+C
1

Vv = P + C

5.10 Integration by Substitution:

If we have the integral ff(g(x)).g(x)dx, substitute u = g (x), du = g(x) to obtain
[ f(wdu.

Example 18: Evaluate [ cos \/Ed\/—f
X

Solution: letu = vx = & =21x-1/2

1 _
du ==-x"Y2dx
dx 2 2

x12 dx =2 du
fcos\/Ed—\/;=fcosx1/2 - x1/2dx = [cosu -2 du

=chosu-duZZSinu+C=251n\/E+c

xcosV3xZi—6

Example 19: [ ——dx

— 22 _ du _ 1.
Lety = v3x 6 dx  2V3x2-6 6x
du 3x dx xdx d_u

3x2— V3xZ-6 3
f 3= f d

3 3 cosu adu
1

=§sin 3x2—-6+c

Example 20: Evaluate [ sin 3x cos 3x dx by three different methods
Solution:
Method 1: [(sin3x) cos3x dx

Let u = sin 3x du = 3 cos 3x dx cos 3x dx = du/3
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fu%z%fudué-u;+c%sin23x+cl
Method 2: [(cos 3x) sin 3x dx
Let u = cos 3x du = - 3 sin 3x dx sin 3x dx = - du/3
fu_Bﬂz—%fudu=—§-u;+c=%160523x+c2

Method 3: [ sin 3x cos 3x dx =%f251n3x cos 3x dx

=~ [sin6x dx === [sin6x- 6 dx = — (— cos 6x) + ¢3

=) sin6x dx ==--~ | sin6x x_12( cos6x) + ¢
Solving the Initial VValue Problems:
Given dy/dx = f(x) dy=fix)dx  Jdy=If(x)dxy

=F(Xx)+C general solution

Use initial condition to find C

X

Example 21: Find the equation of a curve whose slope is ——— and passes through

Vx2+3
the point (1, 1).

i —dy _ X 2 4 )12 —
Solution: Slope — = dy (x= + 3) X dx

dy = (X + 3)" Y2 x dx Jdy =] %+ 3) Y2 x dx

y=[0(2+3)yR2020)xdxy=12] (x*+3)

(1/2) xdxy=%*2 (x*+3)*+C

y =+/x2 +3+C (general solution)

At point (1,1) 1=vV1+3+C c=-1
y=+x2+3-1 (particular solution)

Example 22: Solve 2y (dy/dx) = 5x — sin x Xx=0,y=0
Solution: 2y dy = (5x — sin x) dx 2y dy = 5x dx — sin x dx

18



12y dy = [5x dx — [sin x dx Zy?z=5xz—2+cosx+(]

y?2 = (5/2) x> + cos x + C

at point (0, 0) 0=0+1+c c=-1y?

= (5/2) x> + cos x — 1

Example 23: Solve the differential equation dy/dx = 3x? — 2x — 1, the initial
conditions (y =10 atx = 1).

Solution:

dy/dx = 3x2 — 2x — 1 [dy=[3x2—2x—-1)dxy

=x3-x2—x+c  (general solution)

atx=1,y =10 10=(1)21)2-1+c c=11y

=x3-x2—x+11  (particular solution)
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