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Abstract

We prove the Henon map H,, ,—1<b <0, has no periodic point for any period in the plane,.H, has

0 0
attracting fixed point (Oj and a saddle fixed point..There exists an open set about [OJ in which all points

0
tend to (Oj under forward iteration of H .

1-Introduction

About 30 years ago the French astronomer —mathematician Michel-Henon was searched for a simple
two-dimensional map possessing special properties of more complicated systems .The result was a family of

1-ax’+y

b jwhere a,b are real numbers .These maps defined in
X

X
maps denoted by H,, given by H, b[ j:[
: Yy

above are called Henon maps [3]. Henon map H :R> —— R*.The importance of Henon's map for the

dynamics of all polynomial diffeomorphisms was recognized by S.Friedland and J.Milnor , who proved that
every quadratic polynomial diffeomorphism is conjugate to a Henon map or to an elementary maps have

trivial dynamics .Henon map is normal form for all quadratic polynomial diffeomorphism with non- trivial

. . . X)) (a—by-x?
dynamic.[4].This work we, care this form of Henon map H = .
bly X

To determine the Henon map H,, ,—1<b <0, has no periodic point for any period in the plane by dividing

the plane to some region which are shown in section four



0 0
we conclude that there exists an open set about (0] in which all points tend to (0] under forward iteration

of H .We found these regions Q,,Q,,,Q,,,Q,,Q, and R ,R,,R;,R,,R;,R,,R;, we prove there are no
periodic point for Henon map in the plane .Also, we prove that the norm of iteration of Henon map H

tends to infinity for some regions shown in proposition (4-2) and (4-4).
In section two, we recall some necessary definitions and theorems. In section three,we introduce forward

and backward iteration of Henon map H,,, wherea=0,-1<b<0 .In section four ,we study the type of
fixed point of Henon map H, with a basin of attraction of one of fixed points .In section five we study non

existence of periodic point of Henon map in R* by finding some region in R? .At the last ,we introduce

forward and backward iteration of Henon map H,,, wherea=0,b>0 . we conclude that there exists an
0). ) . 0 . .
open set about 0 in which all points tend to 0 under forward iteration of H ., we prove that the norm of

iteration of Henon map H ;; tends to infinity for some regions

2-Preliminaries

The purpose of this section is to introduce some definitions and theorems necessary for this research, we
recall some fundamental definitions and necessary theorems. Let A be an nxn matrix .The real number A
is called eigen value of A if there exists a non zero vector X in R" such that AX=1X (2.1)

Every non zero vector X satisfying (2.1) is called an eigen vector of A associated with the eigen value

()
o5).

forward orbit of a vector [XOJis the set of points (XOJ,F(XO}Fz (Xoj F* (Xoj,.“and denoted by
Yo Yo Yo Yo Yo

X X
A .In our work, we write the mapF: V——R? where Vng, such that F[ J= ;( j e V.Also,the
y y

oM (XOJ.If F a homeomorphism ,we may define the full orbit of (XOJ’O(XOJ,'&S the set of points
Yo Yo Yo

F" (XOJ for ne Z ,and the backward orbit of [Xoj, 0~ [Xoj, as the set of points F~' [XOJ,F‘z (XO],
Yo Yo Yo Yo Yo

F~ (Xoj,...,where we have F" (XOJ_F”_I(XIJ_ [X“J .
Yo Yo Yi Yn



Definition (2-1)[6]Any pair ( pj for which f ( pj -p, g ( pJ -q (22
q q q

is called a fixed point of the two dimensional dynamical system
Definition (2-2)[1] Let F: R" ——>R"be a map, xoe R".The point X, is a periodic point of period m if

F™ (x0)= xo.The least positive integer m for which F™ (xo)= X¢ is called the prime period of X .

X 1
Example (2-3) Let F: R> — > R? is given by F( j=(y], then (2} is a periodic point of period 2 of F
y) \x

Definition (2-4)[2] Let (p] be a fixed point of F, then (p] is attracting fixed point if and only if there
q q

is a disk centered at (pJ such that F (n)(xj — (pJ for every (Xj in the disk as n—— o0 .By contrast
y

| P o)-Ho)

(pJ is repelling fixed point if and only if there is a disk centered at (pJ such that >
q

q
(UJ - ( pJ for every (u) in the disk for which (uj # ( pj .
v q v v q

Theorem (2-5)[2] Let (pJ be a fixed point of F. Assume that DF( pj exists, with eigen values A, ,4,, then
q q

(1) ( pj is an attracting fixed point, if 4, and A, are less than one in absolute value .
q

(2) [ p] is repelling fixed point, if 4, and A, are greater than one in absolute value .
q

3) [pj is saddle point, if one of A4, , A4, is larger and the other is less than one in absolute value.

y
asin(X) -y

X —
Example (2-6)[2] Let F( j:( j then (gj is an attracting fixed point if —i<a<0, {?)J isa
y

repelling fixed point if a>2, (0] is saddle fixed point if 0<a<2.
0

Definition (2-7)[1]

Let VSc R? F: V——V and G:S—— S be two maps .Then F and G are said to be topologically

conjugate if there exist a homeomorphism H:V—— S such that HoF=GoH .The homeomorphism H is

called a topological conjugacy



Example (2-8)[6]

2x for OSXSl

[\9)

Let Q,(X)=4X(1-x) for 0<x<1and T(X)= 1 .
2(1-x) for §<XS1

Q, is topologically conjugate to T( X ). Where topological conjugacy is sin’ Zx.
4 pologically conjug polog jugacy )

Definition (2-9)[3]

Let (pj be a fixed point of F .The basin of attraction of (p] consists of all [

q q
F”(X]H(pj as N ——o.
y q

Theorem (2-10)[1]

Xj such that
y

Suppose that F has an attracting fixed point at (pj Then there is an open set about [p] in which all
q q

P
q

Proposition (2.11)[1],[5]

points tend to ( junder forward iteration of F.

Let H: R* — R”be a Henon map and b be any fixed real number. Then

X

(1) JI_Ia,b(
y

J:b , V x,yinR.

X

(2) If x*-b>0, then the eigen values of DH a,b[
y

j are the real numbers - X + Vx> —b .3) Ifb#0, Hap is

one-to-one map

(4) The Henon map H,p, is C”.
(5) If b# 0 then H,}, has an inverse.
(6) If b= 0 H,yp 1s diffeomorphism .

Proposition (2.12)[1]

For each value of b in R, there exists b,in R~ U{0} such that, if a> b , the Henon map has two fixed

points.



3-Type of fixed points with basin of attraction

Our goal of this section is to determine type of fixed points of H, with the basin of attraction of a fixed

X
point (gj . We will use maximum norm, where the maximum norm of (Xj = H[ YJH =max{ |X|, y| }.
y
Proposition (3-1)
. . (0 . (=(+D
If -1<b <0, then H,, has attracting fixed point 0 and a saddle fixed point b))’
’ —(b+

—(b+1)

0
Proof: Since a=0and —1<b<0. By proposition (2.12) P.=| |, P=
0 —(b+1)

J are fixed points for

X

H,, By proposition (2.11)4,, =+v—b are eigen values of DHO,b(
y

] at P, . Since —1<b<0 then

0
0<+/=b<1and |/11| =|/12| <1, so (Oj 1s attracting fixed point. To show that P_is a saddle fixed point . From

proposition (2.11) , we have two eigen values, 4, =—(b+1)+/(b+1)>-b,1, =—(b+1)—/(b+1)* -Db
3.1)

Since b2 +b+1< (b+2)*thus vb? +b+1 <\/(b+2)2 =b+2 hence—(b+1)+vb>+b+1<1  (3.2)

On the other hand, since vb> +b+1 =\/(b+1)2 ~b >\/(b+1)2 =lb+1=b+1
s0 —(b+1)++b> +b+1>0, hence by (3.2) ‘—(b+l)+1/(b+l)2 —b‘:|/12|<1. (3.3)

For 4, since —1<b < 0we have vb*> +b+1 >\/b_2:|b|=—b ) 3.4)
By adding (b +1) for both sides of (3.4), we get (b+1) + vb* +b+1 >1

then ‘(b 1)+ (b+1)° - b‘ —[4]>1 . (3.5) Hence from (3.4), (3.5) and

theorem (2-5), P.is a saddle fixed point. O



0
Remark (3-2) In view of theorem (2-10), there exists an open set about (Oj in which all points tend to

(Oj under forward iteration of H ;, .The next theorem shows this open set.

X|<1-|bl,|y|<1-1bl,|b

X
Theorem(3-3)Suppose S= {[y] X,y eR, <1} then for all

X n [ X 0
( jeS",Ho,b( J—)( j as N—— .
y y 0

X X
Proof: We claim that H,, (S")cS", to show this , let ( 1Jbe any element in H , (S”) then there is ( jin
’ ’ y

1

y

3 b

2
S°such that H [Xj:(le:[—by—x j .From this |yl|=|x|<l—|b| (3.6)
Y Yi X

and [x,|=[oy + x| < [o]ly|+ X" <[b ( 1=Jo| ) +(1=Jo)*=[o| ~[b[" + 1= 2Jo| +|b| =1 (3.7)

o

X,

b b

y|<1-

, SO |X|£ r, , then

Y|S r and since|X| <1-

5

Now from (3.6), (3.7)[ Je S°. Let r=

1

r<i-J. We denote H," ();j for (ij in S° by
@”],then|y2|=|xl|=‘by + xz‘ <|o|y|+[x" <[b| r+r >=r(b|+ 1) (3.8)
o] =[oy, + x| <[o| r+r2(pl+r)? (3.9)

Now since 0<|b|+r<1, we have 0<r” ( |b|+r y<r?, then |b| r+r2(|b|+ r)2<|b| r+ r2=r(|b|+r), hence
by (3.8), (3.9) |%,|<r(b|+r) (3.10)

Now we claim that |X2n|<r(|b|+ ",

Yoo <P(b|+1) " (3.11)
We prove it by using mathematical induction from (3.8), (3.10),it is true for n=1, suppose it is true for

k then |X,, [<r(b|+r) “,

sz| < r(|b| +1) “to show that it is true for k +1,

_ 2 _ 2
Yoweny =~ byz(k+1)—2 — X722 T by2k — X2k .

Vateen| =Y+ 30| < 0l + e < ol o]+ 1)+ (o + 1) > ¢ (3.12)



Now 0<( |o|+r)*<l,s0 r* (|o|+r)*“+[p|r<|pr+r*=r(o/+r)

Hence r* (|b|+r) > “+p| r (|b|+r) * <r(b|+r) " (3.13)
Hence from (3.12),we get ‘yz(km <r(b+r) " (3.14)
Also we have XZ(k+1):_by2(k+l)—1 - X22(k+1)_1=—l)y2k+1 - X22k+1:—bX2k - y22(k+1) , since X, =Y,
SO ‘Xz(kﬂ) =‘bx2k + Y ke <|b||X2k|+‘y2(k+l) 2<|b| r(|b|+ r) kJrrz(|b|+ r) > * hence from (3.13) we get that
k+1 s 2nX_ in _ : | X
‘Xz(km <r(|b|+r) , hence it is true for kK +1.Now |H, y = y —max{|x2n o[ Yan| 11f [[Hop y
2n
. X . .
=|X2n|then lim HObzn[ ]‘ = lim |X2n|= lim r(|b|+ r)"=0, so by definition of maximum norm
N—-—00 ’ y N—-—00 N—-—0

o)

(0]

X

H U
0.,b y
n X

If [H,,’ (y}

i 0
. lim |y2n|=0 soH,, 2n [?]—)[OJ asn—— o. (3.15)

N—-—0

:|Y2n

X 0
, as the same as (3.13), H,, *" ( j—)( ) as N—— o and since H,,(S")cS”
s y 0 5

X X X 0
then V( je S°, we have HOb( jeS" by (3.15), so HObzn(HOb(y])—)(Oj as N—— ©, S0
y Y ’ ’
2n+l X 0 n X 0 X .
H, y —> 0 as N—— oo, hence H, y —> 0 as n—— o,V y eSS’ .o

4- The Periodic Points for Henon Map Where a=0,-1<b<0
In this section, we will show that Henon map H,,,—1<b <0has no periodic points other than fixed

points in the plane. To prove this, we divide the proof to fifteen lemmas, thus we find some regions such that

the union of all regions covers the plane. We prove that there is no periodic point in each of them until we

get the main purpose. The regions are the following Q,,Q,,,Q,,,Q;,Q,and in Q,define the following

regions R,,R,,R;,R,,R,,R(,R, .

>



Rzz{(xj:x <b/-y-y’}

y

X —x—x? > >
R,={| [:y< ,—Y —by<x <-y ,x<yl.

y b

X —-X—x?
R,={ R by-y-yi<x <-by-y’}

X —x=x2 ) 5 ,
Rs={ y Y <— Y —by<x <-y’,x>y.,by+x*>1}.

x

Re={|  |:y<-1-b,x <—y? x>y,by+x><I,x>-y>—by,x>b/-y—-y*}.

<

—x-x?

R,={ X X<-l-b,y>-1-b,y>x,y> ,— Yy —by>x>b-y -y}

l"igﬂ )=R¢giun l.'l| ,llm.lluvllg vnq



l-'ig( 2):Re ginn R] ,Rg,Rg.Rq,R5.R.;,R1

Lemma (4-1)

-1

H,, is topologically conjugate to H .

X\ (b
Proof: Let G: R —— R? be a map defined by G(y):(bij' Clearly G is continuous and bijective , G ' is

X y _X_y2 _X_y2
continuous, so G is homeomorphism and GoH;L_]( J=G —-x-y’ |= b = p
y b by by
4.1)
2
X by) (—b(bx)—(by)*) (b*(-x-y> —X=y
i, o 6 ¥)om,, (B[ 7bOO-n*) (B ox-y) [ZEV)
y bx by by by

From (4.1) and (4.2), Go H_| ;= H,, o G. Hence by definition (2-7), H,, is topologically conjugate to
0,b 0,b

0.b!

-1
Ho.b’l -0

Lemma (4-2)

There are no periodic points in Q, other than fixed points.



X X X
Proof: Let ( OJ e Q,, we define norm H( Oj by ( 0] =X, + Y, From now for simply we refer to H,,
Yo Yo Yo ’
-1 1 oyron| %o X_(n+1) Yo
as H and Hob,l asH™ H = =| -1 ) 4.3)
. Yo y—(n+1) F(X—n +Y., )

Wehave —1<b<0,x,=Y,,Y, :_?l(x0 +Y,) then y | :_Fl(x0 +y0)>%x0 > X,

. . 2 2 . 2 2 2 2
Yy, > X,and since Yy ,, X,are non negative y_,* > X, .Thatis y ;" +Vy,” > X,” +,

thus y > +x,” > %, + yozso\/y_l2 +x, > \/xoz +Y, .

5 ) e e R

Since X, =Y,20,y, = _Fl(xo +Y,) 20,we have H 7' (Q,) = Q,, then (4.4) is true for all ne Z" hence

Hn(xoj Hn+1(X0]
Yo Yo

so the norms of the points in the orbit are strictly increasing. Hence there are no periodic point in the region
Q.o
Lemma (4-3)

There are no periodic points inQ,, .

>

hence , that is

> vnez®, (4.5)

Xo

X Yo
Proof: Let( ] €Q,,, since H ' [ sz , Y, >0and Xo ==Y, hence

-1
Yo F(Xo + yoz)

0

X

X, >0,_Fl(x0 +Y,7)20 ,50 X, >0,V 20,(y
-1

] € Q,, that means Q, maps into Q, then by lemma (4-

.2) there are no periodic point for H in Q,, . O

Lemma (4-4)

There are no periodic points of even period in Q, , .

X ) -1 .
Proof: Let(yoJ € Q,,.From (4.3),since yfn:T(xf(nfl) + yf(nfl)z), Xy =Y (- Since X, <0,y, >0 ,s0
0

X, =Y, >0,y1=%1(x0 +Y,7)<0, hencex , =y, <0,y :_Fl(x_1 +y_12)>%1x_1. Since —1<b<0,



-1 -1 o
—X,>X, =Y, >0,hence y , >y, >0.In general y_ > FX_(n_l) > X o1y = Y (n2)> SO (Y5, 18 strictly

Xo

increasing sequence ,H " ( j in Q,, U Q,, then we have two cases.

0

X
Case 1: IfH ™" ( Oj € Q,,, then by lemma (4-3) there are no periodic points of even period for H.

0

X
Case 2: If H™" ( 0) € Q,, and since (y_,,) is strictly increasing sequence so there are no periodic points
0

of even period for H. O

Lemma (4-5)

There are no periodic points of odd period in Q,.
Xy . -1 2 -1 2 -1
Proof: Let y €eQ, since X, =Y,<0, vy, :F(XO +Y,):% >0 soy, :F(XO +Y,)> FXO > X,
0
hence y_, >0,from (4.3) X ey = Yoo , we have x_, > 0 ,then

y,= %I(X_z + y_22) > _le_z > X_,=Y_ >0,hence X,>0 by the same way

-1 -1
Y= F(X—4 + y—42) > FX—4 >X 4=y, > 0= hence y—(2n+1) > y—(2n—1) >z Y2 Y2 Y2 0 (4'6)

X X
Either X ,, , >0 or X_,,, <0 so H‘Z“‘l( 0] eQ, or H?"! (yoj cQ,
0 0

X
Case 1: IfH™"" (yoj e Q,, by lemma (4-2), there are no periodic point of odd period

0
X

Case 2: If H™"" ( Oj e Q, since (y ,, ) is strictly increasing sequence there are no periodic points of odd
0

period . O

Lemma (4-6)

There are no periodic points of even period inQ, .

X X
Proof: Suppose there exists ( ‘ J inQ, such that ( ‘ J is a periodic point

0 0

X X
of even period. That is there is 2n in Z*, H™" (yo]:[ Oj . 4.7)
0 0



Xo
Yo

. 2 . -2n-1 XO -2n-1
SinceX , =y ,,,Y, = F(x_(n_l) +Y o) then either H €Q, or H
0

X X X X X
allne N .If H_Z”"l( OJEQZI,from 4.7) H_Z”( OJ:[ OJSO H_zn‘]( OJ: H_l( 0), hence
Yo ’ Yo Yo Yo Yo

H>"(H™ %o = H' o | %o h iodi int which i tradiction .If
y v, )’ €Q,;80 Q,, has a periodic point which is contradiction .
0 0 0

Je Q, for

X X X X
H"Z”_l[ Oj €Q,,, in the same way, H_Z”(H_l( OJ)= H_l( O], H_l( O] € Q, ,that means there is a

0 0 0 0

periodic point of even period in Q, which is contradiction ,so there are no periodic points of even period
inQ,.o

Lemma (4-7)

There are no periodic points of odd period inQ, , .

Xo

Proof: Suppose that there is a periodic point [ Jof odd period m.That is there exists at least positive

0

X X X
integer N such that m=2n+1, and H_Z”‘](OJZ[ OJ, since( OJEsz , we have
yO yO 0 ’

2 -1 2 -1 XO : -1 -2n-1 XO —
Xo <=Yo X, =Y,20, also y :F(XO +Y, ) <0,hence H €Q,, that is H (H )=

0 0

21 %o et syt | %o S %o X, . T . . C .
H [ J,also H™ (H ( j)= H (y j hence (y J is a periodic point of odd period in Q, which is
0 0 0 -1

contradiction by lemma (4-5),hence there are no periodic points of odd period inQ, , .

Lemma (4-8)

There are no periodic points in R, .

Xo Xo

Proof: Let ( Jbe any element in R, then(

j € Q,,X, > -y, ,thatis y,<0

0 0

2 _1 2 X*l . -1 XO
Xo <0,X, 2-Y, , so X_1=y0<0,y_]=F(X0+yo)ZO,hence [ JEQZ.That 1s H [
y

-1

J €Q, that

0

means R, maps into Q,, so by lemma (4-4) and lemma (4-5) there are no periodic points in R,. O

Lemma (4-9)



There are no periodic points in R, .

X X
Proof : Let(yoj € R, then (yoj € Q,,%, <by-y, -y, ,thatis y, <0,x, <0
0 0

X, <by/—y, =Y,  .Thus X, +Y,” <by-y, so %l(xo +Y,) < =Y, , thatis

X
y, <—J-Y, Hence y_>>—y,, thatis y ,° >—x,s0 -y’ <X, hence H ( OJ € R, .Hence R, maps into

Yo

R,, by lemma (4-8) ,there are no periodic pointin R, . O

2 -1.8 -1 0.8 1]
0

0.5

-1.5

Fig(3): The region F1,E2 where b=-0.5

Lemma (4-10)

There are no periodic point in R;.

2

_XO_XO 2 2 2
Je R,, so y0<—b = Yo —bY, <Xy <Y, 5 X%, < Y,.wehaveX, =-by, —X,", Y, =X,,

X0
Proof: Let
0

since —X, <Y, +by,, X, >V,2, we get that y, +by, <x,+by,, so —x,<x, +by,, that is
, X, > X, ,since X, =Y,, wehave y, > X, . (4.8)

Suppose that —x, >y,* +by,, that is ,—x, >X,° +bx,,bx, >by,, so —x, >X,° +by,=—x, which is
contradiction, hence X, > —y12 —by,. 4.9

Clearly, since —by, <0, then —by, —x,” <—x,”,hence X, <-y,”. (4.10)



2

- X, —X .
To show that vy, < %, since X, <Y,,b<0, we have —x,>—by,>-x,—bx,,s0
2 2
X, >—=X,” —bx,=—X,” —hy,. (4.11)
2
=Xy, — X, 2 .
From Y, < 5 we have by, >—X, — X, ,hence Xy > X, ,since

X, <0 ,%,° <%’ thus—x,” —by, >—x,” —by, then from (4.11),we get that x, >-x —by, that is
—X - X12
b

Now from (4.9),(4.10), (4.11)and (4.12), we can say that H(R,)cR,,so H?’(R,)cR, and so on

by, > —x, —x,” ,hence y, < (4.12)

2
. .- . - X, =X .
H"(R,)c H"'(R,) = R,,where nis positive integer hence , X, <YV,,Y, < % that s

2 2 . . . .
by, >-X, — X, ,s0 X, >—X,” —by, =X, ,hence (x,) is strictly decreasing sequence in R,, so there are no

n+l >

periodic points in R, .0

Fiz(#):The region E3 whers h==0.5

Lemma (4-11)

There are no periodic point inR, .

2
X, =X, — X,

Proof: Let ( Jbe any elementin R, , theny, < (4.13)

Yo

and by—y, —y,” <X, <-by, -y, . (4.14)



By (3.28) by, > —X, — X, or X, > —by, —x,” =X, from (3.18) y, =X, .50 ¥, > X, (4.15)
Since X,=-hy, —x,”,—by, <0, we have X, < -y, (4.16)

Now ,to show that x,>-y, —by,, since by, >—X,—X, ,—X, 2by, +y, . we  get

2

2 2 2 2 . .
by, =X > =X, —X,” +Y¥, +by,, so =X, +Yy, <0, that is X, >4y, hence |X,|>|y,|.since

Yo| ==Y thus X, <y, s0 y, <y, ,since b<0,we have X,” +by, < X,* +by, , hence,

XO
y. € Qs [%| ==Xy,
—X, < X,” +Dby,. Now since X, = y,, we get that — x, < y,” +by, thatis,x, > -y’ —by, . (4.17)
On the other hand , X, <y, ,thus ,— X, —by, > —X,” —bx, ,hence we get that x, > —x,” —by, . (4.18)
From by, > X, — X, ,then X, >—-X,” —=by,, so X,>X, , X,,X are negative ,s0X,” <X, thus
—% =X’
—x,” —by, >—x,> —by, ,hence from (4.18) x, > —x,> —by,, thatis y, < % (4.19)

X,

Now from (4.15), (4.16), (4.17) and (4.19), we get that (y j € R,,s0 R, maps into R, ,then by lemma (4-10)

1

there are no periodic points in R,. o

Fig(5):The region Rq where b=-0.5

Lemma (4-12)

There are no periodic points in R;.




2

X X, — X
Proof: Let(yOJ eR,, soy,< %,_ Yoo —by, <%, <=y, . % >y, by,+X  >l,we have
0

X, =—by, —X,>, ¥, = X,.We claim that R, maps into R,, since X, > y,,we have —X,” —bx, > —x,” —by,

also since — X,” —by, = X, X, = y,, we have x, <-y,” —hy, . (4.20)
. 2 2
On the other hand, since we have X, <-Y, ,then /=X, >+/Y, =|y0|=— y, so,by, <-by—X,, hence

by, + X, <X, —by—x, thus —x, <y,> —b /-y, . 4.21)

2
- X, —X . .
To show that y, < #,smce by, + X, >1, we have X, <—1 , so X, >-x,.Since bx, >0 ,we get

2

2
. =X, =X - X, —X
bx, > — x, — X, ,that is X, <% but y, =X,,s0y, < ———

b
Now from (4.20), (4.21)and (4.22) ,our claim is true, so by lemma (4-11) there are no periodic points

(4.22)

inR, .o

Fig( 6):The region Rg where b=-0.5

Lemma (4-13)

The region R, maps into R, U R, under backward iteration .

XO
Proof: Let

Yo Yo

X
Jbe any element in R;.We must show that H _1( OJ eR,UR,.

2
— X =Y

From (4.3) X, =VY,,Y, = 5

,since y, <—-1-b, wehave x_, <-1-b . (4.23)



2
Since X, > —y,” —by,, we have y, < —2 Y% thatis x, <y . (4.24)

2
Also, since X, >by-y, -y, ,we have % <J-Y, .50 —Y,<.-y, thus,y, <-y_,’ hence

X, <=y, . (4.25)

2 2 2
From X, > y,,we have — XO; Yo 5= yob_ Yo ,hence y_, > % (4.26)

X,

X
Now from (3.38), (3.39),(3.40)and (3.41) [y j eR, UR, thatis H -l(y"j in R,UR,. o
0

-1

2 -1.6 -1 0.5

Fig(7):The region Rg where b=-0.5

Lemma (4-14)

There are no periodic points in R,.

X —X, =X’ —x—X>
Proof: Let ( 0 jbe any element inR,, since y, > % , the graph of the map y = intersects x-
0
axis at point (-1,0),thus x, > —1,s0 b%Jr y,” <1, thatis by , + x> <1. 4.27)
Since -X, >1+b, y,>-1-b, we have —yoz—x0 > (1+b)—(1+b)>*=b(-1-b) ,hence

2
%el—b,y_g—l—b. (4.28)



2

-y

On the other hand , X, < - y,” —by,, thus y, > _X(’T‘), SO X, >y, . (4.29)

2
Also , since X, >by-y, -y,” ,we get %< J-Y, othus —y, <.-y,s0 y,> <-y,that is
X, <-y, . (4.30)

Hence, from (4.27), (4.28), (4.29) and (4.30) R, maps into R,, by lemma (4-13) R, maps into R, UR,, so

X X X
there is no point [yojin R, such that H2”1[ 0] € R,.That is, there is no point ( O]in R, such that
0 yO 0

X X
H>" [yo j :(yo ]hence there are no periodic points of odd period in R,.To show that there are no periodic
0 0

. . . _ X0 . -2n-1 XO -2n X0 . XO
points of even period in R,.Let P={ eR,:H e R,,H eR,} VneN if e P,we

0 yO 0 0

claim that the sequence (y_,,) is strictly increasing ,since y, > —1—b,we have y,(-1-b) < (1+b)*. (4.31)

2
Also y02<(l+b)2,—x0>1+b,so —xo—y02>—b(1+b), hence _XOb_yO

< —1—Dbthat 1S
_X _y 2
,(%)2 > (1+b)?. (4.32)

2
Now from (4.31),(4.32), we get that (%)2 >Y,(-1-b)=-vy, —by,so ,by, >-y, — Y-12 , that is

X—2n

Yoon

2
- X, -y,

>-1-b, x,,<-1-b, so
b

Yo <

n

=Yy ,.In general, since [ J€R7 ,we have, Yy,

Yy, (—-1=b)<(1+b)?,y_,.> <(1+b)* .Hence — X, =Y, > —b(1+b), that is

2
( e b_ Y )2 > (1 + b)2 > (_1 - b) Y an .So yfzn—l2 > (_1 - b)yfzn ==Y by—Zn =X~ by—2n ’ that

2
—Xon — Yoong

is , we get that by , > -Xx, , — y—2n—12 ,hence y , < 0

=Y ,.,,forall n>1.

So, (y_,,) 1s strictly increasing sequence in R,, so there are no periodic points of even period in P. o



Fig(8):The region Ry where b=-0.5

Lemma (4-15)

There are no periodic points in R .
Proof: by lemma (4-13),R, maps intoR, UR,, there are no periodic points in R, UR,, so there are no
periodic points in R,. O

Theorem (4-16)

There are no periodic points of H,, in R? other than fixed points.

Proof:  Ifx,>-1-h,y,=—-1-b,we have -x,’>—(1+b)> , —by,=b+b?*,  hence
2 2 2 . X . .
—X,  —by, >b+b* —-1-b* -2b=-1-b, so x, >—-1-b,y, =Xx,>—1-Db all points (yjm R, satisfiy the

_y?
equation y<T,if y, >—1-b,x,=-1-b,we get that —by,>b+b*>, x’=(1+b)> so

-x*—by>—-1-b, thatis x, >-1-b,y, =x,=-1-b
Hence from theorem (3-3) ,and previous lemmas (4-1),(4-2),...,(4-14),,(4-15) , since a periodic point under

forwa rd iteration implies one under backwards iteration, and viceversa . O
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