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Abstract
We derive an asymptotic expansion for the non-central chi-square distribution

as % — o ,whereU = ZX 1.2 is the non-central chi-square variable with m degree of
i=1
freedom(U >2) ,A>0and re N.

Through certify from advantage of this asymptotic, we found out that an algorithm
based on this expansion can be more easily tuned for particular accuracy requirements
and for particular parameter ranges.
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1. Introduction

The non-central chi-square distribution is defined by(Henry,1959;Mood,Graybill
&Boes,1974) as the following

If X,,X,,....X, are independently distributed and X, is N(z,,1)then the random

variable U = ZX 2 is called a non-central chi-square variable with m degree of freedom.
i=1

m 1/2
We call 6 = (Z M—zj the non centrality parameter of the distribution and A = 6 is the

non-central parameter .The distribution function is given by
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where P[—+ ,—j =20 — is incomplete gamma function ratio,
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which is the cumulative distribution function of non-central chi-square distribution .

A non-central chi-square distribution studied by other researchers such as(Sankar-
an,1963;Ruben,1974;Venables,1975;Siegel, 1979;Anderson,1981;Alam,1982;Ennis&John
son,1993) whose worked in our field by taking the different subject of this distribution
such as :Approximations to the non central chi-square distribution, Estimation of the
noncentrality parameter of a chi-square distribution, Maximum likelihood estimation in
the non-central chi-distribution ,calculation of confidence intervals for non-central
distributions,... .We introduce many researches who used the asymptotic expansion in
our field as the form

The uniform asymptotic expressions for saddle point integrals—Application to a
probability distribution occurring in noise theory derived by (Rice,1968) and the uniform
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asymptotic expansion for a class of polynomials biorthogonal on the unit circle derived
by (Temme,1986) . An incomplete laplace integrals: uniform asymptotic expansion with
application to the incomplete Beta function studied by(Temme,1987) and the uniform
asymptotic expansions of Laguerre polynomials derived by (Frenzen & Wong,1988) .The
generalized incomplete gamma functions studied by(Chaudhry & Zubair,1994)as well as
the asymptotic and closed from of generalized incomplete gamma function derived by
(Chaudhry,Temme and Veling,1996) .A uniform asymptotic expansions for Meixner
polynomials derived by(Jin & Wong,1998) and the asymptotic of the hypergeometric
function introduced by (Jones,2001).

2- Motivating example the incomplete gamma function
Consider the following incomplete gamma function :
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This function is defined like the gamma function, except that the second
g p

Variable% appears in the wupper limit of integration.Obviously, 7(% + r,Oj =0

and }/[gvtr,ooj:l“[%vtrj .Another related function is also called the incomplete

Gamma function:

r ﬂJrr,g =J.5 et dr=r 24y -7 ﬂ+r,g ,
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where F[E + rj = '[0 e’ t* dr isthe ordinary gamma function .

It is easy to check that F(% + r,Oj = F(% + rj , F(% + r,ooj =0.

3- Derivation of an Asymptotic Expansion for the Non-Central Chi-square

Distribution

Consider the integral term in (1) called incomplete gamma function y[% + r%) . To

find an asymptotic expansion of the y(% + r%) as % —» o0 by expanding the function in

powers of 7 and integrating term by term, we have
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Using the ratio test, we see that the series converges for all% .However, the series is
only useful for small% (for large values of% ,it converges very slowly).To deal with
7(ﬂ+ rg) for % large ,we proceed indirectly with r(ﬂ+ rﬂ) and %Jr r fixed

2 2 2 2

.Rather than taylor expanding the integrand in% (as we did above),write

7(%+r,%)=1‘(%+ r)—l"(%+r,%) (2)

m U e %w—l o %-H’—l
7(?+r,?)—.[oe t dt .[Ze t dt

2
We now take the incomplete gamma function
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We shall develop the integral by repeating the integration by parts:
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where the remainder term
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The integrands of successive integrals are becoming smaller in region of integration

1< % <t,U > 2 .However, this series generated by integration by parts does not conver-

gent for fixed ﬁnite% (by using the ratio test).But for fixed N ,the error committed by

omitting R, (ﬂ + rﬁ) 1s small for large% ,2that is, as% > o ,RN(E + rﬂ) — 0 for
2 2 2 2

fix-ed N .In order to prove this ,we estimate R , as follows :
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Assume N > % + r —1 for definiteness, the largest of ¢ 2 in the range of integr-
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Thus ,for sufficiently large% ,the remainder term R, will be small and only a few

terms in the series are needed to give a reasonable approximation to r[% +r, %] Series

sums like that are called asymptotic expansions, and are written as:
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By substitution in equation (2) ,we get
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although the series is divergent .

Now ,when we substitute the formula (3) in equation (1) ,we get
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this result gives an asymptotic expansion for the non-central chi-square distribution .
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