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Round-off Errors and Computer Arithmetic

1- Binary Machine Numbers
A 64-bit (binary digit) representation is used for a real number (according to IEEE
standards).

(_1)32C—1023(1 +f)
This representation is called floating point representation.

The first bit is a sign indicator, denoted s. This is followed by an 11-bit exponent, c,
called the characteristic, and a 52-bit binary fraction, f, called the mantissa. The base
for the exponent is 2.

Example 1: consider the following machine number:

0 10000000011 1011100100010000000000000000000000000000000000000000

L l

Sign  Characteristic Mantissa

Sign: (0: positive; 1:negative)

Characteristic:
c=1%x2241x21+0%x2240%x23+0x2*+0%x2°+0x2°+0x%x27+0
x28+0x2%+1x210
=1+2+1024 =1027.
The exponential part of the number is, therefore:

21027—1023 — 24

Mantissa The final 52 bits is:

1 3 4 5 8 112
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(=1)52671023(1 4 f)= (—1)021027-1023 (1 N (1 y (%)1 +1x (%)3 C1x (%)4 s

NORSSIORIHON)
=27.56640625

2= Decimal Machine Numnibers

Machine numbers are represented in the normalized decimal floating-point form
+0.d,d, ... d;, x 10", 1<d; <9, 0<d;<9

Any positive real number within the numerical range of the machine can be
normalized to the form:

y = 0.d1d2 dkdk+1dk+2 e X 1011

The floating-point form of y, denoted f I(y), is obtained by terminating the mantissa of
y at k decimal digits. This can be performed by using one of two methods:

1. Chopping:

2. Rounding:

Example 2: Convert the following numbers to 4-digit by chopping and rounding:

X =635894 ,y =0.00218 , z = 584.63

1. Chopping:
x*=0.6358 x 10%, y*=0.2180%x 1072, z*=0.5486x 103
2. Rounding:

x*=0.6359 x 106, y*=0.2180x 1072, z* =0.5486 x 103
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Definition 1: Suppose that p* is an approximation top. The absolute error is

e, = |p — p’|, and the relative error is §, = 'pl;zlj*l provided that p # 0.

Example 3: Suppose that x = gand y = % Use five-digit chopping for calculating x +
Y, X =Y, XXy, and X +.

Solution:

fl(x) = 0.71428 x 10°, fl(y) = 0.33333 x 10°

x @ y=fIf1(x)+fl(y)) =f1(0.71428 x 10° + 0.33333 x 10°)
= f1(1.04761 x 10°)
=0.10476 x 10"

The true value of addition:
x+y=2+:=
The absolute error is:

22
21

exey = |~ —0.10476 x 10'| =0.190 x 10~*

The relative error is:

0.190x10™%

— |2V -4
Sxiy = | | =0182x 10

XCy=fLFL (X)- fl ()= f1(0.71428 x 10° - 0.33333 x 10°)
=0.38095 x 10°

The true value of subtraction:
x—v = 5_1_38
y=7735

The absolute error is:

8
€x—y = |57~ 0-38095 X 10°| = 0.238 x 107
The relative error is:
5 B 0.238 x 107> 0,625 X 10-°
= 8/21 S
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Multiplication operation:
x®y=fI{f1(x) x fl(y)) =1(0.71428 x 10° x 0.33333 x 10°)
=0.23809 x 10°

5
XXy= ﬁ
5 0 -5
Cxxy = 5—0.23809 X 10%[ =0.524 x 10
0.524 X 1078 .
ey = |5 1| = 0220 X 10

Division operation:

X (+) y=0.21428 x 10

15
X+y=7

ey.y = 0571 x 107
Sysy = 0.267 x 107

To calculate the upper bounds for the absolute and relative errors, the number has been
partitioned into two parts as follows:

x = f, X 10% + g, x 10%™"
Where:

1
— <
~<fl<1

0=<|g«l <1

In the case of chopping the second part is neglected, so we obtain the following
approximate value for the number:

x* = f, X 10%
The upper bound for the absolute error is therefore:

le| = |x — x*| = g, X 10k~ < 10%- ™
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The upper bound for the relative error is:

k—
|ex| 10 " < 101—Tl

|6, | = < <
x| T fel X 10%

In the case of rounding the approximated value for the number is:

fe x 10%, 9.l <1/,

*

x* =
f, x 10k + 10k, 192l =1/,

The value of absolute error is:

9.1 x 104 |g, | <1/,

|ex| =
11— g, x 105 g | =1/,

The upper bound for the absolute error is therefore:
le,| < § x 10k—"
The upper bound for the relative error is:

le,| _ 1/2x10k—T
|6x| =—=< A
x | fx|X10

1 —
SEX101 n

The above argument can be generalized to any real number in any numerical system
with base b. the number is partitioned into two parts:

x = f, X b¥ + g, x b*™

The number is converted to the floating point scheme. In the case of chopping the
number would be:

x* = f, X b*

In the case of rounding the number would be:
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The upper bounds for the absolute and relative errors:
1. If x* is chopped:
lex| < b*"
16, <b'™™
2. If x* is rounded:

le, | < % X bk—n

|8,] <= x bi"

1. Find the decimal numbers equivalent to the following floating point binary
numbers:

0 01111111111 0101001100000000000000000000000000000000000000000000

1 10000001010 1001001100000000000000000000000000000000000000000000

2. Find the absolute and relative errors for the numbers in example 2.

3. For each of the following:

I.  The exact value.
ii.  The approximated value for 3-digit chopping floating point number. Find
the absolute and relative errors.
iii.  The approximated value for 3-digit rounding floating point number. Find
the absolute and relative errors.
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