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Abstract:-
we solve convergent sequence by using the parabola equation
which have a small positive parameter & and find a unique solution for a

given convergent sequence.

1-Introduction :

- Differential equations a very important tool for solving many
phenomenas .There are many authers which studied the applied
mathematics as physical mathematics .Levenshtam [4] studied the
ordinary differenatiol equations of the first order and the first degree
.Dieudonne [1] studied the ordinary equation of the second degree with
initial and boundary conditions .Techanoff and Samarcki [5] studied only
the partial differenatiol equations of the first order and the first degree
with boundary conditions .Levenshtam [3] studied the parabola equation
(partial differential equation of the second order and the first degree )
.They put initial and boundary conditions to solve this equation .They
used converge series from uniform function with two boundary functions
.They proved the existence and uniquness of the solution .

One of the mathematical branch which take care by studying
phenomena's which comes from the the environment we live in. Several
mathematical models are formed for many researchers to solve these
phenomena's and really most of these models have a high ability to study
see (Kreysig [2] and Smith [6]) .

Some effects on the accuracy of the solution may be small and
some researchers don’t take care to study it and about the importance of
these effect may be have an effect on the result, of the phenomena's and
inversely, on the other side some researchers are emphatics that these
effects must be studied and one of them is (Dieudonne J.[1]) , we also
like him.

In this work ,we devlope the reserch of [5] ,we study the converge
series which is uniform function ,two boundary functions and two corner
functions ( see section 4 equation (6)).We prove the converge function is
unique solution of parabola equation .

2-Main problem
In this research, we study the following problem :-



gz(gt—“—gxij = Z::gifi(x,t,u) , 0<x</ , O<t<owo ......... (1)
. ou _8_u
u(x,0,&)= p(x) , —OLH="(0t) )

where u is an arbitrary vector and & a very small positive parameter .We
will discuss the problem in the region R = {0 < X </} x {0 <t < T}
We will prove that the analytic convergent series

u(x,t,&) = > &'u,(x,t)is a solution for the problem (1) with

i=1
boundary conditions and initial condition in (2).In order to prove the
existence of a solution for (1) and (2)., we find an estimation for the
convergent series. In other meaning, for construct like this convergence
and for more accurate this contains two functions:
-The first is the function, on the boundary of R whent =0,x=0,Xx=7/.

-The corner function at the points (0,0), (0,¢) in the region R .

(0,0) 00

3-Some Special conditions to Solve The Main Problem

We can find the solution of our main problem (1),and by using the
following conditions :-

I- The functions f(x,t,u,§)=§:.§i f.(x,t,u) and ¢(x) which are (nt+2)
i=1
differentiable to construct a convergent series of order n and satisfy (2) at

(0,0),(£,0) > ¢ (0)=¢(¢)=0.
From (1) and when & =0 we get the following equation



f(X, ,T,00=0 evnn. . 3)

11 - Equation(3) at the region R has an arbitrary solution assume it

Uy = U, (X’t)
1 - When x is a parameter (0 < x < /) then:-
ddﬂ = (x,0,Tp(x,0)+ By,0) | 4)
T

Iv-By using of the conditions in (2), the solution of equation (4)

becomes
Bo(x,0)=0(X)=Tp(X,0)  eeeeeeerrererreerneennnrncenaenns 5)

4-
The convergent series which is analytic with respect to & to solve (1) and

(2) it give as follow:-
U(LE) =T(0 L E)+ B(xr.8)+ QL LE)+Q* (0™ L8]+ P 7, 8) + p(¢ 7 r.8).
(6)

t

=X
Suchthat r=—,c=2,¢0" ="~
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Where U is the regular function Q,Q",B boundary functions and p,
p“the corner functions which are series raised to powers with respect to&,
for example

u(x.t,&)= ggiai (x,1).

To find the coefficients of these series ,we put (6) in (1), (2) and at
the function f(x, t, u, &) as follows:-

f(xtu.8)= Y& ftu () + B (x0)+ Q£+ Q)+ R+ (¢ " )

we can write it as below

f=f+Bf +Qf +Q*f +Pf +P*f  such that

f(xt,6)= fxtT(x1,).);

Bf (x,7.&) = f(x, &7, 0(x.&22.&)+ B(x,7,6). &) F(x,&77.8) ;5

Qf (£.1,8) = F(&6U(ELE)+Q($€).6) - FEL,1.€);

PH(C..8)= f(60.£°7,0(e¢, £77.¢)+ B(5,7.£)+ Ql¢. &7, ¢) + P(£ 7, €). )

- B (60,7.6)-Qf (6.87n.¢)+ Fle.¢08)
By the same way , we can defineQ" f,P"f .
By the standard procedures for the analysis of series with respect to &
powers and by putting the coefficients for the equal powers with respect
to& ,we get an equation for any convergent series, for example when £°:



(a) the function u, has The following equation:-

f(x,t,09,0)=0
Which can be found by the correspondence with the equation (3) ,thus
we get U, =U,(x,t) and for the functions ©,(x,t) ,i>1.

We have the following linear equations f,(x,t)u,(x,t)= f,(x,t) where f,(x,t)
represented by U;(x,t) ,j<iand from this

0 (x.t)= f,7 (x,t)f,(x,t).

(b) Equation of the function By(x,7) is

By _ By f = f(x,0,Uy(x,0)+ By (x,7)— (x,0,05(x,0),0)) ,this correspond with
T

the equation (4) added to the boundary condition in (5) from the
conditions (I — IV), the function By(x,z) have the following expontioal

estimation (see [1] page 57).
IBo(x,D)|<Cexp(-b7) , 0<X<l ,z>0 viiiiiiiiiiiiiii, (7)

Where b>0, ¢>0 are arbitrary constants .The functions B, (x,z)
when i>1 is linear with the formula

Zﬁ = 1, (x.0,p(x.0)+ By (x £)0)B; + 7 (x.7)
T

We define Bj(x,0)=-0j(x,0) and ,(x,7) represented by B;(x,z) where
j<i.
The solution for these linear equations which possesses the expontioal

estimation is as in (7).

5- The Main Resaults
We find the function Q,(¢{,t),where t is as a parameter from the

following equation

2
T~ Qpt = 10,8, (0.0)+ Qo(£.6)0)~ 1 (0.5 (0,)0)

¢
From the equation (2) for Q,(¢£,t) ,we get the two conditions
o9, o9, — U,
Lo (0,t)=0 , —2-(0,t)= TR RTRR 8
200-0. 209-"7 ®

The boundary condition in (2) gives Q,(&,t)—0 when £ o , i20 so
Q,(¢,T)=0 while the functions Q,(¢,t) , i>1 are defined from the linear
equations (¢ constant coefficient )

°Q -
—?Qzlz fu (O,t)Qi +qi(§,t) ................................... (9)



We can findq;(¢,t) through the functions Q,(¢.t) , j<i The solutions of

(8) and (9) and from condition III with the boundary condition ,we get
the single values which have the following expontioal estimation

Q&) <Cexp(=bg) , &=0, 0<t<T oiiiiiiiiiiiiiiiic, (10)

The function P(¢,z,£) has a role to make the function B active with
the boundary conditions and the function Q with its initial condition
also, the linear differential equation for P,(¢,z) is

%{’—% = pof = £(0,0,05(0,0)+ By (0,7)+ Py (£, 2)0)— £ (0,0,Ty) + By (0,2),0),
c>0,7>0
By substitution (6) in the conditions of (2) and for the function P,(¢,z) we
get
0, (€.0)=0,2P0 (0, 2)= 0 oo (11)
o¢
op; oB. .
p.(£,0)= -0, (g,o),a—'?(o, D= O] e, (12)
From the conditions (11) and (12), the function p is boundary function for
both variables ,that is p,(¢,7)— 0 when \J¢? +7> > 0............. (13)
At it py(¢,7)=0 ,while the functions p,(¢,z) can be defined from the

2
linear parabola equations P9 pzi
or  0¢

where A(z)=P,(0,0,T,(0,0)+B,(0,7)0).

The function H,(¢,z)represents the functions Q,,B »J<i and
p;.i> j. The solutions of (12) and (14) can be defined by (Techanoff ,
Samarcki [4])

pi(é/ﬂ'): g(é/»z')"'_[dfoJ.G(é/ofvé/oofo)q(é/osfo)dé/o >

~A@)p, =H, (&) e (14)

here g(¢.7) is an arbitrary function which is differentiable (smooth)
satisfy the conditions (12) and (13)

2

e )= H G- T AR
G(¢,7.¢,,7,) _ (Greena function),

RSV S N (1) &
G(C,T,(O,TO)—¢(T)¢ (TO/2 ﬂaf‘ro){e p|: 4a(2'—2'0) +exp 48.(‘[—‘[0)

, where ¢(r) is fundamental matrix have the following expontioal
estimation [1]:




ngﬁ(r)yﬁ’l(ro)ﬂsCexp[— b(c-7,)] , thus the expontioal estimation for the

function p becomes :-
Ipi(¢.t)|<Cexp[-C(C+7)} 20,720 ..ooiiiiiiiiiiii, (15)

To find the estimation of the functions P*,Q" by same method used for
P and Q and having the same expontioal estimation as in (10) and (15)
U, represent to the convergent series of order n for the series(6)

Uy - _g:i[m ()+ Bilx, o)+ Q60+ Qe ric+ R o

Therefore the following statement is valid.
Theorem (5-1):
If the conditions (I — IV) are valid then u(x,t,&),(¢ small parameter) have

a unique solution to the problems (1) ,(2) and for the uniform convergent
series U, in R converges to the estimation O(é””) 1.e.
max |t -U| = of¢™)
Proof:-
Letw=u-U ;
U = Un + §n+l (Qn+l + Q:+1 + Pn+l + Pn*+l

series defined in (6). Thus we have the following equation:-

[ow  o*w 3
& (E_ 7 ]— £ G EW =W, X6 E) e (17)

where fu(x.t,&)= f, (T (x.t)+ By (x,t/<) x,1,0) ,

h(w, x,t,&)= (U +w, x,t,f)—fz(aa—l:— 2;?]— f,(xt&Ew

The function h(w, x,t,&) have the following two properties:-
1- when w = 0 ,it is clear that the equation

h(0,x,t,&)= f(u,x,t,&) f(ét axzj_o(f )

2-If  |w;(x,t,&) < c,&,i =12 then there exist c, >0,& >0 such that
0 < & <&, satisfy the following inequality

Suth(Wza X,t,é)— h(W1= X,t,f)ﬂ <G, SupHW2 - WIH .
R R

) , where U, the partial convergent

By using (Greena matrix), equation (1) with conditions (2) ,(3)
becomes

t 1
W(Xataé)z -[ -[ G(Xata XOatOﬂg)h(W(X()at()aél)a X()at()ﬂé,)d X()dt() = L(Wa Xataél)
00



From condition III, Greena matrix have the estimation (Techanoff

, Samarcki [4]):
2

(x=xo)
t—o]'

t—to
exp|—-C——-—Jexp[—C
p[—Cc—~]Jexp| "t

11G(x,t, X0, tg, £/ <~
£ t-to
By applying the theorem of the convergence of sequences for the
equation (18) ,we get w, =0,w,,, = L(w,,x,t,&),i =1,2,.....

From above, we conclued that w(,x,t,&) is a unique solution for (2)
when ¢ is a small parameter and have the estimation

max [wx,t,&)|=0& ™) |, thus we get
R

max Ju-U.,[[=0("").
R
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