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Introduction:

Mechanics: is the physical science, which deals with the effects of forces on objects.

Scalar quantities: are those with which only a magnitude is associated. Examples of scalar
quantities are time, volume, density, speed, energy,

Vector quantities: on the other hand, possess direction as well as magnitude, and must obey
the parallelogram law of addition as de-scribed later in this article. Examples of vector
quantities are displacement, velocity, acceleration, force, moment, and momentum.

Units:

Mass: kilogram, kg -(1Kg=1000g)

Length: meter, m -(1m=1000mm)

Force: Newton, N-(kN=1000N)

Weight: (N) =m (kg) * g (m/s”)
Gravitational Acceleration, g=9.81 (m/s?)
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Force:

A force is a vector quantity, because its effect depends on the direction as well as on the
magnitude of the action. Thus, forces may be combined according to the parallelogram law of

vector addition.

6

(a)
Cable tension
P

Principle of Traﬁsmissibilitv:

a force may be applied at any point on its given line of action
without altering the resultant effects of the force external to the
rigid body on which it acts.

Concurrent Forces:

P /3 A\ P

Gj‘i{_ Q'c

Two or more forces are said to be concurrent at a point if their lines of action intersect at that

point.

(o] o
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Force Components:

Rectangular Components:
1- Fx, Fy: known
Required: F, resultant force of Fx, Fy

3
|
F=JFI+F] A
) 4
LB |
6 = tan™' = A
F_}_:
2- F: known
. F
Required: force components Fx, Fy =
F.=Fecozd
F,=Fsin#

Non-rectangular Components:
1- F1, F2: known
Required: R, resultant force of F1, F2

Parallelogram low:

R?=F}!+F} —2F,F,cos a

R F, . F, |
— =—— =9 =sin I(=sina)
sina sinf R

2- R: known la)
Required: force componentsF1, F2
R F, sin@
. = — 2 = . R
sina sinf sina
R F sin
L _, _sing

sina sinf 1 sina

Relationship between force projections and components

The components of a vector are not necessarily equal to the
projections of the vector onto the same axes. Furthermore, the
vector sum of the projections Fa and Fb is not the vector R,
because the parallelogram law of vector addition must be used to
form the sum. The components and projections of R are equal
only when the axes a and b are perpendicular.

(e}
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A Special Case of Vector Addition

To obtain the resultant when the two forces F1 and F2 are parallels
in Fig. we use a special case of addition. The two vectors are
combined by first adding two equal, opposite, and collinear forces F
and —F of convenient magnitude, which taken together produce no
external effect on the body. Adding F1 and F to produce R1, and
combining with the sum R2 of F2 and -F yield the resultant R,
which is correct in magnitude, direction, and line of action. This
procedure is also useful for graphically combining two forces
which have a remote and inconvenient point of concurrency :
because they are almost parallel. b

Introduction 5



Eng. Mechanics-Statics- 1* stage Lecturer: Dr. Bashar Abid Hamza

Example 2-1

The forces F1, F2, and F3, all of which act on point A of the bracket,
are specified in three different ways. Determine the x and y scalar
components of each of the three forces.

Solution. The scalar components of F,, from Fig. a, are

F) =600cos35°=491N

Fl_* = 600 sin 35° = 344 N

The scalar components of Fy, from Fig. b, are

Fy = —500(3) = 400N

Fp = 500(3) = 300 N

a = tan™! [% = 26.6°

Fy = Fysina = 800 sin 26.6° = 358 N

F3 = —F3cosa = —800cos 26.6° = 716N
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Example 2-2

Combine the two forces P and T, which act on the
fixed structure at B, into a single equivalent force R.

Graphical solution. The parallelogram for the vector addition of forces T and
P is constructed as shown in Fig. a.

BD _ _6sin60°

tana = — = 0.866 a = 40.9°
AD 3+ 6cos60°

Measurement of the length R and direction # of the resultant force R yields the
approximate results

R BN p=dgs
; W Y, Ans.

Geometric solution. The triangle for the vector addition of T and P is
shown in Fig. b. The angle « is calculated as above. The law of cosines gives

R? = (600)% + (800)% — 2(600)(800) cos 40.9° = 274,300
R = 54N ne

From the law of sines, we may determine the angle # which orients R. Thus,

600 _ 524
sinf sin 40.9°

sin # = 0.750 6 = 48.6° Ans.

Algebric solution
By using the x-y coordinate system on the given figure,
we may write

; szzFx = 800 - 600 cos. 409° z: 346 N
R, SRR f—eoo sin 40 9= —393 N

The magintude and direction of the resultant force R as shown
in Fig, c are then
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Example 2-3

The 500-N force F is applied to the vertical pole as shown(1)
Determine the scalar components of the force vector F along the
x'- and y'-axes. (2) Determine the scalar components of F along
the x- and y'-axes.

. . \F‘-ﬁ[h’jf‘{
Solution N\
Part (1). kY
Fx'=500 N Fy'=0 ¥
Part (2). The components of F in the x- and y'-directions are ¥
nonrectangular and are obtained by completing the parallelogram \F
as shown in Fig. c. The magnitudes of the components may be \
calculated by the law of sines. Thus, \ ~
F i - v x
L IR F,| = 1000 N
gin 90°  gin 30° x
F.,
- 500 g -geEN
sin 60°  sin 30° 2 e

The required sealar components are then

F,=1000 N F, = —866 N

Example 2-4

Forces F1 and F2 act on the bracket as shown. Determine the
projection Fy, of their resultant R onto the b-axis.

Solution:

The parallelogram addition of F1 and F2 is shown in the
figure. Using the law of cosines gives us

R? = (80)% + (100)% — 2(80)(100) cos 130° R =1634N

The figure also shows the orthogonal projection F, of R onto
the b-axis. Its length is

F, =80+ 100 coz 50° = 1443 N

Note that the components of a vector are in general not equal to the projections of the vector
onto the same axes. If the a-axis had been perpendicular to the b-axis, then the projections and
components of R would have been equal.
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Problem 2/7: The two structural members, one of which is
in tension and the other in compression, exert the
indicated forces on joint O. Determine the magnitude of
the resultant R of the two forces and the angle 6 which R
makes with the positive x-axis.

Solution:

Procedure 1:

B =tan" =53 13°

a =180 —53. 13 —30 =96. 87°
R?=F}!+F} —2F,F,cos a
R?=22+433—-2%2x3cos 96. 87
R =V14.35=3. 8N

R F; 3.8

— = — > — = — =60 +30

sina sin(8+30) sin96.87 sin(8 +30)
=sin?(0.78)

6 +30 =51. 6 =260 =21. 6°

Procedure 2:

Fi, =F;co0s53.13=3co0s 53. 13 =1. 8N -
F;, =F;sinb53.13 =3sin53. 13 =-2. 4N |
F,, =F,cos30=2cos30=1. 73N -

F, =F,sin30=2sin30=1N1T

R, =F+F,,=1.8+4+1.73=3. 53N -
R,=—F 1, +Fy,=—2.4+1=-1.4N |

R = /Rf +R%2=43.53+1. £4=3.8N

0 =tan'X —tan?! 2*=21.6°
R 3.53

X

Problem 2/13: The guy cables AB and AC are attached
to the top of the transmission tower. The tension in
cable AB is 8kN. Determine the required tension T in
cable AC such that the net effect of the two cable
tensions is a downward force at point A. Determine the
magnitude R of this downward force.

Solution:

40

f =tan?
20+30

=38. 66° 5

AY

Rx=F2x+F1x X
i -

)E

Fly+F2y

R
e

L

R

>
14

/B

| D e = s

30m

P

1 50
a =tan!2> =59°
30

Procedure 1:

40m
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6 =180 — 59 — 38.66 = 82.34°
Tab Toc sin38. 66 Y
= ST yo =T yp ————— =T
sin59 sin38.66 % % gsin59 %
sin38. 66
sinb59

R? =T 2 +T o> —2T 4T,y cOs 82. 34
R =85. 56=9. 25N
OR

T, R
_ = — =>R =-9. 25N |
sin59 sin82. 34

Procedure 2:
R,=0=T ,.sin59 —T,sin38. 66 =0=].sin59 —8sin38. 66 =0 537=5. 83N
R =R, =T, cos 59 +T cos 38. 66 =R =5. 83 cos 59 +8cos 38. 66 >R =-9. 25N |

Problem 2/20: Determine the scalar components R, and Ry, of
the force R along the nonrectangular axes a and b. Also
determine the orthogonal projection P, of R onto axis a.

Solution:
6 =180 —-110 —30 =40°
R R, 800 R,
= = = =
sin40 sinl110 sin40 sinl1l10

R,=1170N

R R, 800 R,
- = — = — = — =R, =622N
sin40 sin30 sin40 sin30

P, =R cos 30 =P, =800cos 30 =P, =693N
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Moment:

Moment M: is the tendency of a force to rotate a body about an
axis in addition to move a body in the direction of its application. =

The axis may be any line, which neither intersects nor is parallel /‘ . 7
to the line of action of the force. Moment is also referred to as ;
torque.

M=F*d

The magnitude of this tendency depends on both the magnitude F H
of the force and the effective length d of the wrench handle. (

Moment about a Point

The magnitude of the moment or tendency of the force to rotate the i
body about the axis O-O perpendicular to the plane of the body is :
proportional both to the magnitude of the force F and to the moment iﬂ

. . . . . . ‘_F._,-r'-'_"‘-\-._'___h
arm d, which is the perpendicular distance from the axis to the line " r N N
of action of the force. Q})
| - -

M=F*d

Sense of Moment

e minus sign(-) for counterclockwise moments
e aplus sign (+) for clockwise moments
Sign consistency within a given problem is essential.

Basic Units Of moment: N.m

Varignon’s Theorem:

The moment of a force about any point is equal to the sum of the moments of the components
of the force about the same point.

MO =R*d = Q*q—P*p

Moment 1
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SAMPLE PROBLEM 2/5

Z2m
Calculate the magnitude of the moment about the base point O of i A
the 600Nforce in five different ways. MR

Solution:
1. By M = F*d the moment is clockwise and has the
magnitude

The moment arm to the 600-N force is:
d=4 cos 40+ 2 sin40=4.35m
Mo = 600(4.35) = 2610 N.m clockwise

2Zm F, = 600 cos 40°

2. By Varignon’s theorem,
F1 =600 cos 40=460 N,
F2 =600 sin 40=386 N 4m
Mo=460(4) +386(2) = 2610 N.m clockwise

~

A

F, = 600 sin 40°

B—>F, y
3. By the principle of transmissibility, move the 600N - N |
force along its line of action to point B, which ° TRA —
eliminates the moment of the component F2. / \\4\
dl =4 +2 tan 40=5.68 m Gl r B
Mo=460(5.68)=2610 N.m clockwise e
\ ~C F
0 dy l{ !

Fy

4. Moving the force to point C eliminates the moment of the componentF1. The moment
arm of F2 becomes

d2=2+4 cot 40=6.77 m
Mo=386(6.77)=2610 N.m clockwise

5. By the vector expression for a moment

Moment 2
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Problem 2.40: The 30-N force P is applied perpendicular to the portion BC
of the bent bar. Determine the moment of P about point B and about point
A.

Solution:

Moment about point B
OMg=P.d=30x16=48N.m UORc.w
OR

P, = P cos45 = 30 cos45 = 21.2N

P, = Psin45 = 30sin45 = 21.2N

y = 1.6sin45 = 1.13m nua: P =30N
|
x = 1.6 cos45 = 1.13m &
OMg=PF.y+PB.x=212+113+212%113=48N.m OUORc.w C 1.6m
« NRN\45°
B 1

Moment about point A
d=d;+1.6=16cos45+ 1.6 =2.73m
OM,=P.d=30%273=819N.m U

OR
U M, = P(y +1.6) + P,.x = 21.2(1.13 + 1.6) + 21.2 * 1.13
=819N.m U

Problem 2/41: Compute the moment of the 1.6 N force about the o
pivot O of the wall-switch toggle.

Solution:

Procedurel:

FE, = Fsin10 = 1.6sin 10 = 0.28N

F, = Fcos10 = 1.6 cos 10 = 1.57N

y =24sin30 = 1.2m

x = 2.4cos30 = 2.08m

OMy=F.y—FE.x=028%12—-1572.08
= —-293N.m O

Moment 3
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Procedure2:
d =2.4sin50 = 1.834m
OMy,=F.d=16%1834=294N.m O

Procedure3:
O My = (F cos40) * 2.4 + (F sin40) = 0
= (1.6cos40) * 24+ 0=294N.m O

Feos40 24m

Problem 2/51: In order to raise the
flagpole OC, a light frame OAB is
attached to the pole and a tension of
1.2 kN is developed in the hoisting
cable by the power winch D. Calculate
the moment M, of this tension about
the hinge point O.
Solution:
Procedure 1:
32=152+y2 =y =26m0Ory=3sin60
T, =Tcos20 =1.2%*cos20 =1.13kN
T, =Tsin20 = 1.2 xsin20 = 0.41kN
OMy=-T,.y+T,*15

=—-1.13%2.6 +0.41%1.5

= —2.32kN.m O

Procedure 2:
d = 3sin40 = 1.93m
OMy,=-T.d=-12%193 =-232kN.m O

Problem 2/33: The throttle-control sector pivots freely at
O. If an internal torsional spring exerts a return moment
M=1.8 N.m on the sector when in the position shown, for
design purposes determine the necessary throttle-cable
tension T so that the net moment about O is zero. Note that
when T is zero, the sector rests against the idle-control
adjustment screw at R.

Solution:
M=T.r
18=T*x005=T=36N

Moment 4
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Couple:

The moment produced by two equal, opposite, and non collinear forces

Mo=F(atd)-Fa=F*a+F*d-F*a=F*d

The magnitude of the couple is independent of the distance (a) which locates the forces with
respect to the moment center O. It follows that the moment of a couple has the same value for
all moment centers.

Sense of Couple:

(+) Clockwise (-) Counterclockwise

Equivalent Couples

Couple 1
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Force—Couple Systems

The force F acting at point A is replaced by an equal force F at some point B and the
counterclockwise couple M= Fd.

,..--"?i:
= (% \B
A
By reversing this process, we can combine a given couple and a force which lies in the plane
of the couple (normal to the couple vector) to produce a single, equivalent force.

SAMPLE PROBLEM 2/7

The rigid structural member is subjected to a couple consisting of the two 100-N forces.
Replace this couple by an equivalent couple consisting of the two forces P and -P, each of
which has a magnitude of 400 N. Determine the proper angle 6.

Solution.
The original couple is counterclockwise when the plane of the forces is viewed from above,
and its magnitude is

M= F*d=100(0.1)=10 N.m counterclockwise

The forces P and -P produce a counterclockwise couple

M=400(0.040) cosb

Equating the two expressions gives
10=(400)(0.040) cosd

0=cos™ 10/16=51.3°

P=400N
1T
|
40 mm
; |
/1% |4
a
P=400N

100 N

Dimensions in millimeters

Couple 2
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SAMPLE PROBLEM 2/8
Replace the horizontal 350 N force acting on the lever by an equivalent

350N

system consisting of a force at O and a couple.

Solution.
We apply two equal and opposite 350N forces at O and identify the counterclockwise couple
M=F*d=350(0.22 sin 60°)=67N.m. counterclockwise

Problem 2/65: The 30N force is applied by the control rod on
the sector as shown. Determine the equivalent force—couple
system at O.

Solution:

Procedurel:
d = 75sin45 = 53mm
M=T.d =30%0.53 =1591N.m

Couple 3
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Procedure2:
M = (30sin45) * 0.075 = 1.591N.m

30sin45

305in45|

SpuIsoe

Problem 2/70: A force—couple system acts at O on the 60°
circular sector. Determine the magnitude of the force F if the
given system can be replaced by a stand-alone force at corner
A of the sector.

Solution:

d = 0.4sin60 = 0.346m
M,=F.d =80=F %0346 = F = 231N

BONm: 5 T, 04m A

Problem 2/74: The 250-N tension is applied to a cord which is
securely wrapped around the periphery of the disk. Determine
the equivalent force—couple system at point C. Begin by finding
the equivalent force—couple system at A.

Solution: 250 N
M, =F.r=250%0.12=30N.m 0

Procedurel:

M. = (250 cos 15) = (0.4 +.02) + (250sin 15) * 0 + 30

=175N.m0

Couple 4
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Procedure2:
d =0.6cos15 = 0.58m

M; =250%0.58+30=175N.m U

180 N

Problem 2/75: The system consisting of the bar OA, two
identical pulleys, and a section of thin tape is subjected to the
two 180-N tensile forces shown in the figure. Determine the
equivalent force—couple system at point O.

Solution:

Procedure 1:
M, = 180(r + 0.1sin45 + 1)
M, = 180(0.025 + 0.1sin45 + 0.025) = 21.74N.m O

Procedure 2:
U M; = —180(0.15sin 45 + 0.025)
= —-23.6N.m 0O
U M, = 180(0.05sin45 — 0.025) = 1.86N.m U
UM, =186—-23.6)=—-21.74AN.m O

0.15sin45

0.05sin4p

0 180N (

y Mi=Ng - 50 mm \
23.6N.m 0.055In45-0.025
“ 1.86N.m

Mo=21.7N.m

Couple
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Resultants:

The resultant of a system of forces is the simplest force combination, which can replace the

original forces without altering the external effect on the rigid body to which the forces are

applied.

Resultant force can be determinate by using one of the following:
1. Using parallelogram law.

2. Forming the force polygon

3. Algebraic Method
We can use algebra to obtain the resultant force and its line of action as follows:
e Resolve each force into horizontal component (Fx) and vertical component (Fy).
e Calculate Rx = Flx + F2x + --- = ). Fx
e Calculate Ry = Fly + F2y + - =) Fy

e Calculate R = \/Rx? + Ry?

e Calculate 8 = tam 1(%

e Find the line of action of R
Mo=XM=F1*d1+F2*d2+F3*d3+.....=X(Fd)=R*d
d=Mo/R

Resultants 1
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SAMPLE PROBLEM 2/9
Determine the resultant of the four forces and one couple, which act on the plate shown.

y
|
Solution. 60 N Bl le— 5m—>f
Rx=XFx=40+80 cos 30-60 cos 45=66.9 N— 50 N :
Ry=XFy=50+80 sin 30+60 cos 45=132.4 N1 I =6
R=Rx?+Ry? ==/66.9+132. 4=148.3 N 8 |__r _____ 140 Nom
I
Rx 66. 4—— |
9=tan‘1(—)=taﬁl(—94)=63.2 o B y N
Ry 132. 40N I________OLéE_x
Point O is selected as a convenient reference point for 1.m
the force—couple system which is to represent the given
system.

OMo=X(Fd)= 140-50(5)+60 cos 45*(4) -60 sin 45*(7)=-237 N.mU
Mo=R*d=d=Mo/R=237/148.2=1.6m
Intercept distance (b) to point C on the x-axis
Mo=Ry*b=b=237/132.4=1.79m

OR

Intercept distance (y) to point withe y-axis
Mo=Rx*y=y=237/66.9=3.55m

g R-1483N
1.600 m | 63.2°
Y
L jj;-B
Foo Pl
132.4x - 669y = ,/
237 y
|
o |
—_— ___',____x
O
VAEE
8 kN
Problem 2/84: Determine and locate the resultant R of the
two forces and one couple acting on the I-beam. s 1
Solution: - .
OW
R, =1* DF , =58 = —3kN | S
Rx =—>+2Fx=0 |-<—2r11 2m 1 2 m —-|
2 |R=3kN
R= [R°>+R,>=40+32=3kNl
“ S
0+2\40=8*6—5*2—25=13k1\ﬁmo 0
13 ‘
M, =R. d =d = — = 4. 33m S ! yme2m

Resultants 2



Eng. Mechanics-Statics- 1" stage Lecturer: Dr. Bashar Abid Hamza

Problem 2/88: If the resultant of the two forces and A
couple M passes through point O, determine M. xggﬁ :
Solution:

Since the resultant force pass through point O, hence,

the summation of the moment about O equal to zero. . Z_---
Ut M, =(400cos 30) * 0. 15+ 320 0.3 -M=0
M= 148N. mU

320N

Problem 2/89: Replace the three forces which act on the
bent bar by a force—couple system at the support point A.
Then determine the x-intercept of the line of action of the
stand-alone resultant force R.

Solution:

R, =T* ZJ y =—10+3. 2cos 30 —4. 8 = —12. 03kN |

_J:'
I
|
|
|

10kN

R, =->"YF,=3.2sin30=1. 6kN—

R = /sz +R,*=41.6+12. 03
Rx=1.6kN

= 12. 13kN

— ~1 Ry __ -1 1.6 __ o
O =tan ﬁ—tan 12_03—7. 576

3.2cos30

12.03kN
=)

s Ry

UYYM,=10x1.2—3.2cos 300. 2+ 0. 6cos )30(3. 2sin300. 6sin B
4. §1. 2+ 1. 2cos30 + 0.9 21. 82kN. mU

Rx=1.6kN 4.8kN

My=R,*x=x= 2-=1 814m
12. 03

OR

M,=R+d=d= 22%=1 799m
12. 13

d 1. 799
X = = = 1. 814m
cos7.6 cos7.6

Resultants 3
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Problem 2/94: The asymmetric roof truss is of the
type used when a near normal angle of incidence of
sunlight onto the south-facing surface ABC is
desirable for solar energy purposes. The five vertical
loads represent the effect of the weights of the truss
and supported roofing materials. The 400-N load
represents the effect of wind pressure. Determine the
equivalent force—couple system at A. Also, compute
the x-intercept of the line of action of the system
resultant treated as a single force R.

Solution:

AC =10cos 60 =5m

CG? = AC? + AG? —2AG * AC * cos 60 =CG = 5m
~Al =2.5m

R, =¢+Z«* y =250 % 24500 * 3 +4005in30 = 2200N L =~} /-
Y

R, =-7 Z? » =400cos 30 = 346N —

R= /sz + R,? = V3462 + 22002 = 2227N

1R 1 2200
f=tanlX=tanli_-=81°
Ry 346

D+E/1 4 =400%2.5+50®. 5+5+ 7.)5+ 250
* 10 = 11000N. m

11000 __

My =R, *xx=x= 200

C
y B i
|
I \\\R 3
AL/60° 30° 0°y 30 "4
G Rx
YRy

Resultants
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Vectors:

Lecturer: Dr. Bashar Abid Hamza

A vector is represented by a line segment, having the direction of the vector and having an

arrowhead to indicate thesense.
AB = ai + bj
Length, |E| =+Va? + b?

Unite Vector, 7t
a=1mn,=1cosf = cosb

b =r_iy = 1sinf = sin @

n=ai+bj=cosf i+ sinf j
——
cos(90-6)
To determine unite vector for AB
. x2-x1 yz;yl
. AB @ i+ b j
Nyp = —; = > >
|AB| VaZ +b
PO LI PR
= |——|i ————|j =cos6 i+ sinf j
va? + b? va? + b?
cos @ sin@

Three Dimensional Vector,
AB = ai + bj +ck
Length, |E| = va? + b? + 2

y2-y1

Y.j
VvV B(x2y2)
ai+hj
Alx1yL) 8 |bj
ai X,i

N x2;x1 P, 22;21
R AB a i+ b j+ ¢ k
|AB] Va? + b2 + c?
a ) b ] c
= i+ j+ k
va? + b? + c? va? + b? + c? va? + b? + c?
cos B, cos 6y cos 6,

=cosf, i+ cosb, j+cosb,k
Note:(cos 6,) + (cos6,)* + (cos6,)* =1

Vector addition:
v_]_) = ali + b]_] + C1k

v_z) = azi + bz] + Czk
vl +v=(a; + ay) i +(by + by)j + (cp + )k

Vector subtraction:
v, —V,=(a; —a,)i+(by —by)j+ (c;1—cr)k

/’z g
3 — —
V. o vy + [ R
; ﬂ’ -"
"’ ” ‘I’Z
v, Vi Vi

Vi Vi
e N -Vy N
~ ~
N =Vy ~
V1 — Uy v

Vectors 1
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Dot or scalar product
v_l)? = (ali + b]_] + Clk) .(azi + bz] + Czk) = a1a2 + b1b2 + C1C2
Also V.9 = |vq| * |[v,| *x cosO= |v;]| * [v{| * cosO

N—— N——

proj v, onvy proj v onvy,
V. Y a,a, + byb, + c;c,

cosf =

Wﬂ*Wﬂ_J

a’ + b12 + ¢ % * Jazz + bzz + ¢,?

V2
= €0S 0y COS Oy, + cos b, cos b, + cos b, cosb,,

Cross or vector DrOduct
Ul sz = (all + b]__] + Clk) X (azl + bz] + Czk)

_ a1 by ¢

B a, b, ¢

= +(bic, —b,c1)i — (a;¢, —a,c1)j + (a1b, —a,by)k
Also v Xv, = |vq| * |[v5] * sinb vV, X V,

Note, v, Xv,; = v, XU,

V2XV1=_V1XV2

THREE-DIMENSIONAL FORCE SYSTEMS
Rectangular Components i

FE, = Fcos@,
F, = Fcos®9,,
F, = Fcos@,

F = JFxZ +E*+E?
Or in vector notations:
F=F#p=F(icosO, + jcosB, + Kk cosb,)
i, j, and k : the unit vectors in the x-, y-, and z-directions, respectively.

The choice of orientation of the coordinate system, use aright-handed set of axes in three-
dimensional work to be consistent with the right-hand-rule definition of the cross product.
When we rotate from the x- to the y-axis through the 90° angle, the positive direction for z-
axis in a right-handed system is that of the advancement of aright-handed screw rotated in the

same sense. This is equivalent to the right-hand rule.

Vectors 2
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The direction of a force is described: -
(a) Specification by two points on the line of action of the |5 G2 v2 20
force.

; AB o @2—xD)it+ (G2 —y1)j+ (2 -2k
|[AB|  Jx2—xD)?+ (y2 —y1)? + (22 —z1)?
Thus the x, y, and z scalar components of F are the scalar

coefficients of the unit vectors i, j, and k, respectively.

F_):FﬁF:

(b) Specification by two angles which orient the line of action of the force.
F~=F sin @ .

Fyy=F cos@
F=Fyc0s0=F cos@ cos0
Fy=Fysin0=F cos@ sin0

The projection of vector force along oblique line: (benefit of dot product)

Ifn is a unit vector in a specified direction,the projection of F in the n-direction, has the
magnitude

E, = F.R Scalar quantity

The projection in the n-direction as a vector quantity,
F,= (F.#)# Vector quantity

1 - e _.ﬂ—?" " &

n {unit vector)

@ ll.-ﬁ - = /_)’\
F = F-ﬂ

Angle between Two Vectors

= - = - n -

F.n F.n

0 = cos™(—=) = cosTI( ) = cos ' (—)
|F| Va? + b + 2 F

_ : R )
M n {unit vector)
. ’»\
/

Vectors 3
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SAMPLE PROBLEM 2/10

A force F with a magnitude of 100 N is applied at the origin O of the axes x-y-z as shown. The
line of action of F passes through a point A whose coordinates are 3 m, 4 m, and 5 m.
Determine (a) the x, y, and z scalar components of F, (b) the projection F,, of F on the x-y
plane, and (c) the projection FOB of F along the line OB. F=100N

Solution.

Part (a).We begin by writing the force vector F as its magnitude

F times a unit vector 7.

04  (x2-x1)i+@y2—-yl)j+ (z2-z1)k

|04] J(x2 =xD)Z+ (y2 —y1)% + (22 —z1)?

. B-0)i+(4-0)jj+(B-0)k
JB—=0)2+(4—-0)2+ (5-0)?2

cos By cos By cosb,

F=Ff, =100(0.424+0.565+0. 70%

Nog =

=0.424i+ 0. 565j+0. 707k

=42. 4i +56. 5j + 70. 7k
Fx=42.4 N, Fy=56.6 N, Fz=70.7 N
Part (b).
0C  (3-0)i+(4-0)j+(0-0)k
|0C] /(B —-0)2+(4—0)2+ (0—0)2
Projection ofFon vector OC (i.e on X-Y plane):
Foe = F.lg = (42. 4i +56. 5] + 70.)7&0. 6i + 0. §j
= (42. 4% 0)6+ (56. 5% 0)80=70.72 N

Or ,the tan of the angle 0,, between F and the x-y plane is

=tan? = 45’
o S T

F,, = Fcos6,, =100 cos45=70. 7N

Part (¢):

0B  (6-0)i+(6—-0)j+(2-0)k
|0B]  \/(6—0)2+ (6 —0)2 + (2 —0)2
Fog = Fpu.Tigg = (42. 4i +56. 5j + 70.)7&0. 688i + 0. 688j + 0. 229k

= (42. 4+ 0. 688F (56. 5% 0. 688 (70. 07 * 0. 229= 84. 3 N

Fop = Fop * Tigg = 84. 3 40. 688i + 0. 688 + 0. 22% 58i + 58/ + 19. 3k

0

—

Nop =

= 0. 688i + 0. 688j + 0. 229k

Vectors 4
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Prob. 2/107
The rigid pole and cross-arm assembly is supported by the
three cables shown. A turnbuckle at D is tightened until it
induces a tension T in CD of 1.2 kN. Express T as a vector.
Does it make any difference in the result which coordinate
system is used?
Prob. 2/108
Use the result cited for Prob. 2/107 and determine the
magnitude Tgr of the projection of T onto line GF.
Solution:
1.
C(-1.5,0,4.5), D(0,3,0)
. cd (0+1.5)i+(3B—-0)j+(0—4 5k
nC = — =
7 ed| J@. 53+ (3)% + (4. 53
= 0. 267i+ 0. 534j —0. 962k
T.q=T7.q=1. %0.267i +0. 534j —0. 962k 0. 32i + 0. 64j —0. 962k
2.
G(Oa_193)9 F(29_190)
GF  (2-0)i+(1+1)j+(0-3)k
|GF| J@2+ 0%+ (3)?
Tor = Tog Tige = (0. 32i 4+ 0. 64j —0. 962k 0. 555i + 0j —0. 832k
= (0. 32 % 0. 535+ (0) + (0. 962 * —0. 832) = 0. 978 kN
Top = Top * Tigr = 0. 978 (0. 555i —0. 832%= 0. 542i —0. 813k

Ngr =

= 0. 555{+ 0j —0. 832k

Prob. 2/110
The force F has a magnitude of 2 kN and is directed from A to B. <
Calculate the projection of F onto line CD and determine the angle s
between F and CD. 02m /
Solution: R
A(0.4,0.2,0), B(0,0,0.2) 02m Q D
02m 0.4m
—» _ AB _ (0-0.4)i+0-0.2)j+0.2-0)k . .
fap = a1 = oo er  — —0- 8160 —0. 408) +0. 408k LZ
Fup = Fiys = 2(—0. 8160 —0. 408j + 0. 403k
= —1. 633i—0. 816j + 0. 816k FA
C(0.4,0.4,0.2), D(0,0.4,0) B /
 CD (0-0.4)i+(0.4-0.4)j+(0-0.2)k x—= ,/C"“‘wm-_%w
n = == .-1.!
“ " JeD| J© 43+ (0 + (0. 23

= —0. 894i —0. 447k
Fep = Fag.Aiep = (1. 6330 —0. 816/ + 0. 816K —0. 894i —0. 447k
= (=1. 633 * —0. 89+ (0) + (0. 816 * —0. 447) = 1. 095 N
Fep = Fep * igp = 1. 095« (=0. 894i —0. 447k = —0. 979i —0. 489k

Fyp.Ticp = |FAB| * |fep| ¥ cosO =

Fup1 Fop.7 1. 095
cosh === iD = _ A5 P — = = 0. 547 -
|FAB| * [ngpl |FAB| * [ngpl 2x1
—— N——

J1.633r0. 8 %r0.8 %2 1
0 = cos™10. 547 = 56. 8°

Vectors 5
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Prob. 2/115

An overhead crane is used to reposition the boxcar within a railroad car-repair shop. If the
boxcar begins to move along the rails when the x-component of the cable tension reaches 3
kN, calculate the necessary tension T in the cable. Determine the angle 0, between the cable
and the vertical x-y plane.
Solution:

0(0,0,0), A(5,4,1) .
04 5i+4j+1k =N

.

iy = =0.771i+0. 671j + 0. 154k ESS) :
|04 VRt + 12 —— ) -
T=T#, =T(0.771i 4+ 0. 671j + 0. 154k i

3
T,=0.771T =3 5T =——==3. 89 kN
0 771

cos@, = 0. 154 - = cos! 0. 154= 81. 14° 17
6., = 90 —6, = 90 —81. 14 = 8. 86 |
|
l
|
|

Vectors 6
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Moment and Couple (3D):

In two-dimensional analyses it is often convenient to determine a moment magnitude by scalar
multiplication using the moment-arm rule. In three dimensions, however, the determination of
the perpendicular distance between a point or line and the line of action of the force can be a
tedious computation. A vector approach with cross-product multiplication then becomes
advantageous.

Moments in Three Dimensions

Consider a force F with a given line of action acting on a body, and any ™~

point O not on this line. Point O and the line of F establish a plane A. )\

The moment Mo of F about an axis through O normal to the plane has —
the magnitude Mo=Fd, where d is the perpendicular distance from O to -~ _ . )
the line of F. This moment is also referred to as the moment of F about {, ° & ’:/

the point O \‘"7f
The vector Mo is normal to the plane and is directed along the axis ¥
through O. We can describe both the magnitude and the direction of Mo by the vector cross-
product relation. The vector r runs from O to any point on the line of action of F. the cross
product of rand F is written rxF and has the magnitude (r sin a)F, which is the same as F*d,
the magnitude of Mo.

The correct direction and sense of the moment are established by the \Mo
right-hand rule. Thus, with r and F treated as free vectors emanating from e .
O. The thumb points in the direction of Mo if the fingers of the right hand )
curl in the direction of rotation from r to F through the angle a. "@\ r
Therefore, we may write the moment of F about the axis through O as: A 0
Mo=%xF
Note:
#x F = Mo while F x# = —Mo
Evaluating the Cross Product o T s,
3 “F
R~ A
R L 27
Mo=7rXF=|Ix Ty T 5 ’,’; :
YR SR <
Mz | 1
| | () F
=+|nF —nE, |i—|nE —nE |j+|nE —nFE |k | //,u'
S SN— — N — = M,
Mx My MZ %/ x ¥
B - ».{1/ 4

Moment about an Arbitrary Axis

To expression for the moment M_;-lof F about any axis A through O,
as shown in Fig. If 7 is a unit vector in the A-direction, then we
can use the dot-product expression for the component of a vector to

obtain ﬁo) n, (the component of E in the direction of A). This
scalar is the magnitude of the momentM; of F about A

—

M, = 2 Scalar quantity

X F.
N e’
Mo

Moment and Couple (3D) 1
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To obtain the vector expression for the moment M—),-l of F about A, multiply the magnitude by
the directional unit vector 77, to obtain

M, = (7 x F . 7)1, Vector quantity
Mo

Varignon’s Theorem in Three Dimensions
The sum of the moments of concurrent forces F1, F2, F3,...about O of these forces is
Fx B+ By 4P x Byt = Px (Fyt By 4 Byt o) =7x ) F
N —r’
=Resl tant

.-.ﬁ0=2(7xﬁ)=Fxﬁ

Couples in Three Dimensions

The two equal and opposite forces F and -F acting on a body. The vector 7 runs from any point

Bon the line of action of -F to any point A on the line of action of F.Points A and B are

located by position vectors 7, and 73 from any pointO. The combined moment of the two

forces about O is

M=% xF+, x(—ﬁ) =( #H-7 IxF
A B

=r vector subtraction

“M=#xF
e Thus, the moment of a couple is the same about all points.
e Couples may be added

e Replace a force by its equivalent force—couple system.

*B

Moment and Couple (3D) 2
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SAMPLE PROBLEM 2/11 5

Determine the moment of force F about point O (a) by inspection iy b

and (b) bythe formal cross-product definitionM, = # x F.
Solution:

(a) —
My= = cFi+aFk=F(—ci+ak) o

ri ght —hand
rul e [

i j ok
b)My =FxF=(ai+ch)XF)=|rx Ty Tz .
F, F, F, -
B I j k )
M0= a 0 Cc
0 F O
=4+0*0—c*BHi—(a*x0—c *0Qj
+(a*x F—0% 0k =—cFi—0j+ aFk = F(—ci + ak)
SAMPLE PROBLEM 2/12

The turnbuckle is tightened until the tension in cable AB is 2.4 kN. Determine the moment
about point O of the cable force acting on point A and the magnitude of
this moment.

Solution: We begin by writing the described force as a vector.

AB » (2= xD)it 2 —yD)j+ (22— 21k

|[4B] /G2 -x1F + (2~ y1? + (22 — 217

Y4 [(2.4 ~1.6)i + (1.5 = 0)j + (0 — 2)
V0.82 + 1.52 + 22

Toa =(1.6—=0)i+0j+ (2 —-0k=1.6i+2k

My =To4 X Tag = (1.60 + 2k) X (0.732i 4+ 1.37j — 1.824R)

=0.732i + 1.37j — 1.824k

i j k
1.6 0 2 J
0.732 137 —1.82

= (0% —1.824—2*1.3%i— (1.6 * —1.824 — 2 % 0.733j

+ (1.6 1.37 — 0% 0.732k = —2.74i + 4.38j + 2.19k

M, = JM,% + M2+ M2 =+/2.74> + 438 + 2.19? = 5.61 kN.m

OR, use force components.

SAMPLE PROBLEM 2/13
A tension T of magnitude 10 kN is applied to the cable attached to the |
top A of the rigid mast and secured to the ground at B. Determine the LA
moment Mz of T about the z-axis passing through the base O. r
15m
T=10kN
o
= -~ Ll-m h
B

Moment and Couple (3D) 3
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Solution (a): use vector approach.

., . AB (12)i + (0 —15)j + (9 — 0)k y
Tap = s _T|E|_10 V12Z + 152 + 92 4
= 5.65i — 7.07 + 4.24k
My =To4 X Tag = (15)) X (5.65i — 7.07j + 4.24k) o R
ik N
=l 0 15 OJ -
565 —7.07 4.2 LN\ T

=+(15% 424 -0+ —7.07%i — (0 * 4.24 — 0 =« 5.69j z B
+ (0* —7.07 — 15 =« 5.65k
- 6301 - 9475k
Mx MZ
M, = —84.75 kN.m

Solution (b): use force components
Ty=-T*cos45=-10*cos45=-7.07 kN
Txz=T*sin45=10*sin45=7.07 kN
Tx=Txz*sin0=7.07*(12/15)=5.65 kN
Tz=Txz*cos0=7.07*(9/15)=4.242 kN

M, =Tx * 15 = 5.65 x 15 = —84.75 kN.m

SAMPLE PROBLEM 2/14

Determine the magnitude and direction of the couple M which
will replace the two given couples and still produce the same
external effect on the block. Specify the two forces F and -F,
applied in the two faces of the block parallel to the y-z plane,
which may replace the four given forces. The 30-N forces act
parallel to the y-z plane.

Solution.
The couple due to the 30-N forces has the magnitude M=
30(0.06)=1.80 N.m. The direction of M1 is normal to the plane defined by the two forces, and
the sense, shown in the figure, is established by the right-hand convention. The couple due to
the 25-N forces has the magnitude M2= 25(0.10)= 2.50 N.m with the direction and sense
shown in the same figure.

M1=30(0.06)=1.80 N.m

M2=25(0.10)=2.50 N.m

The two couple vectors combine to give the components
My= 1.80 sin 60= 1.559 N.m

Mz=-2.50+ 1.80 cos 60=-1.600 N.m

M = /15592 + (1.6)2 = 2.23 N.m

M 1.559
g =tan? (M_y> =tan?! (—1 c ) = tant(0.974) = 44.3°
Z .

The forces F and -F lie in a plane normal to the couple M, and their moment arm as seen from
the right-hand figure is 100 mm. Thus, each force has the magnitude

M = Fd—F=(2.23/0.1)=22.3 N

Moment and Couple (3D) 4
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SAMPLE PROBLEM 2/15
A force of 400 N is applied at A to the handle of the control
lever which is attached to the fixed shaft OB. In determining
the effect of the force on the shaft at a cross section such as P 200 /{/
that at O, we may replace the force by an equivalent force at O P P >
and a couple. Describe this couple as a vector M. . 5;2? =
Solution: ,fk |
7ou = 0i 4 0.2j + 0.125k x 5
F=-400i
My =7oa X F = (0.2j + 0.125k) X (—400i)

i j k

0 0.2 0.125
—400 O 0
=+(0.2%0—-0.125* Qi — (0« 0 — 0.125 * —400j

+ (0% 0—0.2+—-400k = —50j + 80k N.m

My = |50°+ (80)* = 94.34 N.m
M 50
0 =tan’ (—y> =tant (—) = 32°
Mz 80
OR
125
6 =tan! (—) = 32°
200

Prob. 2/125
A right-angle bracket is welded to the flange of the I-beam to support the 36 kN force, applied
parallel to the axis of the beam, and the 20 kN force, applied in the end plane of the beam. In
analyzing the capacity of the beam to withstand the applied loads in the design stage, it is
convenient to replace the forces by an equivalent force at O and a corresponding couple M.
Determine the x-, y-, and z-components of M.

Solution

Fys = —36k

Top = (—0.1 —0)i + (—0.35 - 0)j + 0k = —0.1i — 0.35j
Mp,, =Top X F3 = (—0.1i — 0.35)) X (—36k)

i j k
=|-01 —-035 0
0 0 —36

=+(—035% =36 -0+ Qi— (—=0.1* =36 — 0 = 0)j
+(=0.1%x0+0.35% 0)k = 12.6i —3.6j N.m

or 360-30 or 27 0-3
Fyo = 20[i (cos -30) +j<cos —1206> + kcos 9% =17.33i — 10§

#oa = (0.1 = 0)i + (=0.35 — 0)j + 0k = 0.1i — 0.35j
Mo ,, =Toq X F29 = (0.1i — 0.35§) X (17.33i — 10)
i ik
01 —035 0
1733 —-10 0
=+(—-035*0—-0% —10i— (0.1 0—0=% 17.33)j H0.1 * —10 + 0.35 = 17.33k
= 5.055k N.m

D Wy = Hgy + Mg,y = (12.60 = 3.6)) + (5.055K) = 12.6 — 3.6] + 5.055k

Moment and Couple (3D) 5
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Prob. 2/139

Zz
If the magnitude of the moment of F about line CD is 50 N.m, L
determine the magnitude of F.

Solution F/(
_ 02m

’ AB 0 —0.4)i + (0 — 0.2) + (0.2 — Ok
F = Fr_iAB — F: — F ( ) ( )] ( ) X,—-’(‘;;ﬂ I/C ,__‘_‘1&‘_5‘;}5\
|AB| V0.4% +0.27 + 0.22 2m y
= F(~0.816i — 0.408] + 0.408k) ozm W 0dm

Tea=0i+(0.2—-04)j+(0—-0.2)k=-0.2j — 0.2k

My =7cq X F = (—=0.2j — 0.2k) X F(—0.816i — 0.408j + 0.408k)

i j k
= 0 -0.2 —O.ZJ
—0.816 —0.408 0.408;
= +(—0.2 * 0.408 + 0.2 * —0.408i— (0 = 0.408 + 0.2 x —0.816);
+ (0 * —0.408 + 0.2 * —0.818k = F(—0.1632i + 0.1632j — 0.1632k) N.m
~ (0—0.4)i+0j+(0—0.2)k _
Aep = = —0.894i — 0.447k
V0.42 + 0 + 0.22
Mcp = M. 7cp = F(—0.1632i 4+ 0.1632j — 0.1632R. (—0.894i — 0.447K)
= F[(0.1632 * —0.894 + (0.1632 = 2) + (—0.1632 « —0.447))= 0.2188F

50 = 0.2188F - F = 228 N Auns.
Mcp = M, * figp = 50(—0.894i — 0.447k)

Prob. 2/144

The special-purpose milling cutter is subjected to the force of
1200 N and a couple of 240 N.m as shown. Determine the
moment of this system about point O.

Solution:
g =1c0s 90 +jcos (270 + 60) + kcos (180 + 60)
= 0i+ 0.866j — 0.5k

i k
0.2 0 O.ZS(J
0 1039 —60
= (0 —600—0.25% 1039i — (0.2 * =600 — 0.25 * 0j
+ (0.2 1039 —0* Qk = —260i + 120j + 208k N.m
_ (M,=-240cos 60 =—120k
{ M, =2405sin60 = 208

ZMO = —260i + (120 + 208)j+ (208 — 120)k = —260i +328j+88k N.m

Prob. 2/148

The threading die is screwed onto the end of the fixed pipe,
which is bent through an angle of 20°. Replace the two forces
by an equivalent force at O and a couple M. Find M and
calculate the magnitude of M' the moment which tends to
screw the pipe into the fixed block about its angled axis through
O.

Solution:

ﬁ15 0= 150]

Moment and Couple (3D) 6
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7ou = (—0.25—0.15si :20)i + 0j + [0 + (0.2 + 0.15c0:20)]k = —0.301i + 0.341k
My, . o= Poa X Fiso = (—0.301i + 0.341j) X (150})

[ j k
=1-0.301 0 0.344
0 150 0
=(0%0—0.341 * 150i — (—0.301 * 0 — 0.341 * 0j + (—0.301 * 150 — 0
+ 0)k = —51.15i —45.15k
ﬁzoo = =200/
5 = (0.25 —0.15si n 20 4+ 0j + [0 + (0.2 + 0.15 cos 20)]k = 0.198i + 0.341k
Mo 0 = Pop X Fago = (0.198i + 0.341k) X (~200j)

[ J k
=10.198 0 0.344
0 —200 0
=(0%*0-0.341* —200i — (0.198 * 0 — 0.341 = 0j
+ (0.198 * 200 — 0 * Ok = 68.2i — 39.6k

> Hp = gy o+ Mo,g, = (~51.151 —45.15k+ (68.2i —39.6k=17.05i —84.75k N.m
F=TZFy= 150 —200 = —50 N |

M, = 17.05i —84.75k N.r?AnS

F=50N!
(0—0.15si n 2P + 0j 4+ [—0.2 + (0.2 + 0.15 cos 20]k

v/0.0512 + 0.1412
M=M,.#, = (17.05i —84.75k (—0.342i + 0.94k)
=[17.05 *(—0.342)] + (—84.75 * 0.949 = —85.5 N.m

= —0.342i + 0.94k

Noc =

OR
M =17.05cos 70 + 84.75co0s 20 =85.5 N.m

Moment and Couple (3D)
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Resultants 3D:

The resultant of a system of forces is the simplest force combination, which can replace the
original forces without altering the external effect on the rigid body to which the forces are
applied.

In the two-dimensional force system the magnitude and direction of the resultant force
found by a vector summation of forces, and the location of the line of action of the resultant
force by applying the principle of moments. These same principles can be extended to three
dimensions.

e a force could be moved to a parallel position by adding a corresponding couple (force-
couple system).

for the system of concurrent forces F1, F2, F3 . . . acting on a rigid body in Fig. may move
each of them in turn to the arbitrary point O, a couple for each force transferred is introduced.
These couples are:

M, =7 xE, My,=7%x b, My =7 XE,
7 is a vector from O to any point on the line of action of the force(F1,F2,F3)

The concurrent forces and the couples may be added to produce a resultant force R, and a
resultant couple M (vector addition).

ﬁ =ﬁ1+ﬁ2+ﬁ3+"'=z ﬁ
M=M1 +ﬁ2+ﬁ3 +"'=Zw -

The couple vectors are shown through point O, but because they are free vectors, they may be
represented in any parallel positions. The magnitudes of the resultants and their components

“2 M,
N

=3f. R=3F R=3f b
/ //(f L_\ R
= |RZ+RZ+R2 / S e Y
\FS
My=Y(7 XF)y, M,y=%(% xF),, M,=X%(# xF),

M =JM,% +Mj+M?

The resultants for several special force systems

Concurrent KForces. When forces are concurrent at a point, only the resul tant

R = F1 + FZ + F3 = Y F needs to be used because there are no moments about the
point of concurrency.

Coplanar Forces explained in resultant of 2D force system.

Resultants 3D 1
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Parallel Forces. For a system of parallel forces not all in the same FON
plane, the magnitude of the parallel resultant force R is simply the
magnitude of the algebraic sum of the given forces.

-

ﬁ =ﬁ1+ﬁ2+ﬁ3 +"'=Z F

The position of its line of action is obtained from the principle of .-
moments about O. "

Wrench Resultant. When the resultant couple vector M is parallel to the resultant force
R, as shown in Fig., the resultant is called a wrench. By definition, a wrench is positive if the
couple and force vectors point in the same direction and negative if they point in opposite
directions.

SAMPLE PROBLEM 2/16

Determine the resultant of the force and couple system which acts on the rectangular solid.
Solution:

70N.m
,:’_ \?"

Choose point O as a convenient reference point for the initial
step of reducing the given forces to a force—couple system. The
resultant force is

R =Zﬁ = (80 —80)i 4 (100 —100)j + (50 =50)k =0 =N~

Mo=(50*1.6-70)i+(80%1.2-96)j+(100*1-100)k=101 N.m
Hence, the resultant consists of a couple, which of course may 9
be applied at any point on the body or the body extended. -

z
|
|
|

100N.m

Resultants 3D 2
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SAMPLE PROBLEM 2/17

Determine the resultant of the system of parallel forces which
act on the plate. Solve with a vector approach.

Solution:

Transfer of all forces to point O results in the force—couple
system

R =Zﬁ =(200 +500 =50 —300)j =350j N

Wy = M 7
= (50 % 0. 35 =300 * 0. 35+ (0)j + (50 * 0. 5 —200 = 0.k =—87. 5 —125k N. m

The placement of R so that it alone represents the above force—couple system is determined by
the principle of moments in vector form

0N

_ = [ j k
My =7XR =(xi+yj+zk)*x@B50) =|x y z
0 350 O

=(*0—2z*350i—(x*0—2z=*0)j+ (x*350—yx*0k=-350zi+350xk N. m

—350zi +350xk =-87. 5i =125k 2
From the one vector equation we may obtain the two scalar equations X P:
~ .:1\..:':
<. z|

-350z=-87.5 =z=0.25 m
350x=-125 =x=-0.357 m R.J*Tr* 0
y =any value according to principle of transmissibility

SAMPLE PROBLEM 2/18

Replace the two forces and the negative wrench by a single force R applied at A and the
corresponding couple M.

Solution:

The resultant force has the components

-

R, =Z F,=700sin60+500si n40 =928 N

-

) =Z E, =600 +500 cos 40 cos 45 =871 N

=

R, =) F,=700cos 60 +500 cos 405in45 =621 N | L egss

R=.9282+8712+6212 =1416 N

The couple to be added as a result of moving the 500-N force is

MA = Ty ><7—5'00 =

MSOO = (0. 08—-0i+ (0. 12 —-0j + (0. 11 —0. 0¥ x500(isin 40 +jcos 40 cos 45
+kcos 40sin45)

[ j k
=| 0.08 0.12 0. 05
sin40 cos40cos 45 cos 40silp4d

=500(0. 12 *x cos 40sin45 —0. 05 * cos 40 cys 45
—500(0. 08 x cos 40sin45 —0. 05si)in 40
+500(0. 08 *x cos 40 cos 45 —0. 012 si)k40

Resultants 3D 3
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Msoo = 18.96i — 5.59j — 16.9k N.m

The moment of the 600-N force about A is
e written by inspection of its x- and z-components

Mg 0o=600 % 0. 06i +0j +600 * 0. 04k =36i +24k N. m
e Or use vector approach

Mg g0=Tac XE 00=(0. 04i +0. 12j —0. 06k) x600( 0i +1j +0k)

[ J k
0.04 0.12 -0.0p6
0 600 0 lgoo
= (0. 12 % 0 +0. 06 * 600— (0. 04 x 0 +0. 06 )P+ (0. 04 * 600 —0. 12 #)R
=36i+24k N. m
The moment of the 700-N force about A is
e written by inspection of its x- and z-components
M, 0o= (700 cos 60 = 0. 08+ (=700 cos 60 x 0. 1 —700si n 60 = 0)06
+(~700sin60 0. 08 =10. 5{ —71. 4/ —18. 19k N. m
e Or use vector approach
FAD =(0.1-0i+ (0. 03 —()] + (0 —0. 06k =0. 1i +0. 03j —0. 06k
M, go=Tap XE go= (0. 1i +0. 03j —0. 08k<700(sin60i+0j +cos 60 k)
i j k
= 0.1 0. 03 —0.}6 =10.5i—71.4j—-18. 19k N. m
sin60 0 cos 00
The couple of the given wrench
M' =25(—sin40i—cos 40 cos 45
—cos40sin45k
—16. 07i —13. 54j —13. 54k N. m
A =1‘7500 ‘H\Ts 00+ﬁ7 00+M)’
=49. 4i —-90. 5j —24. 6k N. m

M, =+/49. 4 +90. % +24. # =106 N. m

[l

<

SAMPLE PROBLEM 2/19

Determine the wrench resultant of the three forces acting
on the bracket.

Calculate the coordinates of the point P in the x-y plane
through which the resultant force of the wrench acts.
Also find the magnitude of the couple M of the wrench.

Solution:

The direction cosines of the couple M of the wrench
must be the same as those of the resultant force R,
assuming that the wrench is positive. The resultant force

1S
ﬁ:Z«* }i+Z«‘ i +Z«* ok =200 +40j +40k
R=+/202+402+402=60 N

The direction cosines for R are:
Ry 20 1 Ry 40 2 R 2
cosg=—===== cos§=—==—== cosf="=2=—==
Q‘ R 60 3 Q’ R 60 3 @ R 3

Resultants 3D 4
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The moments of the given forces about point P through which R passes (point P).
MRx =20y k N. mm

My, =—40 * 60i —40x k N. mn
Mg, =40 * (80 —y)i —40 (100 —x)j N. mm
M sz [—40 * 60 +40 (80 —y) | + [40 (100 —x) Jj + [20y —40x]k

= (800 —40y)i + (—400 +40x )j + (20y —40x)k
The direction cosines for M are:

COS@_SOO 40y cos § = —4 00+4 0x @_ZOy—ALOx
Direction cosines for R= dlI‘eCtIOIl cosines for M
L L

; -4 1(\)40+4 0x

; = T ...... 2

z_zordor 3 S
3 M

Solution of the three equations gives

M=-2400 N.mm

x=60 mm

y=40 mm

Prob. 2/158

Replace the two forces and single couple by an equivalent
force—couple system at point A.

Solution:
6 =tan ! —18 435°

Z«‘ xl+ZF ]+2[:7 k

=-—20i —40cos 18. 435 +40sin18. 435k
=-20i —38j +12. 6k kN Ans.

R=/202+382+12. & =44. 76 kN

M, = (—40cos 18. 43P+ 1 +(40sin18. 435 3 =0
1\71’Ay =20% 1+ (40sin18)4 2 =45. 25 kN. m
My, = (40 cos 18. ¥ 2 —35 =40. 91 kN. m

M, =0i +45. 25j +40. 91k  kN.Ams.
OR use vector approach:

FAO =_2’.
F, ;=40 cos(180 —18. 439 +40 cos(90 —18. 439k =—38j +12. 6k
Ma, ,=Tao X o= (20) x(-38j +12. 6k)
i k
2 0 0
0 -38 12.

=(0%12.6 -0 39i —(2%12.6 -0 0j+ (2 38—-0x*0)k
=25.2j+76k kN. m

TAB = _1k

Resultants 3D 5
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=

FZO = - 2 Ol

— - - .

MAZO = TAB XEO = (_1k) X(_ZOl)

i j k
=1 0 0 —1| =0i—(0—-20)j +0k =20 kN. m
—20 0 O

M, =szj =25. 2j +76k +20j —35k =45j +41k kN. m Ans.

R =Z«* T =F, g+ Fyy =—38j +12. 6k —20i =—20i —38j +12. 6k

Prob. 2/162
Replace the two forces and one couple acting on the rigid pipe
frame by their equivalent resultant force R acting at point O and a
couple M,,.
Solution:

=200cos 30i —240j +200cos 120k

=173. 2i —240j —100k N Ans : \
My, =240 % 03 +200sin30 % 0. 25 =97 N. m
Moy =200co0s 30% 0.3 —-200sin30%*0.375—-48=-33.54 N. m

M,, =200cos 30 % 0. 25 =43.3 N. m

M, =Zv1ﬁo =97i —33.5j +43. 3k N. m Ans.

OR use vector approach:

o4 =—0. 3750 —0. 25j +0. 3k

Fyoo =200cos 300 +200sin120 k =173. 2i —100k

Mo,y = Toa *I3gp = (—0. 375i —0. 25 +0. kx (173. 2i —100k)

[ j k
=(-0.375 0. 25 0.%
173. 2 0 —10
= (0. 25% —100 —0. 3« ji— (0. 375 * =100 —0. 3 * 173. 2)j
+ (0. 375 x 0 4+0. 25 * 173)i2=25i +14. 46j +43. 3k kN. m

’FOC =0 3k
F24 o=—240j
MOZOO =Toc XbEa4 o= (0. 38 X (—240j)

i k
0 0 0.3=72i kN.m
0 —240 0

=Z\/1ﬁ0 =25 +14. 46j +43. 3k +72i —48j =97i —33. 5j +43. 3k N. m Ans.

=Z«* T = Fyoo + Fyq 0=173. 2i —100k —240j =173. 2i —240j —100k N Ans.

Resultants 3D
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Modeling the Action of Forces

Figure below shows the common types of force application on mechanical systems for analysis
in two dimensions. Each example shows the force exerted on the body to be isolated, by the
body to be removed. Newton’s third law, which notes the existence of an equal and opposite
reaction to every action, must be carefully observed. The force exerted on the body in question
by a contacting or supporting member is always in the sense to oppose the movement of the
isolated body which would occur if the contacting or supporting body were removed.

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANAILYSIS
Type of Contact and Foree Origin Action on Body to Be Isclated

1. Flexible cable, belt,
chain, or rope I_H Force exerted by
_,;;;Z a flexible cable 15
glways a tension away

from the body in the
i) direction of the cable.

Weight of cable
negligible +

s |

Weight of cahle -
not negligible +

2. Bmooth surfaces
Contact force is
compressive and is
normal to the surface.

Tough surfaces are
capable of supporting

H'L_:,.
3. Rough surfaces
f-""‘ -~ a tangentiz] compo-
! = Ik nent F (frictional
RE 7 ~ force) as well as a
St normal component
N N of the resultant

contact foree K.

4. Roller support
Roller, racker, or ball

support transmits a
compressive force
normal to the
supporting surface.

© g &

5. Fresly sliding guide

H={ @b

Collar or slider free to
move along smooth
guides; can support
force normal to guide
only.

Equilibrium 1
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANAL'YSIS (cont.}

Type of Contact and Foree Origin

Artion on Body to Be Isolated

8. Pin connection

5l
af

Pin free to turn

A freely hinged pin
connection is capable
of supporting a force
in any direction in the
plane normasl to the
pin axis. We may
either show two
components i, and
Ry or 2 magnitude B
and direction & A pin
not free to turn also
supports a couple 3.

7. Built-in or fixed support
A

or

A

B
—

S—Weld

A built-in or fixed
support is capable of
supporting an axial
force F, a transverse
foree V ishear foree),
and a couple M
(bending moment) to
prevent rotation.

8. Gravitational attraction

I

i

The resultant of
gravitational
attraction on all
elements of 2 body of
mass m 15 the weight
W= mg and acts
toward the center of
the earth through the
center mass 7.

9. Spring action i
Linear
Neutral F
position I
| F=

kl—x-| Feks
Fl /
A ]
sty

m——

Nonlinear

F
| Ilardening

| |

1/
£

! Softening
T

Bpring force is tensile
if spring is stretched
and compressive if
compressed. For =
linearly elastic spring
the stiffness & is the
force required to
deform the spring a
unit distance.

Equilibrium
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Free-Body Diagram

A body or combination of connected bodies as a single body isolated from all surrounding
bodies.

Examples of Free-Body Diagrams

SAMPLE FREE-BODY DIAGEAMS
Mechanicsl System Free-Body Disgram of lsclated Body

1. Flane truss

Weight of truss E
assumed negligible P
compared with I' ¥

I
|
L —x

A E

B.'"

2. Cantilever beam

\ Fy Fgl F Fﬂl F,
l
|A Msass m :I'
I
3. Beam

Emooth surface
contact at A
Mass m

4. Rigid system of interconnected bodies
znelyzed as = single unit

r Weight of mechanism

neglected

Equilibrium

The condition in which the resultant of a// forces and moments acting on a body is zero. Stated
in another way, a body is in equilibrium if all forces and moments applied to it are in balance.
These requirements are contained in the vector equations of equilibrium, which in two
dimensions may be written in scalar form as

ZFx=0> ZFy=09 ZM():O

The third equation represents the zero sum of the moments of all forces about any point O on
or off the body.

Equilibrium 3
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SAMPLE PROBLEM 3/1

Determine the magnitudes of the forces C and T, which,
along with the other three forces shown, act on the
bridge-truss joint.

Solution:

The given sketch constitutes the free-body diagram of
the isolated section of the joint in question and shows
the five forces which are in equilibrium.

[ZF, = 0] B8+ Tecosd)®+Csin20°—16=0

0.766T + 0.342C =8 (a)
[£F, = 0] Tsin40° — Ccos20° -3 =0

0.643T — 0.940C = 3 (b)

Simultaneous solution of Egs. (a) and (b) produces

T =9.09 kN C=3.03kN Ans.

SAMPLE PROBLEM 3/2 c -

Calculate the tension T in the cable which supports the 500kg load with the
pulley arrangement shown. Each pulley is free to rotate about its bearing
(i.e. frictionless), and the weights of all parts are small compared with the

load. Find the magnitude of the total force on the bearing of pulley C.

A
Solution:
W =mg =500 * 9.81 = 4900N = 4.9kN 500kg

The free-body diagram of each pulley is drawn in its relative position to the others. We begin
with pulley A, which includes the only known force. With the unspecified pulley radius
designated by r, the equilibrium of moments about its center O and the equilibrium of forces in
the vertical direction require T

DZMO=O=>T1r—T2r=O=>T1=T2 . K,

+T2:Fy=0=>T1+T2 —49=0=2T,=49=T, =T, = 245kN s 5\
From the example of pulley A we may write the equilibrium of forces on t
pulley B by inspection as 7 Lo
T,=T,=T,/2 = 2.45/2 = 1.225kN t
For pulley C the angle 6=30° in no way affects the moment of T about
the center of the pulley, so that moment equilibrium requires

T =T; = 1.225kN
Equilibrium of the pulley in the x- and y-directions requires

—* ZFx =0=Tcos30—-F, =0= 1.225c0s30 —-F, = 0= F, = 1.06kN

+1 ZFy =0=>F, +Tsin30 —T; = 0 = F, + 1.2255in30 —1.225 = 0 = F,,
= 0.6125kN

F= /sz + B2 = /1.06% + 0.61252 = 1.225kN

Equilibrium 4
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SAMPLE PROBLEM 3/3

The uniform 100-kg I-beam is supported initially by its -~
end rollers on the horizontal surface at A and B. By e
means of the cable at C it is desired to elevate end B to d

a position 3 m above end A. Determine the required

tension P, the reaction at A, and the angle 6 made by the \
beam with the horizontal in the elevated position. AR 6 C. 3B

Solution:

In constructing the free-body diagram, we note that the
reaction on the roller at A and the weight are vertical
forces. Consequently, in the absence of other horizontal
forces, P must also be vertical. From Sample Problem 3/2
we see immediately that the tension P in the cable equals A
the tension P applied to the beam at C.

Moment equilibrium about A eliminates force R and gives
[EM, = 0] P(Becos ) — 981(4dcosd) =0 P=654 N Ans.

Equilibrium of vertical forces requires

[EF},={]j 654 + R — 981 =0 R =32TN Ans.
The angle # depends only on the specified geometry and is
gin # = 3/8 g = 22.0° Ans.

SAMPLE PROBLEM 3/4 @

Determine the magnitude T of the tension in the supporting %‘“‘w.._%

cable and the magnitude of the force on the pin at A for the T~
jib crane shown. The beam AB is a standard 0.5-m I-beam "“’"‘**--%,%
with a mass of 95 kg per meter of length. & 0.2? 1 :
Solution: -1 05m

The free-body diagram of the beam is shown in the figure 1

with the pin reaction at A represented in terms of its two e 012m
rectangular components Ax and Ay. The weight of the

beam is 95 (5)9.81(10°)=4.66 kN and acts through its 10 kN
center. Note that there are three unknowns Ax, Ay, and T, . 5m

which may be found from the three equations of equilibrium. We begin with a moment
equation about A, which eliminates two(Ax, Ay) of the three unknowns from the equation. In
applying the moment equation about A, it is simpler to consider the moments of the x- and y-
components of T than it is to compute the perpendicular distance from T to A. Hence, with the

counterclockwise sense as positive we write y T
|
IEM, = 0] (T cos 25°)0.25 + (T sin 25°)(5 — 0.12) A, | 25°
— 10056 — 1.5 — 0.12) — 4.66(2.5 — 0.12) =0 B'I i ] ; ’
A,
from which T =19.61kN Ans. ’ 4.66 kN l‘
10kN

Equating the sums of forces in the x- and y-directions to zero gives
IZF, = 0] A, —19.61 cos 25° = 17.77 kN

A =
[ZF}, =0] A, +19.61sin25° — 466 —10=10 A =63TkN
kN

A= JAZ+A2 A=J17.7772+ (6.377=18.88 Ans.

Equilibrium 5
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Prob. 3/5

The 500-kg uniform beam is subjected to the three external
loads shown. Compute the reactions at the support point O.

¥
|
|
|

15 kN-m

The x-y plane is vertical.  La— m i B_k:
Solution: T“‘ M| o "
Beam weight, W=500%9.81/1000=4.9 kN L i | o] I.BMJ
TZFy=O$V+1.4—3C0530—4-.9=0=>V=6.1kNT i weas i
_>ZFx=0=>F—3sin3o=0=>F=1.5kN—> (FJO_ 2 AR

M L T1.4 kN \-\i ‘J S
(&) Z M,=0 F-l2m—fk—18m— 18m—>

= (3c0s30)4.8+4.9%2.4—1.4%1.2—15
—M=0=M=+755kN.m O

Prob. 3/7 & d @

A former student of mechanics wishes to weigh him-self but has access only to a e
scale A with capacity limited to 400N and a small 80N spring dynamometer B.
With the rig shown he discovers that when he exerts a pull on the rope so that B
registers 76N, the scale A reads 286N. What is his correct weight?

Solution:

Pully a: !

Let radius of the pully=r

UM, =02 Tysr —T,%r =0T, =T, = 76N
TZFy=0$2T1_T3=0$T3=2T1=2*76=152NT T1=76N +
TZFy=0=>2T3—T4=0=>T4=2T3=2*152=304Nl
ORTYF, =0= 4T, T, =0 =T, = 4T, = 4+ 76 = 304N | QH
TZFy=0$T4+T1+R—W=0=>304+76+286—W=

0=W =666N | \Tf

T1=76 TA=304 “‘T“

Prob. 3/15 R=260N

Find the angle of tilt 6 with the horizontal so that the contact force at B
will be one-half that at A for the smooth cylinder.
Solution:

N
—>ZF,C=0stin(45—9)—Esin(45+9)=0}+N

(sin45cos@ —cos45sinf ) — % (sin45cos@ + cos45sinf) =0
0.353 cos@ —1.06sin@ = 0

0.353
1.06sin® = 0.353 cosf = tand = —— = 60 = tan"10.333

1.06
= 18.42° Ans.

Equilibrium 6
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Prob. 3/38

Calculate the magnitude of the force supported by the pin at A
under the action of the 1.5-kN load applied to the bracket.
Neglect friction in the slot.

Solution:
U ZMA = 0= —-15%0.12cos30 + (Nsin30)0.15=0= N
= 2.08N
TYF,=0=A4,—Nsin30=0=A4, =2.08sin30 =
1.04N 1 o —
_>ZFx =0=>A,+15-Ncos30=0=A4, = Ncos30—1.5 “—éﬁw@
Ay = 2.08c0s30 =15 = 0.3N — = \ %
A= [A%+ A% =032 +1.042 = 1.083N \!ﬁ*k\
| o
Prob. 3/44

The portable floor crane in the automotive shop is lifting a 100kg
engine. For the position shown compute the magnitude of the force
supported by the pin at C and the oil pressure p against the 80mm.-
diameter piston of the hydraulic-cylinder unit AB.
Solution:

(450 cos 30) —150
tana = - = 13.8°
750 + (450 sin 30)

UY M, =0 = 981(0.45 + 1.05) cos 30 + _
(F cos 13.8)0.45 cos 30 —(F sin 13.8) 0.45sin30 = 0 g
F = —3923 N comp. 7 '

TZFy=0=>cy+Fcos13.8—981=0=>cy

(450c0s30)-150

0-+-430=1n 310

-

= —3923 cos 13.8 + 981 = —2829N = 2829N | e _.C}/’_’/A' i s
- Z Fx =0= Cx + Fsin13.8=0= Cx = —3923sin13.8 i F ( Fcos13.8

— 936N = 936N « 7 o138

Rc = |C2 +C,% =936 + 28292 = 2980N v

Prob. 3/50
The pin A, which connects the 200-kg steel beam with center of gravity at G

Welded

to the vertical column, is welded both to the beam and to the column. To test e

the weld, the 80-kg man loads the beam by exerting a 300-N force on the 1 !
rope which passes through a hole in the beam as shown. Calculate the torque 1200w fﬁﬂ*’%’ S00mm
(couple) M supported by the pin.

Solution: I—
v z M, =0= —M+1962 1.2 + (785 +300)1.8 4+ 300 x 2.1 = 0 e a7

= M = 4937N.m & e it —
1 Z F,=0=A,—1962-300-785-300=0= A , =3347N 1 M [H0mm=mine, frame

300N 300N

5> FE=0>4,=0

Equilibrium 7
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Truss:

A framework composed of members joined at their ends to form a rigid structure is called a
truss.

Baltimore

Commonly Used Bridge Trusses

Fink Pratt
-~ Howe - - Warren L

Commonly Used Roof Trusses

e Common examples of trusses: Bridges, roof supports

e Structural members commonly used are [-beams, channels, angles

e Jdeal truss members are fastened together at their ends by pins
connections (the centerlines of the members are concurrent at the /7%
joint as in Fig). While actual truss members are fastened together / |
at their ends by welding, riveted connections, or large bolts or pins. l

e All external forces are applied at the pin connections (joints) as F E
shown.

e For large trusses, a roller, rocker, or some kind of slip joint is used
at one of the supports to provide for expansion and contraction 4

due to temperature changes and for deformation from applied
loads. L

Method of Analysis: 1. Method of Joints, 2. Method of Sections.

Joint Method:

This method for finding the forces in the members of a truss consists of satisfying the
conditions of equilibrium for the forces acting on the connecting pin of each joint. The method
therefore deals with the equilibrium of concurrent forces, and only two independent
equilibrium equations are involved.

XE =0, XYE =0, ateachjoint

Truss 1
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Draw free-body diagram for the truss, then calculate reactions F :

Rl and R2.(use Y My ., p = 0, X F, = 0 for whole truss)

Tension force, (such as AB) will always be indicated by an .

arrow away from the pin y, 5 ,L 8 >
L

Compression force, (such as AF) will always be indicated by

an arrow foward the pin.

Draw free-body diagram for each joint.

We begin the analysis with any joint where at least one known
load exists and where not more than two unknown forces are
present.

Apply equilibirum for each joint Y , = 0, F, = 0
Solve equations of equilibirum to get unknowns.

1

AF EF EF
S
EE : .
¥ AF
A A% . /
e L
AR

Joint F
. CE=0
H,
Joint A B —t——— ']}
Joint C
3 .
| 8F ac 5 g
4 BE A BE DE
- i / nE
— — L BE L
BF Joint £
-1 DE
AH 0 ch
Ch —=
L L SNk

Joint 8 daint I

It is often convenient to indicate the tension T and compression C of the various
members

Sometimes we cannot initially assign the correct direction of one or both of the
unknown forces acting on a given pin. If so, we may make an arbitrary assignment. A
negative computed force value indicates that the initially assumed direction is incorrect.
When two collinear members are under compression, as
indicated in Fig., it is necessary to add a third member to . o
maintain alignment of the two members and prevent 1 ;

buckling. We see from a force summation in the y-direction N
that the force F3 in the third member must be zero and from
the x-direction that F1=F2. This conclusion holds regardless
of the angle 6 and holds also if the collinear members are in
tension. If an external force with a component in the y- /
direction were applied to the joint, then F3 would no longer %
be zero.

IF, =0 requires F3=0
IF, =0requires F; = F,

Truss 2
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SAMPLE PROBLEM 4/1

Compute the force in each member of the loaded cantilever truss by
the method of joints.

Solution.

If it were not desired to calculate the external reactions at D and
E,the analysis for a cantilever truss could begin with the joint at the
loaded end. However, this truss will be analyzed completely, so the

A

first step will be to compute the external forces at D and E from
the free-body diagram of the truss as a whole. The equations of
equilibrium give

[ZMg = 0] 8T — 20(5) — 30(10) = 0 T =80 kN

[LF, = 0] 80cos30°—E, =0 E,=69.3kN i 5m l 5m ,t
[ZF, = 0] 80sin30°+E,-20-30=0 E,=10kN L 20 kN E

draw free-body diagrams showing the forces acting on each of the connecting pins. The
correctness of the assigned directions of the forces is verified when each joint is considered in

sequence. 1 -

Joint A: !

SFy=0 AB sin 60- 30=0=AB=34.6 kN T |/60° -

YFx=0 AC- (34.6)cos 60=0=AC=17.32 kN C 4TI aB- AGer

Joint B must be analyzed next, since there are more than two . — BC
30 kN

unknown forces on joint C.
Joint B Joint A Joint B
YFy=0 BCsin60 -ABsin60=0=>BCsin60-(34.6)sin60=0=> BC=34.6 kN C

YFx=0 BD- AB c0s60 -BC c0s60=0= BD- 34.6 cos60 —34.6 cos60=0=>BD=34.6 kN T

Joint C BC =

SFy=0  CDsin60-BCsin60-20=0= CDsin60-34.65in60-20=0=> **°° .
CD=57.7kN T 60\/:@3 60\ —
YFx=0=>CE-AC-BCco0s60-CDcos60=0=> ool cr GET
CE-17.32-(34.6)c0s60-(57.7) cos60=0=>CE=63.5 kN C 17.32 kNl 63.5 kN T

JOiIlt E 20 kN 10 kN
YFy=0 DEsin60-10=0=DE=11.55 kN C Joint € Joint
Prob. 4/9

Determine the force in each member of the loaded truss.
Solution:

Joint C

YFy=0 CDsin30-3=0=CD=6 kN C

2Fx=0 CDco0s30-CB=0=>6¢0s30-CB=0=CB=5.2 kN T

Joint D

2Fx=0 DEsin60-CDsin60=0=DEsin60-6sin60=0=DE=6 kN C
YFy=0 BD-CDco0s60-DEcos60=0=BD-6c0s60-6c0s60=0=>BD=6 kN T
Joint B

YFy=0 ABsin30-BD=0=ABsin30-6=0=>AB=12 kN T ‘IAV
YFx=0 BE-ABco0s30+CB=0=BE-12c0s30+5.2=0=>BE=5.2 kN C  Ax ¢—;
Joint E 1\

YFx=0 RE-BE-DEco0s30=0=RE-5.2-6c0s30=0=>RE=10.4 kN — 1 " 30" B 3
SFy=0 DEsin30-AE=0=6sin30-AE=0=AE=3 kN C R —Jﬁw = L= T |
H DE BD cD
\g/

30°

fr, 00

N

Joint A
YXFy=0 Ay+AE-ABcos60=0=>Ay+3-12c0s60=0=>Ay=3 kN
YFx=0 -Ax+ABsin60=0=>-Ax+12sin60=0=Ax=6kN«—

3 kN

Truss 3
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Method of Sections

In choosing a section of the truss, in general, not more than three members whose forces are
unknown should be cut, since there are only three available independent equilibrium relations.

Example: determine the force in the members BE,FE and BC.
F\ E

F E
A \
4 c 2

L

e Draw free-body diagram for the truss, then calculate reactions R1 and R2.( use
> My orp =0, XEF, =0 for whole truss)

e An imaginary section, indicated by the dashed line, is passed through the truss, cutting
it into two parts,

Left-hand section

Y. My = 0 = get force EF
Y. E, = 0 = get force BE

Y. Mg = 0 = get force BC

Truss 4
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SAMPLE PROBLEM 4/3
Calculate the forces induced in members KL, CL, and CB by the 20-ton load on the cantilever
truss.

Solution:

BL=16+(26-16)/2=21 ft

OXM;=0 20(5)(12)-CB(21)=0=CB=57.1 tons C
O=tan™'(5/12)=22.62°, cos 6=(12/13)

OXMc=0 20(4)(12)-(12/13)KL(16)=0=>KL=65 tons T
PC/16=24/(26-16)=>PC=38.4 ft

B=tan™ (CB/BL)= tan™(12/21)=29.7°

EM,=0 20(48-38.4)- CL(c0s29.7)(38.4)=0=CL=5.76 tons C
OR

YF,=0 -CB-CLsinp +KLcos6=0
-57.1-CLsin29.7+65c0s22.62=0=CL= 5.76 tons C

SAMPLE PROBLEM 4/4

Calculate the force in member DJ of the Howe roof truss
illustrated. Neglect any horizontal components of force at the
supports.

Solution:

IMG=0 A *6*4-10*2%4-10*4*4-10*5*4=0=> A,~18.33 kN1
ZF=0 Ay+ Gy-3*10=0=> G,=11.67 kN1

section 1-left side

O=tan™' (4/4)=45°

XM=0 CJ(cos 45)(2*4)+ Cl(sin 45)(4)+10(4)+10(8)=0=

CJ=-14.14 KN =14.14 kN C . 1] ¢
section 2-right side !A‘ 10 kN !
IMG=0 -10%*2*4 +DJ*3*4-Cl(cos45)3*4=0 : 6 panels at 4 m

DJ=16.674 kN T
DE_ .. g 10 kN
J —bzf.‘ ' T .h\-q‘""wG—’L i""". ]hCJ
JE J ;¢ H =
10 kN L A f — Y
.
Av=1833 kN
Section 2 Section 1
Prob. 4/48

Compute the force in member GM of the loaded truss.

Spanelsat3m

Truss 5
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Solution:

DZMA=0=>—RK*24+§*24+P(21+18+
154+124+9+6+3)=0= Ry = 4P 1 5
TZFy=O=>RA+RK—8P=O=>RA=4PT

e

kRQPON"lML
Ra
Section 1-1 right hand part:
2 6-—2
- = = Xx =6m
x 4x3 p
DZMZ=OzRK*x—(GM*COSG)lZ—E*x—P(9+12) 5
=0
5 P ; B s
=>4P*6—(GM* )12——*6—P(9+12) ;] \
V34 2 ] R

=0=>GM =0

Truss

B ompg
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Distributed Forces

e The body will be in equilibrium under the action of the
tension in the cord and the resultant W of the gravitational
forces acting on all particles of the body. This resultant is Aty
clearly collinear with the cord. 2 i B

e For all practical purposes these lines of action will be ke
concurrent at a single point G, which is called the center of
gravity of the body.

W W w

Determining the Center of Gravity

Apply the principle of moments to the parallel system of gravitational forces. The moment of
the resultant gravitational force W about any axis equals the sum of the moments about the
same axis of the gravitational forces dW acting on all particles treated as infinitesimal elements
of the body. The resultant of the gravitational forces acting on all elements is the weight of the
body and is given by the sumW = [ dW.

The moment about y-axis of the elemental weight=xdW
The sum of these moments for all elements of the body about y-axis = [ xdW.
Moment of the sum =x W

Moment of the sum must equal the sum of the moments, xw = [xdW -
—— ———
nonent of sum sunof nonents
[ xdw
X =
w
Similar expressions for the other two coordinates,y, Z of the center of gravity G:
_ _[xaw
x e —
W
y = [yaW  onter o f gravity coordinate
_deW)
= z
With the substitution of W= mg and dW= g dm, the expressions for the o
coordinates of the center of gravity become } }dw JW
_Jxgdm — _ [ygdm 5 _Jzgam i ! -
B Y= g ~ myg . e
_fx dm k:/‘\fyl £ Z
T m \“53;/5
y = [ydm }center of mass coordinate
m
5 :fz dm)

m

Where, W: weight, m: mass, g: gravitational acceleration
If p, the density of a body is its mass per unit volume (V), then dm =pdV
If p is not constant throughout the body

__[x padv

~ [pdv

— _ Jypdv
Y= eav

_ _f z pdv )

Jpav

center of body coordinate

Distributed Forces 1
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Centroids of Lines, Areas, and Volumes

When the density of a body is uniform throughout, it will be a constant, then center of mass

concise with geometrical center and termed centroid.

Centroid of Lines

L: length, A: cross-sectional area, p: density

If A and p are constant over the length of the rod, the coordinates of the center of mass also
become the coordinates of the centroid C of the line segment

[ xdLy
X =
L
y = fii > Centroid
~ JzdL
Z _=
L/

In general, the centroid C will not lie on the line. If the rod lies on a single plane, such
as the x-y plane, only two coordinates need to be calculated.
Remember,

b d .
L=, [1+CD? . dy ify=f(x)

a d .
W=7 1+ G)? dyif x=g(y)

SAMPLE PROBLEM 5/1 /\
Centroid of a circular arc. Locate the centroid of a circular arc as o

shown in the figure. y Q// . .
Solution. o
Choosing the axis of symmetry as the x-axis makesy = 0. A differential N

element of arc has the length dL=rd0 expressed in polar coordinates,
and the x-coordinate of the element is r cos0

L= 2ar
[xdL f_ofx (rcos @) (rdd) r?[sin@]%, ro _
= —= = = —(sina—sin(—))
L 2ar 2ar 2a
_ rsina
X =
a
For a semicircular arc 2a0=n, which gives y = rszmi =2

2

. D 2
For a quarter-circular arc 2a0=n1/2, which gives ¥ = j= ?r

Distributed Forces 2
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Prob. 5/38

The homogeneous slender rod has a uniform cross
section and is bent into the shape shown. Calculate the
y-coordinate of the mass center of the rod.

y
\
\
L
I
|
|
\
\
\
\
\

Solution: B
x = ky?
1
@ = 100, y = 100 »100 = k1002 -k = 100
dx/dy = 2ky
__JydlL
100 100 100

fydL=f y 1+ (dx/dy)>. dy=f yV1+ @2ky)>. dy=j y 1+ 4k2y2. dy
0 0 0

100 100

8k?

ﬁj y1+4k?y? dy=

0

1 (1 +4k?y?)?
TR

2

100 3
B 1 (1+4k*y?)2
~ [8(0. 013 3

2

0
= 8483 mm?

dL = T+ (dx/dy?. dy »L = [, " 1+ (dx/dy?. dy= [\ J1+ 4k?y2. dy=
148 mm

dL 8483
Iy = =57.3mm
L 14’8 —__3‘""-‘

}7:

100 mm

Centroids of Areas

When a body of density p has a small but constant thickness t, we
can model it as a surface area A. The mass of an element becomes
dm =p t dA. Again, if p and t are constant over the entire area, the
coordinates of the center of mass of the body also become the
coordinates of the centroid C of the surface area, and the coordinates
may be written

first moments of areq

[xdA

A
[ydA > Centroid

A

J

|
I

37:
d
A y,

o

N

Distributed Forces 3
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Choice of Element for Integration

_fx dA f;lzx (v1 —y2)dx

Lecturer: Dr. Bashar Abid Hamza

A A
X2
A= j(yl —y2)dx
x1
2
_ Jyda [ y(1-y2)dx X
Y="a4 = A
OR
C fxda [ x G2 —x1)dy
*Ta T A
y2
A= j(xZ —x1)dy
y1
2 X
_ [yda [y @&2-x1)dy
Y="a4 = A
SAMPLE PROBLEM 5/2

Centroid of a triangular area. Determine the distance h from the base of a triangle of altitude h

to the centroid of its area.
Solution:
By similar triangles x/(h-y)=b/h—x=(b/h)(h-y)

h

Mx=fydA=fy(xdy)=fy(%)(h—y)dy

0
hy*]"  bh?

2 3| 6
0

h
b b [hy?
= — —y 2 = —
hf(hy y*)dy h[
0

2
SAMPLE PROBLEM 5/3

e

I
I
et
I
I
I
[
"

Centroid of the area of a circular sector. Locate the centroid of the

area of a circular sector with respect to its vertex.

Distributed Forces
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Solution I.

The x-axis is chosen as the axis of symmetry, and 7y is therefore automatically zero. We may

cover the area by moving an element in the form of a partial circular ring, as shown in the

figure, from the center to the outer periphery. The radius of the ring is ry and its thickness is

dr, so that its area is

dA=21'0(1dI'o.
T T
Ty Sin _ 5
M, = | xdA= ( " a) (2ryadry) = 2sina | ry“dry
0 0
_ [nf’]r 2sinar
=2sina|—| =———
3
0
2a
A=r’n—=1r%a
2m
_  _[xadA 25”310”3 2rsina
X = = =
A ra 3a

Solution II. Triangle of differential area
a

2 rdo "o
My=jdi= j(grcose) Tr)=— fc059d0=

3
- -
r3[ . 9]“ r3 . . 2 3 .
= —/[sin =—[sina —sin—a] =—r’sina
3 - 3[ ] 3
2a
A=r’n— =r%a
21
2sinar? )
_ [xdA 3 2rsina
= A r2a  3a

=1
—

2rsina _ 2rsin§
- Vs
3a 35
. . . _ _  4r
For a quarter-circular area 20=n/2, which gives ¥ = j= =

For a semicircular area 20=n, which gives x =

SAMPLE PROBLEM 5/4

Locate the centroid of the area under the curve x=ky’ from x=0 to x=a.

Solution I. A vertical element

a
x=ky?->a=kb3 k= —

b3

My=jdi=jxx(ydx)

W

I 3
I x=ky
|

|

——

Distributed Forces

—— —x
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44Q
1 1 1 3 3 i
0

Solution II. The horizontal element of area
b b

My=fdi=j<a;x> [(a —x)dy] = j(a ) a —ky3)dy] =;a2b

0 0

; 3
= ](a —x)dy = ](a —ky3)dy = Zab
b

b
3
Mx=jydA=j (a X)dy =jy (a_ky?’)dY]:Eabz
0 0

Prob.5/18

Determine the coordinates of the centroid of the shaded area. \
Solution:

a a f 2=(b/2) [(x/a)+1]
A= ]()’2 —yl)dx = j ([§(§+ 1) _[P xz])dx

My=fdi=fx(y2 yl)dx_f (2 ] [a ])
[ el -G B 5] -5

Distributed Forces 6
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ba?
JxdA 2
A Spa 5
12
a a

yl+y2 1
M= [vaa= [ (F55) 02 -y1ddx = [ 1n, -y, 2lax
0

0

a
=S [[6G+1)) ~(fe)] ex=Zr
2363)2

fydAz 120 =§b
A Spa 50
12

a

}7:

Prob. 5/31

The figure represents a flat piece of sheet metal symmetrical about
axis A-A and having a parabolic upper boundary. Choose your
own coordinates and calculate the distance from the base to the
center of gravity of the piece.

Solution:
y =ag+ a;x + a,x?
y =g+ 2a,x

y(0)=0=a,+2a,*0—-a,=0
y(0)=20=ay+a,*0—-a,=20

y(30)=50=20+a2*302—>a2=%

1
y—20+%*x
30

2
A= ]ydx—nydx—Zf<20+30>dx=1800mm2

-30

x2\?
M, —jydA ] de—Zj—dx—f<20+30> dx = 29400 mm?

y=1 L2 = 220 = 16. 33 mm
y
Prob.5/29 |
Determine the y-coordinate of the centroid of the shaded
area.
Solution:
a
2 |
A:]znro T‘0=ErL =ina2 XN : afx P
4 22 1 \\\ 2 s
> 2 N (a
45°\// “a5°

Distributed Forces 7
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y

/—’— a
M, = jy dA = jro sina 27‘[1‘0 ] To smz 27‘[1‘0 dr,
a a
2 ,
a Sy
o -
= — % T Ve —a
J20 T T o2
E
7
_=fydA=12ﬁ =£92
A %na2 w2

Prob. 5/36 y 2
| i}

The thickness of the triangular plate varies linearly with y ! .~

from a value t, along its base y=0 to 2 t, at y=h. Determine : )

the y-coordinate of the center of mass of the plate. E
|

Solution: 5 Rty B

bx _b_ b .

S TR X TR Y 20 ==
tiy ¢ t 0 1
-0
y

X

h /
y | e
|

i
|
|
SR t1—zy i
|
|
|
|

Ngee \gy
|
x
{ h
|
|
|
|
|
|
| =
|
}4:%1
L

=to(1+ +E b | X e
__Jydm _Jypdv _[yptdA
Y m [ pdv [ ptdA

h h . )

y

m = fptdA = pf [to (1 +E)] (b —x)dy = topf b —Ey> dy = §t0pbh

0 0

3 B y 3 y b _ topbh?
M, = fyptdA = pfy [to (1 +E)] (b —x)dy = topfy(l +E) (b —Ey> dy = ,
dA topbh® h
y = ffypf;A =1 :bh = (0. 375 lCompare with y = 3 for uniform thickness
370

Prob.5/42

The thickness of the semicircular plate varies linearly
with y from a value 2t, along its base y=0 to t, at

y=a. Determine the y-coordinate of the mass center of
the plate.

Solution:

t1/2 to/2 .
a_rl/_ =/ >t =ty(1 —2sinb)
0Sin@ a -

tr, 9 =ty +t; =ty + [15(1 —%"sinQ)]
= ty(2 —%"sinQ)

t1/2

a-r0sin@
e e

| 1072

Distributed Forces 8
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t
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n dA a m
m=jptdA =jf2p[t0(2—%°sin9)]r0d6 dry, = ptosz(Zro—gsinG)de dry
0

— pto j [21‘0
— t —_ e —
— Phod (2 3)*

a 1
7/—'q —_——
M, = fyptdA = ]f rosinep[to(z—%"sine)]rode dr,
0
0

y

03 : 2 2
asmHEde = ptya jo (1

2

t

A
o

sin 9) de =

= 2. 475 pga?

[S9]
two quarter—circular area

dA

a
= pt, ’ 215%sin 6 ~T0" s ir? 0)d6 dry
0 a

z[ 2193
—ptoj0 = sinf
%'Za a3
=ptof0 Tsm@—4

2
— 3| 2 —
= ptya [ 3cosl9 8(9

1

= 0. 9406 p@a3
_ _ [yptdA _ 0.9406 ppa’
y= [ptdA — 2.475ppa?

Centroid of Composite Figures

—51r129]

a

de

0

(1-
sm23]

= ptoa

1—

3

" +2)e2
16 8

= ptya’ [9 +

T
cos 9]
0

cos 26
2

(Tsine —a; sir? 6)do

%Za
= pto]
0
cos 2
E
2

= 0. 38 aCompare with y = :—; = 0. 424 dfor uniform thickness

YAxx
— S A
_ XAxy
SAMPLE PROBLEM 5/6
Locate the centroid of the shaded area.
; 1
| 120 i | 120 q
* 4+U
1 4+O . i
e 1‘ "f
4 40
2 | i
04 Il }:20 - d - EQ"[_J —x
—— — —x . | 50—
| v . 30 20" 20
30 20" 20 50—
Part |A(mm’) x(mm) y(mm) A*x Aty
1 rect.|120*100=12000 [120/2=60 100/2=50 12000*6=720000 |{12000*50=600000
2 tri. |(60*100)/2=3000 |120+(60/3)=140 100/3=33.3 420000 100000
3 cir (302*n)/2=—144 30+30=60 2rsina _ 2 30sin nZ 12.73 -84800 18000
3 a 3 T T =
2
4 rect |20*40=-800 30+30+30+20+(20/2)=120 |20+(40/2)=40 -96000 -32000
Total 12790 959000 650000

Distributed Forces 9
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YAxx 959000

YA 12790
__YAxy 650000
VTS A T 12790
Prob.5/50

Determine the y-coordinate of the centroid of the shaded area.

h/tan60

Yy

5mm

8mm

—

Lecturer: Dr. Bashar Abid Hamza

o an / i
2 (!
/// \\ \ f/
/ \\ﬂi //
/ \% X 7 60° \\L” 60° .
Part A(mm’) x(mm) y(mm) A*x Aty
Twi. | h h? o 2, 0 [2 A
tan60  tan 60 3 3tan 60
2 circularia®nm _ a*m 0  |2rsina _ 2 asing _ Ea 0 a®
sector 2w 3 6 3 «a 3 2 T E)
Total
2 n a3
2 _« 3 3
yzzA* Y _3tme0 3 _ 4h° =23 a
XA B dn 6h? —\31a?
tan 60 6
Prob.5/75
Determine the y-coordinate of the centroid of the shaded area.
y
\\\\\::\ \\ §‘§:£;:5::j/”/ 20 mm
0 3 /)// X x
Solution:
6 = cos12 = 66. 42°
50
Part A(mm’) x(mm) y(mm) A*x| Aty
o 2 4r 4x70
1 semicircular |70°m _ 7697 0 J4r _ — 2971 0 [228670
2 3 ' 3 '
2 circular sector % «132.84 — —2898 0 ;rs;na _ ; 505112::,42 _ 2635 | 0 |-76365
3 Triangle 45.82*%20=916.4 0 ;*20=13.33 0 12218.7
Total 5715 164523
5= YAy _ 164523 _ o0 g
YA 5715

Distributed Forces
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TABLE D/3 PROPERTIES OF PLANE FIGURES

Lecturer: Dr. Bashar Abid Hamza

AREA MOMENTS
FIGURE CENTROID OF INERTIA
- _
Arc Segment 4&?—;-- L —
g o
\\
Quarter and Semicircular Arcs
y=2r _
w
y
4
7r
k=b="
Circular Area x I 1:'_?‘4
)
4
I = [ =2
) <=bg
- _4r T = (f’_ 8 ) 4
Semicircular y = 3, e 8 O
Area
4
4
P =of =5
“T R |
|
Fey=2F f:f_(i_‘l_)4
Quarter-Circular " x ¢ 3 oY 18 97
Area _
v
== I, = mrt
8
4
y L =" -Lsin2e
| T4 2
| E
Area of Circular | | — —x 5 O S I, = r_4(a +Lgin20)
Sector g C 3 «a 4 2
Iz = %?‘4(1

Distributed Forces 11
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Lecturer: Dr. Bashar Abid Hamza

TABLE D/3 PROPERTIES OF PLANE FIGURES Continued

AREA MOMENTS
FIGURE CENTROID OF INERTIA
Rectangular Area [ b_ha
Yo . 3
I
I
'T i ~ _ Bh®
Fo= 0t
fI s — ST
\ |
—— —_
. i, = %(b2+h2)
bh3
~—a — % - a+b =
AT | eest :
| =
Triangular Area * i 7 = bh?
. =
j=L
Xy 4
Area of Elliptical I = mab® 7 (1 - 4_) b3
y Quadrant T -4a T 1.’ * 18 97
3
l
| I_fragb__(z_‘l_)a
- Y71’ YT 16 9#
pl® ..C y=2
= 3m wab
y _ _x 2 = E((12+b2)
a
Subparabolic Area 3
ab’
b S |
e — _3a
g W= b= a2x x = ”
| a3b
Area A = ab | L= 3
3 | X c |b 5 =30
1 IL=a (a_3+b_2]
=27 \5 21
2ab3
[ ==
e T
8
2a3b
ST
- _3b
y ==
5 P,
e 2ab(a— +E’—)
15 7

Distributed Forces
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Frames and Machines

Frames: are structures which are designed to support applied loads and are usually fixed in
position.

Machines: are structures which contain moving parts and are designed to transmit input forces
or couples to output forces or couples.

The forces acting on each member of a connected system are found by isolating the member
with a free-body diagram and applying the equations of equilibrium. The principle of action
and reaction must be carefully observed when we represent the forces of interaction on the
separate free-body diagrams.

If the frame or machine constitutes a rigid unit by itself when
removed from its supports, like the A-frame in Fig. a, the analysis is
best begun by establishing all the forces external to the structure
treated as a single rigid body. We then dismember the structure and
consider the equilibrium of each part separately. The equilibrium
equations for the several parts will be related through the terms
involving the forces of interaction.

If the structure is not a rigid unit by itself but depends on its
external supports for rigidity, as illustrated in Fig. b, then the
calculation of the external support reactions cannot be completed until
the structure is dismembered and the individual parts are analyzed.

Rigid
noncollapsible
(a)

Nonrigid
collapsible

(B)

It is not always possible to assign the proper sense to every force or its components
when drawing the free-body diagrams and it becomes necessary to make an arbitrary
assignment.

It is absolutely necessary that a force be consistently represented %
on the diagrams for interacting bodies which involve the force in ) 4

: . . . 4,
question. Thus, for two bodies connected by the pin A, Fig. 4/15a, the P! /\\{
force components must be consistently represented in opposite directions ™ ﬁT/'/ \%\—\fa
on the separate free-body diagrams. MU

In order to separate the unknowns, need to solve two or more
equations simultaneously

In most instances, can avoid simultaneous solutions by careful choice of the member or
group of members for the free-body diagram and by a careful choice of moment axes which
will eliminate undesired terms from the equations.

The frame supports the 400-kg load in the manner shown. Neglect the a
weights of the members compared with the forces induced by the load 02=
and compute the horizontal and vertical components of all forces acting
on each of the members.

SAMPLE PROBLEM 4/6 » Fl«jsm_ﬂ-_zmﬁ.!
\ .

‘ |

¥

Solution: .L'"@D 400 kg
Load, 400%9.81/1000=3.92kN
The three supporting members which constitute the frame form a 3m—f—2m ]

rigid assembly that can be analyzed as a single unit. Also the
arrangement of the external supports makes the frame statically
determinate.

Determine the external reactions from the free-body diagram
of the entire frame.

DZMA =0=3923+2+05) —-D(15+15+05+15) =0

= D = 4.32kN -
- YF =0=>D—-Ax=0= Ax =D = 4.32kN «

400%9.81/100
=3.92kN

Frames and Machines 1
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TYXYE =0=>Ay—392=0> Ay =392kN T

Dismember the frame and draw a separate free-body diagram of each member.

Pulley:
- YE =0=P,—392=0= P, =3.92kN
TZFy=O:Py—3.92=0=>Py=3.92kN .

Member CE (start with a two-force member) _(]21& Px=3.92 kN ‘—3
UXM =02 E, x3—E,x15=0=EF, == W-s_)}ﬂ?kN

reri N I Lol
UYMp=0=C,*3—C,*x15=0=>C, == v {_puea o
*ZFx=0=>Cx—Ex=0=>cx=Ex CVLJBA ’
Member BF i G
UZMB=0=>—Ey*3+3.92*5=0 oy 1%

= —E,x3+392x5=0=E, = 6.53kN,

E,
E =—=>E = 2E, =2%6.53 = E, = 13.08kN

y T2
C,=E,= C, = 13.08kN
oG 13.08

y =3 :Cy=T=6.54kN

T ZI}“,=0:,o—By+Ey—3.92=0z—By+6.53—3.92=0=>By=2.61kN
—>ZFx=0z—Bx+Ex—3.92=0z—Bx+13.08—3.92=0=>Bx=9.15kN
Member AD for check only
DZMD=Oz—Ax*5+3.92*3.5+Bx*3—Cx*1.5
=—-432%x5+392%35+9.15%3-13.08x15=0 0.K
Cy 13.08
T 213",=0sz+By—7=3.92+2.61—T=0 0.K

- Z FE=0>-4,+392+B,—C,+D =-432+392+9.15—-13.08 + 4.32

=0 0.K
SAMPLE PROBLEM 4/7
Neglect the weight of the frame and compute the forces acting on all of its sl:
members. m

Solution:
The frame is not a rigid unit when removed from its supports since BDEF is seo
a movable quadrilateral and not a rigid triangle. Consequently the external |

reactions cannot be completely determined until the individual members are
analyzed. However, the vertical components of the reactions at A and C can s
be determined from the free-body diagram of the frame as a whole. Thus, “jF ]

DZMC=0$—Ay*0.75+120*1+200*0.3=0=>Ay=240Nl 500

0
6 =tan? = 36.87°
1000

TYE =0=>-4,+C,—200cos 8 =0= —240 + G — 200 cos 36.87° = 0 =, =
400N |
Dismember the frame and draw the free-body diagram of each part:

Frames and Machines 2
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Member EF F (73—0).240=125 300cos8=240 D
DZMF=0=>Ex*0.18—Ey*0.135=0=>Ey=1.33Ex 3
UYM;=0=F, 018 —E, *0.135 =0 = F, = 1.33F, §
—>ZFx=O=>—Ex+Fx=O=>Fx=Ex F_.Fx

Member ED y Yy
OYM,=0>200%x03—-E,*018—-E,*0.24=0>200%03—-E,*018 - g%
1.33E, %024 =0=E, = 120N -

E, =133E,=>E, =133x120 > E, = 160N |
E, =E, > F, =120N

E, = 133F =133 «120 = F, = 160N Ey=133Bx

1 Z@=0=>Dy—Ey—200cose=o=> B — 160 — 200 cos 36.87 = 0 =D, = 320N
T

>YF,=0=>FE,—D,+200sin36.87 =0= 120 — D+ 200si n36.87 = 0 =D, =

240N « ?
Member AB HB;’
= — — = — — = = — B
TZ@_O: By +F —A,=0=—B,+160 240 =05, = 80N |
= 80N T change dirction "? L
DZMA=0=>Bx*1—Fx*0.5=0=>Bx*1—120*0.5=0=>3x=60N—> i -
—>ZFx=0=>Bx—Fx+Ax=0:60—120+Ax=0=>Ax=60N—> P,

Ay=240N

Member BC
—>2Fx=0:—Bx+120+Dx+Cx=0=>—60+120+240+Cx=0
= C, = 300N «

Prob. 4/75

Determine the components of all forces acting on each member of the
loaded frame.

Solution:
OYMp=0=>A,+2r —P(r +rcos 43— P(r —rcos4)=0=
24,-2P=0>A4,=P1

TZE,=0:Ay+By—2P=0=>P+By—2P=O=>By=PT

Member AC
OYXMc=0=2A4,*xr —A, 1 —P(rcos45) =0=>P*r — Axr —
P(r cos 45) =0 =4, = P(1 — cos 45) A

_>pr=o=>,4x—cx=0=>Ax=cx=>cx=P(1—cos45)

Y /
45’\ 45° Rcos43

TZ@:O:Ay—P—6y=0=>Cy=0

Frames and Machines 3
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Problem 4-145(Hibbeler) S T
. . o Tsin30
Determine support reactions. f K 'E
x

A

Solution: DC & X g T L |
800 x 15 e =300neATE 1
R1 = T = 6000N 15 WERIONR 5 15 %% W:BOONm

R, = 300 % 15 = 4500N
_ (800 —300) * 15

S 2
DZMC = 0= —(T'sin3030 — 15T + Ry (15 +2) + R,() + Ry (%e15) = 0
= —(T'sin3030 — 15T + 6000 ( 15 +) + 4500 + 3750 (%15) =0 =T
= 6375N
1 Zl«; —0=>C,+T+Tsin30—B—R, —R; =0
= C, + 6375 + 637551 n 30 — 6000 — 4500 — 3750 = 0 =, = 4687N T
—>ZFx=O=>Cx—Tcos 30=0= G —6375co0s 30 =0=C, =5521IN -

= 3750N

Problem 4-156 (Hibbeler)
Wind has blown sand over a platform such that the intensity of the

S500N/m
load can be approximated by the functionw = 500( ) Determine W : | |
R X

w=500(X/10)°
support reactions J

L ,.»HHHH

=

Solution: <

Area under the curve=load, R R = f wdx = f 500(% ) dx = = Hom

1250N |

M,, = [1°xwdx = [1°x500(%)’dx = 10000N.m ) « B sovm
M, 10000 7 1

f=_ 1250 m ;\ ¥=300(X/10)3 I’ﬁ\
ZMB—OﬁA *x10—R+x2=0=>4 *10—1250*2—0_% 11'”
= A, = 250N 1 4v}
ZE,=O$A + B, R=0$250+By—1250=0$By=1000NT
ZF

x =0

Problem 6-77(Hibbeler) g o
Determine the reactions at supports A and B.

Solution: P—
Member DB: 1] l . o -

700 = 9 :
R, = = 3150N '
2

UYMp=0=>9D,—R; 6 =0=9D,—3150%6 =
0=D,=2100NT
TZ@=O:Dy+By—R1=0=>2100+By—3150=0=>By
= 1050N T
—>2Fx=0=>Dx—Bx=0=>Dx=Bx

Frames and Machines 4
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Member CD:
TZI}",=0:Cy—Dy=0:Cy—2100=0:Cy=2100NT

8 %2100
DZMC=0z8Dy—6Dx=O:Dx=—=>Dx=2800N<—

6
D, = B, = B, = 2800N
—>2Fx=0=>6x—Dx=0=>Cx—2800=0=>Cx=2800N—>

Member AC: R2=3000N
500 x 12
2 3000N WAL
«—
TZ =0=>4,-C,—R;,=0=4,-2100-3000=0= 4, I I:-"G |
= 5100N T
DZMC=0=>12Ay—6R2—Ma=0=>12*5100—6*3000—Ma=0=>Ma
= 43200N.mm O
Prob. 4/74 — Smj-—
For what value M of the clockwise couple will the horizontal E — /\
component A, of the pin reaction at A be zero? If a couple of , s00N
that same magnitude M were applied in a counterclockwise L
direction, what would be the value of A, ? S
Solution:
Member AB: F_l Sm_T_I-Smﬂl

DZMB=0=>3Ay—600*1.5=0=>,4y=300NT

'Y F,=0=>A4,-600—B,=0=300—-600-B,=0=B, =

300N T

—>ZFx=O=>Ax—Bx=O=>Ax=Bx=0

Member BC:

DZMC=0zM—By(2cos6()=0=>M—300(2cos6()=0=>M
= 300N.m 0

If M = 300N.m O, find A,
Member BC:

DZMC=Oz—M—By(2cos 60 + B,(2sin6) =0

= —300 — By(Z cos 60 +B,(2sin6)=0> B, = =300+ 1.73B,
Member AB:
LVYM,=0>—-3B,+600x15 = 0> —-3(=-300+1.73B,) +600%x1.5=0=> B, =
347N «
OR-)YE =0=>A4,—B,=0=>A, =B, =347N -

Frames and Machines 5
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SAMPLE PROBLEM 5/14 J—
The cantilever beam is subjected to the load intensity (force per unit L: wo | TN\
length) which varies as w = wysi n?). Determine the support (EERERE 1 ™
reactions as functions of the ratio x/1. | g
Solution: "
Area under the curve=load,R R = | 01 wdx = [ 01 Wy Si n?) dx = p R

l L l l 0 o
Wo — [—c 0s @)]0 = Wo - [—c 0s g) +cos e)] = | ‘ | | 1

; ool s o 1 9 i
wo—[= (=D + D)) == \.'.A

2w, 2w, S —d s
TZ@O:Ay—R=O=>Ay— =04, = 0
n s

> Z EE=0=>A4,=0
Centroid of the load, R:

: : . TX : . TX
M, = fxwdx = fxw051 n{l—)dx =W0]3€51 n{l—)dx
0 0 .
Let u=x—du=dx

X -1 X
dv = si n{l—)dx =>v= ?cosv)

ju.dv=u.v—jv.du=>

[ st e = g feosE) - [ HeosE s = e cosE) + L {isi )
e ———du v
[l%cosé) +%{%si nzc—l)}] — IO%ICOSEO) +%{%si nzé—o)}] = E] — [0]:%

Ul v
M, = fxwdx =w0%

l
0

12
M. Wo o

_ ! _ 1
x=?y=w=5 OR due to symmetry, ¥ = -
B 2wyl | wol?
DZMA=O=>Rx—M=O=>M= —=> M=
T 2 s

Frames and Machines
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Friction

In the preceding lectures, the forces of action and reaction between contacting surfaces
are assumed that act normal to the surfaces. This assumption characterizes the interaction
between smooth surfaces. Although this ideal assumption often involves only a relatively small
error, there are many problems in which we must consider the ability of contacting surfaces to
support tangential as well as normal forces. Tangential forces generated between contacting
surfaces are called friction forces and occur to some degree in the interaction between all real
surfaces. Whenever a tendency exists for one contacting surface to slide along another surface,
the friction forces developed are always in a direction to oppose this tendency.

In some types of machines and processes we want to minimize the retarding effect of
friction forces. Examples are bearings of all types, power screws, gears, the flow of fluids in
pipes, and the propulsion of aircraft and missiles through the atmosphere. In other situations
we wish to maximize the effects of friction, as in brakes, clutches, belt drives, and wedges.
Wheeled vehicles depend on friction for both starting and stopping, and ordinary walking
depends on friction between the shoe and the ground.

Types of Friction

(a) Dry Friction.
Dry friction occurs when the unlubricated surfaces of two solids are in contact under a
condition of sliding or a tendency to slide. A friction force tangent to the surfaces of contact
occurs both during the interval leading up to impending slippage and while slippage takes
place. The direction of this friction force always opposes the motion or impending motion.

(b) Fluid Friction.
Fluid friction occurs when adjacent layers in a fluid (liquid or gas) are moving at different
velocities. This motion causes frictional forces between fluid elements, and these forces
depend on the relative velocity between layers. When there is no relative velocity, there is no
fluid friction. Fluid friction depends not only on the velocity gradients within the fluid but also
on the viscosity of the fluid, which is a measure of its resistance to shearing action between
fluid layers.

(c) Internal Friction.
Internal friction occurs in all solid materials which are subjected to cyclical loading. For highly
elastic materials the recovery from deformation occurs with very little loss of energy due to
internal friction. For materials which have low limits of elasticity and which undergo
appreciable plastic deformation during loading, a considerable amount of internal friction may
accompany this deformation. The mechanism of internal friction is associated with the action
of shear deformation, which 1s discussed in references on materials science.

Dry Friction
Consider a solid block of mass m resting on a horizontal surface, as shown in ,7

Fig. a. the contacting surfaces are assumed have some roughness. The
experiment involves the application of a horizontal force P which continuously
increases from zero to a value sufficient to move the block and give it an
appreciable velocity. The free-body diagram of the block for any value of P is
shown in Fig. b, where the tangential friction force exerted by the plane on the
block is labeled F. This friction force acting on the body will always be in a | ¢

> P

q.— P
direction to oppose motion or the tendency toward motion of the body. There is "
also a normal force N which in this case equals mg, and the total force R exerted \i
by the supporting surface on the block is the resultant of N and F. AT

N: normal force

F: tangential friction force
R: the resultant of N and F
®: angle of internal friction

Friction 1
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A magnified view of the irregularities of the mating surfaces, Fig. c, helps us to visualize the
mechanical action of friction. Support is necessarily intermittent and exists at the mating
humps. The direction of each of the reactions on the block, R1, R2, R3, etc.
depends not only on the geometric profile of the irregularities but also on the -
extent of local deformation at each contact point. The total normal force N is the "\ |
sum of the n-components of the R’s, and the total frictional force F is the sum of &
the t-components of the R’s. When the surfaces are in relative motion, the
contacts are more nearly along the tops of the humps, and the t-components of the R’s are
smaller than when the surfaces are at rest relative to one another. This observation helps to
explain the well-known fact that the force P necessary to maintain motion is generally less than
that required to start the block when the irregularities are more nearly in mesh.

If we perform the experiment and record the friction force F as a function of P, we
obtain the relation shown in Fig. d. When P is zero, equilibrium requires that there be no

friction force. As P is increased, the friction force must be equal and Impending
opposite to P as long as the block does not slip. During this period I -
the block is in equilibrium, and all forces acting on the block must | ficion 1 friction
satisfy the equilibrium equations. Finally, we reach a value of P R
which causes the block to slip and to move in the direction of the .7
applied force. At this same time the friction force decreases slightly 3 I

and abruptly. It then remains essentially constant for a time but then —
decreases still more as the velocity increases. @

Static Friction

The region in Fig. d up to the point of slippage or impending motion is called the range of
static friction, and in this range the value of the friction force is determined by the equations of
equilibrium. This friction force F may have any value from zero up to and including the
maximum value F,,,. For a given pair of mating surfaces the experiment shows that this
maximum value of static friction F,,, is proportional to the normal force N. Thus, we may
write

Frax = UsN  Applies only to cases where motion is impending with the friction force at its
peak value.

F max: maximum frictional force.

Us: Coefficient of static friction, ug = tan @ = %

N: normal force.
For a condition of static equilibrium when motion is not impending, the static friction force is

F < ugsN

Kinetic Friction

After slippage occurs, a condition of kinefic friction accompanies the ensuing motion. Kinetic
friction force is usually somewhat less than the maximum static friction force. The kinetic
friction force Fy is also proportional to the normal force. Thus,

Fy = uN

Uy Coefficient of kinetic friction, y;, = tan @, = % , (U 1s generally less thany)

F,: Kinetic friction force

Friction 2
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SAMPLE PROBLEM 6/1

Determine the maximum angle @ which the adjustable incline may have
with the horizontal before the block of mass m begins to slip. The
coefficient of static friction between the block and the inclined surface is

T

Solution.
The free-body diagram of the block shows its weight W=mg, the normal "\ W aig
force N, and the friction force F exerted by the incline on the block. The ®
friction force acts in the direction to oppose the slipping which would occur if )L;

no friction were present. - ;_k\ \
;‘Zsz():F_mgSiDQ=0=>F=mgsin9 ~4 F ¥

'\ZFy=0=>N—mgc059=0=>N=mgc059

Fnax = UsN = usmg cos 6 .
Max. Angle 6 occurs =impending motion= F = F,,,, = mgsinf = u;mg cos 0 = :::9 =

Us =>tanf = pu, = 0 = tan~ ! g

SAMPLE PROBLEM 6/2

Determine the range of values which the mass my may have so that the lﬁﬁ‘ﬁg i
100-kg block shown in the figure will neither start moving up the plane
nor slip down the plane. The coefficient of static friction for the contact _—— 20° .

surfaces is 0.30. ’
Solution.

The maximum value of my will be given by the requirement for motion impending up the
plane. The friction force on the block therefore acts down the plane, as shown in the free-body
diagram of the block for Case I in the figure.

W =mg = 100  9.81 = 981N % a1 N )
\ZFy=0=>N—Wcoszo=0=>N—981coszo=0=>N=922N Yorilos
Epue = N = 0.3 %922 = 277N K By
;'ZFx=0=>m0g—Fmax—Wsin20=0 N

Casze I

= my *9.81 —277 —981sin20 = 0 > m,
= 62.4kg maximum value

The minimum value of my is determined when motion is impending down the plane. The
friction force on the block will act up the plane to oppose the tendency to move, as shown in
the free-body diagram for Case II. %

\ 981N
\ZFy=0=>N—Wcoszo=0=>N—981coszo=0=>N=922N
Frux = psN = 0.3 %922 = 277N B

20°
/‘ZFx=0:m0g+Fmax—Wsin20=0 N

Case Il
= my*9.81+ 277 —981sin20 = 0 > m,
= 6kg minimum value

- -

—

F T=myg

max
‘:l}’r

Thus, my may have any value from 6 to 62.4 kg, and the block will remain at rest.

SAMPLE PROBLEM 6/3

Determine the magnitude and direction of the friction force acting on the

100-kg block shown if, first, P= 500 N and, second, P=100 N. The ~*
coefficient of static friction is 0.20, and the coefficient of kinetic friction is o

0.17. The forces are applied with the block initially at rest. -

Friction 3
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Solution.

There is no way of telling from the statement of the problem whether the %

block will remain in equilibrium or whether it will begin to slip s SR =L B
following the application of P. It is therefore necessary that we make an
assumption, so we will take the friction force to be up the plane, as
shown by the solid arrow. From the free-body diagram a balance of
forces in both x- and y-directions gives

W =mg =100 % 9.81 = 981N

/‘ZFx=0=>PcosZO+F—Wsin20=0=>Pc0520+F—98lsin20=0.....1

'\ZFy =0=>N-—-—-Psin20—Wcos20=0=>N—-—Psin20—981cos20=0.....2

Case . P=500 N
Pcos20+ F —981sin20=0.....1 500cos20+ F —981sin20=0= F = —134N

The negative sign tells us that i/ the block is in equilibrium, the friction force acting on it is in
the direction opposite to that assumed and therefore is down the plane, as represented by the
dashed arrow.
N —Psin20—-981cos20=0....2=> N —500sin20 —981cos20 =0= N = 1093N
Frax = UsN = 0.2 x 1093 = 219N
Since F,,, = 219N > F = 134N(required for equilibrium), we conclude that the assumption
of static equilibrium was correct.
Case II. P=100 N
Pcos20+ F —981sin20=0....1 = 100cos20+ F —981sin20=0=F

= +242Nfriction force to be up the plane is correct assumption.
N — Psin20—-981cos20=0.....2=> N —100sin20 — 981 cos20 =0 = N = 956N
Fax = UsN = 0.2 *x 956 = 191N
Since F = +242N > F,,,, = 191N =Therefore, static equilibrium cannot exist, and we
obtain the correct value of the friction force by using the kinetic coefficient of friction
accompanying the motion down the plane.
Fi, = up N = 0.17 * 956 = 163Nup the plane

SAMPLE PROBLEM 6/4
The homogeneoug rectangular block of mass m, widtﬁ b, and height H 1s fe—f—]
placed on the horizontal surface and subjected to a horizontal force P which T
moves the block along the surface with a constant velocity. The coefficient of TP
kinetic friction between the block and the surface is p;. Determine (a) the I“r "

greatest value which /# may have so that the block will slide without tipping
over and (b) the location of a point C on the bottom face of the block through
which the resultant of the friction and normal forces acts if h=H/2.

Solution. |
(a) With the block on the verge of tipping, we see that the entire reaction
between the plane and the block will necessarily be at A. The free-body f—“‘-.rl’
diagram of the block shows this condition. Since slipping occurs, the friction /"lG R
force is the limiting valueF, = u, N, and the angle 0 becomes 6 = tan™' ;. #_ 4

The resultant of F}, and N passes through a point B through which P must also |
pass, since three coplanar forces in equilibrium are concurrent. Hence, from ./ |x

the geometry of the block

b/2 b
tan9=uk=T:h=ﬁ ans.
k

Ifh > —ZZ , moment equilibrium about A would not be satisfied, and the block would tip over.
k
OR

Friction 4
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TZFy=O:N—mg=O:N=mg

—)ZFx=O$Fk_P=O$P=Fk=‘u.kN$P='lemg

b mgb mgb b
DZMA=Ozmg——Ph=O=>h=—:h= = h =—— ans.

2 2P 2u,mg 2
(b) With h=H/2 we see from the free-body diagram for case (b) that the
resultant of F;, and N passes through a point C which is a distance x to the
left of the vertical centerline through G. The angle 0 is still6 = @ = O ——ferr
tan™! p;, as long as the block is slipping. Thus, from the geometry of the //"Lg g
figure Fo— —*

.  weH | /éT |

tan —,uk—H—/2$X—T ans. o n
OR

—)ZFx=O$Fk_P=O$P=Fk=‘U.kN$P=‘U.kmg
= =

(@] Mc=0>mgx—P-=0>x=—>x X =—— ans.
2 2mg 2mg 2

SAMPLE PROBLEM 6/5

The three flat blocks are positioned on the 30° incline as shown, and a
force P parallel to the incline is applied to the middle block. The upper
block is prevented from moving by a wire which attaches it to the
fixed support. The coefficient of static friction for each of the three
pairs of mating surfaces is shown. Determine the maximum value
which P may have before any slipping takes place.

Solution:

> =0 e

30kg block = N; —mgcos30 =0= N; —30%9.81cos30=0= N, = 255N
50kg block = N, — N; —mgcos30 =0= N, —255—-50%9.81cos30 =0

= N, = 680N
40kg block = N; — N, —mgcos30=0= N; — N, —40%9.81cos30 =0
= N; = 1019N

There are two possible conditions for impending motion. Either the 50-kg block
slips and the 40-kg block remains in place, or the 50-and 40-kg blocks move
together with slipping occurring between the 40-kg block and the incline.
1. The 50-kg block slips, so that the 40-kg block remains in place (i.e. F; =
Fimax F2 = Famax F3 < Famax)-
For impending slippage at both surfaces of the 50-kg block,
Fnax = UsN
Fimax = UsN;y = 0.3 255 = F, ., = 76.5N
Fomax = UsN, = 0.4 % 680 = F,,, 0, = 272N

/ZFx)s okg— 0=>P—F —F,+mgsin30=0=P —765—-272+50%9.81sin30 =
0= P =103.5N y
2. The 50-and 40-kg blocks move together with impending slippage \5 i

occurring between the (50-and 40-kg blocks) and the (incline and
30'kg blOCk)(le F1 = Flmax; F3 = F3max, F2 < FZmax)

Friction 5
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\ Z Fy)(4_ 0+5 0)kg= 0= N3 - N1 - (50 + 40) *981cos30=0

= N; — 255 — (50 + 40) *9.81cos30 =0 = N, = 1019N
Famax = UsNs = 0.45 x 1019 = F,, . = 459N

4 Z Fo)y ovs g 0= —Fa = Fu+ P+ (50 +40)9.81sin30 = 0

= —459 —76.5+ P + (50 +40)9.81sin30 = 0 = P = 94N
Choose minimum value of P(103.5,94)N,
~ P =94N ans.

Prob. 6/5 »
The magnitude of force P is slowly increased. Does the homogeneous , /
box of mass m slip or tip first? State the value of P which would cause ‘
each occurrence. Neglect any effect of the size of the small feet. i
Solution:

m

y Bl -

e 2d
Psin30 P

A%w

2d
LY M =0 = Psin30 + 24 +Pcos30+d = 1mg - = 0= Pupping |
= 0.536mg Ig £, =050
B} § ¥ /E‘:

1. Assume tipping occur first about point c.

2. Assume sliding occur first. "
TZFy=O$N+P51n30_mg=0$N=mg—PSln30 A 30> Ecos30
<—ZFx=OzF—Pc0530=0=>F=Pc0530 i “lg 4, =050
Fpax = UsN = 0.5(mg — P sin 30) % i3 5

For slip beginning,F = F,,,, =
P cos30 = 0.5(mg — P sin30) = Pgp,,ing = 0.448mg
Since Pgjipping = 0.448mg < Piipping = 0.536mg =+ slipping occur first Ans.

Prob. 6/24

A clockwise couple M is applied to the circular cylinder as shown. m;/\

Determine the value of M required to initiate motion for the conditions e @ mp o
mg=3kg, mc=6kg, (1)5=0.5, (1)c=0.4, and r = 0.2 m. Friction =" Wi
between the cylinder C and the block B is negligible.

Solution:

Body B: meg
TZFy=0:N1—m3g=0=>N1—3*9.81=0=>N1=29.43N z ’7‘% |
Fimax = HgysNy = 0.5 % 20.43 = 14.7N = JCY
For slipping of body B, F; = Fi 0 = 14.7N 1 In1
<—ZFx=O=>F1—P=O=P=F1=14.7N

Body C: me mC'

—>2Fx=0=>F2—P=0=>F2—14.7=0=>F2=14.7N

Fymax = tcysN, = 0.4 x 59 = 23.5N
F, = 147N < Fy 0 = 23.5N O.K (for motion, not slipping)

DZMCenter=0=>M—F2*r=0=>M—14.7*0.2=0=>M=2.94N.mo

Friction 6
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Flexible Belts
The impending slippage of flexible cables, belts, and ropes over sheaves and drums is
important in the design of belt drives of all types, band brakes, and hoisting rigs.

Figure a, shows a drum subjected to the two belt tensions T1 and T2,
the torque M necessary to prevent rotation, and a bearing reaction R. With M
in the direction shown, T2 is greater than T1. The free-body diagram of an
element of the belt of length rdf is shown in figure b. We analyze the forces
acting on this differential element analyzeed by establishing the equilibrium
of the clement, in a manner similar to that used for other variable-force
problems. The tension increases from T at the angle 6 to T+dT at the angle
0+d0. The normal force is a differential dN, since it acts on a differential
element of area. Likewise the friction force, which must act on the belt in a
direction to oppose slipping, is a differential and is pudN for impending
motion.
Equilibrium in the t-direction gives

do do
ZFt =0> Tcos7 +udN = (T +dT) cos —- > T+udN =T +dT =
=1 =1
udN =dT ...1
Equilibrium in the n-direction requires that

do do do do do
E,=0=dN = (T+dT)sin7+Tsi n7=>dN = T7+dT7+T7=>
) 4 i gnored
2 2
dN =Td@ ...2
Combining the two equilibrium relations gives
dT
— = udo
T K
I,
dT T. T2
T=f,ud9=>[ln7]?1= [,ue]g:lng—lnﬂ=yﬁ:,~1n772=uﬁ:,~elnf_1=e“ﬁ=>
Ty 0 !
E =eHf .3

Ty

T2: greater force

T1: smaller force

u: coefficient of static friction.

[ total angle of belt contact and must be expressed in radians. If a rope were wrapped around
drum n times, the angle [ would be 2nn radians

Equation 3 holds equally well for a noncircular section where the total angle of contact is [
This conclusion is evident from the fact that the radius r of the circular drum in Fig. does not
enter into the equations for the equilibrium of the differential element of the belt.

SAMPLE PROBLEM 6/9

A flexible cable which supports the 100-kg load is passed over a fixed
circular drum and subjected to a force P to maintain equilibrium. The
coefficient of static friction pu between the cable and the fixed drum is
0.30. (a) For 0=0, determine the maximum and minimum values which
P may have in order not to raise or lower the load. (b) For P =500 N,
determine the minimum value which the angle o may have fore the load ‘
begins to slip.
Solution:

(a)

Flexible Belts 1
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W=100%9.81=98 1N "
With 0=0, 8 = 90° =§ rad.

For impending upward motion of the load, T, = P,,,,, , T; = W= 981N

T P ™
2o phB 5 B 035 5 p = 1572 N 081N
T; 981 @a=0
For impending downward motion of the load, 7, = 981N and T; = P,;,,
T, 981 0. 3%
Y =e "2=>P,;, =612 N
T1 Pm'n
(b)
T, =981N ,T;, =P =500 N
T, 981
—=etf o —=0¢%351.962=8%=>1n1.962 =118¢F
T; 500
Inl. 962 =0.3 371962225 d. \.
=1n = B = = ra N
(BYP=500N

180
Baegree = 2. 25 +— = 128. 7°
T

p =90° +a=128. 7° =90° +a = = 38. 7°

SAMPLE PROBLEM 6/10

Determine the range of mass m over which the system is in static
equilibrium. The coefficient of static friction between the cord
and the upper curved surface is 0.20, while that between the block
and the incline is 0.40. Neglect friction at the pivot O.

Solution:

UM, =0=T,c0s35 =L —9%9.81cos25 =0T, =

73.3 N
1. Motion of m impends up the incline.
~Ty=Pyy =73.3 N

T
= (40 +30) — = 1. 22 rad.
p=(40+30) o5 ra

73.3__

Lo onB 5 B0 go2et225 7 =57 4 N pomiges T

Tl Tl '

JZFJ,=0zN—mgcos40=0=>N—mgcos40=0:N e -
= 0. 76mg 4‘\/\ </\/40=

'\ZFx=O=>T1 —mgsin40 —uN =0 Yo

= 57.4-mgsin40—-0.4x 0. 76mg=0=>m=6. 16 kg
1I. Motion of m impends down the incline.
o TA = Pmn = 73 3 N

T. T.
2o M5 2 = p0.2¢1225 T =93 5 N mg
T1 73 3 T2=93.5N

zZFy=0=>N=0. 76mg

mgcos4

mgsin30
'\ZFx=O=>T2—mgsin40+uN=0 \ \/)
it
= 93. 5 —mgsi n40 +0. 4 0. 76mg = 0 = m = 28. 3kg < N
So the requested range is 6. 16 <m <28.3 kg N casem

Flexible Belts 2
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Prob. 6/104

In western movies, cowboys are frequently observed hitching their
horses by casually winding a few turns of the reins around a
horizontal pole and letting the end hang free as shown—no knots!
If the freely hanging length of rein weighs 0.6kg and the number of
turns is as shown, what tension T does the horse have to produce in

the direction shown in order to gain freedom? The coefficient of friction between T2
the reins and wooden pole is 0.70. '
Solution:

T, =0.06%9.81=0.5886 N

T
=24 21 +60 ~13. 61 rad.
p=2x2m+60x1a5 ra

T T
Z=etf 52— = 07136, T, =T = 8079N =8. 1 kN
T, 0. 5886

W T1=0.069.81

Prob. 6/105
Calculate the horizontal force P required to raise the 100-kg load. The
coefficient of friction between the rope and the fixed bars is 0.40.
Solution: 2

d/2 0
9=sin—13i=41.8° \

4
Pulley A
B=6=41 8+——=0.7295 rad. Ti=100kg

18 0 =981N
T. T.
Z=etf st =0 0708 T, = 1313 N p-12
T, 100 * 9. 81 B
Pulley B S
71' £ ol
B =90+6 = (90 +41. 8) »— = 2. 3 rad. ERA
180 QX
P up P 0. 4%2 A
T—=e $m=e' % P=3.3 kN e e | A
1

Prob. 6/111

A counterclockwise moment 150 N.m is applied to the flywheel. If the
coefficient of friction between the band and the wheel is 0.20, compute the
minimum force P necessary to prevent the wheel from rotating.

Solution:

128 650mm

h
I Ue—vwr  |fe—n

UYM,=0= 650P +125T, — (450 —125)T, =0 = n n
650P +125T; —325T, =0 ...... 1 — i
ﬁ =TT [ 125 650mm
T

o ouB 52— po2ny 2 _ 1 g74 9
T- T- T

1 1 1
Applied Torque= 150 * 10°N. mm

L T, \450
Resi sti ng Torque €T, —T{)r..3 = (T2 — )— ...... 342
1.874 2
Mapplied = Mresisting
T, \ 450
150 103=<T2— 2—:T2 = 1429N
1. 874 2
T, 1429

T, = = =T, = 762N

1. 874 1.874

650P +125T; —325T, = 0 = 650P +125 x 762 —325 * 1429 = 0 =P = 568N
Flexible Belts 3
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Area Moments of Inertia

Lecturer: Dr. Bashar Abid Hamza

I, = ]ysz
I, = szdA
SAMPLE PROBLEM A/1

Determine the moments of inertia of the rectangular area about the centroidal x,- and y,-axes.
Solution

Yo

N
h 1 |dy
xo—]w ~1y2(bdy) = bj(ﬁ —hy+ Syay=pr-e ] L
% i
hh? “
—b[<L ——+— ) 0] =—about centroidal axis %
h _J_o X
3" bh’ . ==
Ix=jy2(bdy)=b[?] =Tabout base axis
0
b Y Yo
b2 b o bi2 ‘2 bi2 ;
yo—j(x—)(hdx) hj(x2 bx+—)dx h[— —+— . %4?
0 }H
—b[<7 —b—bz+ b) ]=—about centroidal axis ° 0
b
3 1 lo X
Iy=j x?(hdx)= h[ ] =—about base axis e

0

SAMPLE PROBLEM A/2

Determine the moments of inertia of the triangular area about its base and
about parallel axes through its centroid and vertex

Solution:
=g =—(h ~y)
h h .
2
] ) (xdy) = f (52 =2hy +5) 3 (h=y)dy
0 0
2 2, 2 h% _éhy3_2 2v2  h: oyt 2,97 p2y?)t
j(hyz oy gy Syt = dy= [P = Gy - S - ]
bh3
=¥about centroidal axis
b[y? ¥
]y(xdy) jy Z(h—y)dy =1 j(fh—ys)dy——[ h-
0
h3

= ——about base axis
12

Area Moments of Inertia 1
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SAMPLE PROBLEM A/3 y
Calculate the moments of inertia of the area of a circle about a diametral

|
di
!
o
axis / | ﬁ/\ﬁ\ds

Solution: / i Mm;me
2T T 200 Tm=—= o _f; _____ .{=x

I, = jyz(dA) =f f(ro sin@?(rydfdry) =j jro?’(si n §2dodr, \\

2T an r4 27-[ r4 e 71.7,4
— '] o _ o . - 1—cos 29 _ __sin26 _
_j[7]0(51n92)d9—j4(51n92)d€—4j _8[9 . ]0 ==

0 0 0
Lo - rt
x — 1ty — 4

Determine the moment of inertia of the area under the parabola about the x- SﬂL
axis. Solve by using (a) a horizontal strip of area and (b) a vertical strip of

SAMPLE PROBLEM A/4 i
area. J

Solution:
x=ky’=>4=k3%2k =1 N
4, .2 ? Ilex * dy
x =1y |
1. Horizontal Strip Yy
3 3 3 [
I = |, y2(4 —x)dy= [[y*(4 -y dy= [ (4 -y dy= A

43’ y5] =14. 4 (units)

9*5

2. Vertlcal Strlp

Soluti
4

fy? ” ‘ ZZ[ng] =14. 4 (units)

Prob. A/32

Calculate the moments of inertia of the shaded area about the x- and y-axes,
and find the polar moment of inertia about point O.

Solution:

y, = k,Vx 2100 = k ,v/100 =k , = 10

y, = kyx3 =100 = k,100° =2k ; = —

10000
3
= X = 100vVx
yl 10000 s }’2
100 100 " 100
2 = 5
3|y y 3y 3 y 7 4
I, = 2(x —x,)dy= 2 =2L)ydy= |22 _ — L =1*10mm
X y ( 1 2) y y( ky k22) y 103\/’](—1 5k22 .
0
100, 3,4 100,34 100
L, _f - fo 2 =§ 0 (x°—x2%)dy =

o e =1 @-Lpay=11.9 x 16mm
OR

100 100
I, = j x2(p —y)dx= j x?(kx —kx3)dx=11. 9 * 10mm*
0 0

Area Moments of Inertia 2
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Polar Moments of Inertia:
The moment of inertia of dA about the pole O (z-axis) is

Iz=jr2dA= f(x2 +y2)dA=jx2dA+jy2dA=Iy +1,
r2

Radius of Gyration.k
Is a measure of the distribution of the area from the axis in question.

|1
T 4A
_/I_x —/'_y —/I_z |
. A ky_ A kZ_ A
P T i R e e i x

I, =L+, =k A=k A+k A=k, =k’ +k,°

—_———————

k
kex

Transfer of Axes(parallel-axis theorems)
C: the centroid of the area.

I, = j(% +d,)2dA = ](yoz 12yod, +d,?)dA

= j(yOZ) dA+j(2%dx) dA+dxzjdA

Lo zero d,2A
The second integral is zero, since [()dA = Ay, and y,is automatically zero with the
centroid on the x,-axis.

L, =1, +d,*A

I, =1, +d,*A

I =L+, = Lo +d 2A+1 0 +d A= Lo +1,0 +A(d,* +d %) = I, +Ad ?
IZO =d2

Two points in particular should be noted.
1. The axes between which the transfer is made must be parallel.
2. One of the axes must pass through the centroid of the area.

SAMPLE PROBLEM A/5
Find the moment of inertia about the x-axis of the semicircular area.
Solution. e
_ _4r _ 4%20 _ 80 ~—1f
_3; - 43—7_[ - E . lSinm

1(nr 1(nm20%\ _ 8099 o d . TTTmTTm TR x

L =3(%) =3 (%) = 62832 moh
. 02 (802
Iy =L, +Ax () 262832 =1, +——=* (—) =, =17561 mifi
2 31 0
ORI, = (Z-&)r* = (2-2)20* = 17561 muft
80 2
L=1,+A* (7 +1% =17561 +”22°2 * (3— +15) =36. 4 * 16 mnt
/[

Prob. A/5
The moments of inertia of the area A about the parallel p- and p' -axes differ //)\/2%‘““1
by 15*10° mm” . Compute the area A, which has its centroid at C. /// 50;*;

Solution: e
Iy =1l +A+d? = I, +A* 502 "
Ip=10+A*d2=10+A*752

I, =1 5= (Ig +A* 75%) — (I, +A * 502) = 75?4 —5024
7524 —5024 = 15 * 10° =4 = 4800 mm?

Area Moments of Inertia 3
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Prob. A/7

Determine the polar moments of inertia of the semi-circular area about points A and B.
Solution:

4 .
_ 1 o _T[T‘ o
L=t =3(7) =4 5
mrt mr2\ r4r\? ‘
— 2 — - _(m__ 8 4 |
L = Iy, +Ad ? = — _1x0+< 2)(3n> =1y, =(E-2)r LV
Point B 4 e o
2
_ 2 _ (m 8 4 nr _4-1‘ 2 (5 a 4
4 H
b= ety = (et + 2 = () i
Point A |B
rt  mr2 5 m
_ 2 _ 2 _ 4 0 /e
Ij_/ = Iyo +Ad = ? + Tr = gTET . f%#“?;' .
ar* 5 . 3 .,
IZ=Ix+13—,_?+§T[T‘ =an

Prob. A/9
Determine the polar radii of gyration of the triangular area about points O and A.
Solution:

Point A "
Lo aa®
X y_ 1
o & at g
z x Ty 212+12 6

a a
A=—xaqa=—

2 2 o

— — |a%*/6 —_ a |
kA_\/%_ az/i__S sl |
Point O : i
Lo aa® aa® a* |
T3 o124 °
I I, +1I 4+a4 a’
2O 4 42

_ |1 _ [a*/2 _
A iy
Prob. A/13

Determine the radius of gyration about a polar axis through the midpoint A of
the hypotenuse of the right-triangular area. (Hint: Simplify your calculation by
observing the results for a 30*40-mm rectangular area.) A£15 140 mm
Solution:

Ivo = 222 = 53333 mift, Lo = 222 = 30000 mifl, A= 220=600mm?
Point A

I, =I,, +Ad * = 53333 +600 * (20 —?)2 = 80000mm*

I, =1, +Ad?*=30000+600 * (15 —?)2 = 45000mm*

I, =1,+1, =80000 +45000 = 125000mnt

I 125000
ky= [-= = 14. 43mm
A 600

20

30 mm

Area Moments of Inertia 4
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Prob. A/17

In two different ways show that the moments of inertia of the square area about the x- and x'-
axes are the same. . //"
Solution: e

I _ aa3 _ a4— al/2| g/ 2) Sqr@}(é

I = [ﬁa(ﬁ) ] = a_4 a2 ///

X 12 12 r

Prob. A/23

Determine the moment of inertia of the quarter-circular area about the |

tangent x' -axis. = ¥
Solution: \
mr*  ma* . \xe

Ix = T = T 4&;%]1‘} @

L=, +4d? o™ 4T (4a>2 I S o
= = — = _— = — —_

x = o 16t 37 e =05

RN S . B P SR

%= o “" 16 on) TTa \"T3) T

Prob. A/33

By the methods of this article, determine the rectangular and polar ¥

radii of gyration of the shaded area about the axes shown.
Solution:

For circular area, [, = [, = =~

Area Moments of Inertia 5
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TABLE D/3 PROPERTIES OF PLANE FIGURES

Lecturer: Dr. Bashar Abid Hamza

AREA MOMENTS
FIGURE CENTROID OF INERTIA
- _
Arc Segment 4&?—;-- L —
g o
\\
Quarter and Semicircular Arcs
y=2r _
w
y
4
7r
k=b="
Circular Area x I 1:'_?‘4
)
4
I = [ =2
) <=bg
- _4r T = (f’_ 8 ) 4
Semicircular y = 3, e 8 O
Area
4
4
P =of =5
“T R |
|
Fey=2F f:f_(i_‘l_)4
Quarter-Circular " x ¢ 3 oY 18 97
Area _
v
== I, = mrt
8
4
y L =" -Lsin2e
| T4 2
| E
Area of Circular | | — —x 5 O S I, = r_4(a +Lgin20)
Sector g C 3 «a 4 2
Iz = %?‘4(1

Area Moments of Inertia
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Lecturer: Dr. Bashar Abid Hamza

TABLE D/3 PROPERTIES OF PLANE FIGURES Continued

2 2
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Moment of Inertia of Composite Areas
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Part Area, A | d, dy Ad,* Ad,? Lorly |Lorly,
1

2

3

Sums YA > Ad,* ZAdy2 . I,

T 2
=) L+) ad,
1 VA
SAMPLE PROBLEM A/7

Determine the moments of inertia about the x- and y-axes for the shaded area. Make direct use
of the expressions given in Table D/3 for the centroidal moments of inertia of the constituent

parts. y
Solution: i
ke
i 30 mm
i 30 rﬁm
le;ixx P .
|-<—4O mm—>\+40 mm—»‘
Part A, mm? d,, mm dy,mm |Ad,? mm* Adyz, mm?* |I,or I,o,mm* |I,or I,5, mm*
1.Rct. 80%60=4800 |0 _ 39 |89 _ 40 |4800+302 7.68%10° |80%60° _ 60+80° _
2 2 _ 6 12 12
=4.32%10
* 1.44 % 10 2.56 % 10
2. quarter- | _m30% _ 60 — 230 230 1-158%10° [—0.1146% |_ (E - i) 30 |— (E - i) 30*
circular 4 37 3n 10° 16 o9& 16 on
=707 =47.27 12.73 = —0.044 % 10° |= —0.044 = 10°
3. 1 5= ? =10 80 — ? —0.06 = 10° —2.67+10°|40%30° 30540° _
triangular | —g00 36 36
= 66.67 _ 6
00810 0.0533 % 10
Sums 3493 2.68 x 10° 4.9 % 10° 1.366 * 10° 2.462 % 10°

I =le0+2Adx2
I, =YLy +XAd,*
I, =L +I, =4 046 * 19+7. 36 * 16 = 11. 406 * 1%mm*

kx — \/; — /4—. 046%16 = 34mm
A 3493

ky _ \/& _ ,7. 36%16 _ 46mm
A 3493

k, = \E = |20 _ 57mm OR f = k,” +k,? = 347 +462 =k , = 57mm

1. 366« 10+2. 68« 160 = 4. 046 * 1Omm*
=2.462 % 10+ 4. 9% 10° = 7. 36 * 1Omm*

Area Moments of Inertia 8
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Prob. A/40
The cross-sectional area of a wide-flange I-beam has the dimensions shown. Obtain a close
approximation to the handbook value of by treating the section as being composed of three
rectangles. 1 @}‘

|

¥
1 1 .
Part A,mm? |d,mm|d,mm Ior Iy, mm* |I,or I,,5, mm*
1.Rct. |159%460 |0 0 159+460% _ 460+1593 _
=73140 12 12
1290 % 10° 154.1 = 10°
2.Ret. |70.45*424.8 [0 7045 | 181 _ [0 —37.12 % 10° |7045+424.8° _ |424.8 % 70.453
=.29927 2 2 12 T E——
35.22 - 6 12
450+10 —12.38 % 106
3.Rct. |70.45%424.8 |0 2045 11 [0 —37.12 % 10° |7045+424.8° _  [424.8:7045% _
=-29927 2 12 12
35.22 —450 % 10° —12.38 % 10°
Sums |13286 0 —74.24 % 10° [390 = 10° 129.34 % 10°

I, =Y1,+YAd,? =390+ 1(F +0 = 390 * 106mm*
I, =Y1Lo+YAd,” = 129.34 » 10-74. 24 16 = 55. 1 * 10mm*
I, =1, +I, =390 % 10° +55. 1% 16 = 445. 1 x 10mm*

I 3901%F _ 171 mm
13286
\/E ’55 1%x16 — 64mm
13286
I, _ [445.1x16 _ .2 2 _ _
_ \E _ /W = 183mm OR £ = k,* +k,? = 1712 +642 =k , = 183mm

Prob. A/41

Determine the moment of inertia of the shaded area about the x-axis in two ways. The wall
thickness is 20 mm on all four sides of the rectangle.

T

— J.OO‘;nm 100 mm
l Lhesaca I e e
20 mm ] |« #1100 men 20 mm > < 100 mm
Solution: wayl - 360 mem . : i -
Part A,mm? |d,mm|d,mm |Ad,? mm? Adyz, mm?* |I,or I,g, mm* |I,or I,5, mm*
1.Rct. [200*360 0 0 0 0 360+200% _ 200+360°
=72000 12 12
240 * 10° 777 * 10°
2. Rct. |160*320 0 0 0 0 320%160° _ 160 * 3203
=-51200 12 —— =
- 6 12
10910 —437 % 106
Sums 20800 0 0 131 % 10° 340 % 10°

=Y 1Lo+YAd,* =131 10° +0 = 131 * 10°mm*
I, =Y Lo+ Y Ad,” =340 « 16 —0 = 340 * 1(°Pmm*

Area Moments of Inertia 9
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way?2
Part A,mm? |d,mm|d,mm |Ad, > mm? Adyz, mm?* |I,or I,g, mm* |I,or I,5, mm*
L.Rct. |(320*20)*2 |90 0 103.7 0 (320*203) $2 = (20*3203) $2 =
=12800 * 106 12 12
0.427 * 10° 109.2 * 10°
2.Rct. [(200%20)*2 |0 170 0 231.2 x10° (20*2003) %2 200 % 203
=8000 12 —12 * 2
26.67 * 10°
0.267 * 10°
Sums 20800 103.7 231.2 * 10° 27.1 % 10° 109.47 = 10°
* 10°

L =Y1o+YAd,* =27.1+10+103. 7+ 19= 131 * 10°mm?*
I, =Y Lo+ Y Ad,” = 109. 47 » 10-231. 2 + 16 = 340 x 1(°mm*

Area Moments of Inertia
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