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Abstract

We study the dynamics of the two dimensional mapping the non

linear mapping H,, (§j=[a_by_sz.We study the iteration of all

X

points in the plane . We determine the regain which contain the set of
periodic points

1- Introducation
About 30 years ago the French astronomer —

mathematician Michel-Henon was searched for a simple two-
dimensional map possessing special properties of more complicated

systems .The result was a family of maps denoted by H,, given by

Ha,b[xJ:[l—ax2 + y]
y bx

where a,bare real numbers .These maps defined in above are called
Henon maps [5].

we will prove one theorem about iteration of H,, where b>o0and

which 1s given in [3] . prove we prove that for a closed

2
a>—ﬂ+m
4

region

71



Sa,b:{m: M<Couui=Cun} if a> =+ and b0 then for all

[X]eRz-sab
; |

either |x|——>»asn—wor |y |—>»as n—->», where b>o0and

—(1+b)*
4

a<

, by finding some regions and prove some necessary

lemma for our proof..

2- The Set of Periodic Points

The main purpose of this section is to prove one theorem on

(1+1b))>
4

Henon map H,, where a>— . To prove this theorem, we need

to prove some lemmas. To state and prove our lemmas, we fix b and

define two crucial a-values

i -+ Ib))?
I- a0 =—— =~
2- a,(b)=2(1+o])’

and, for any particular a-value ,we define C=C,, by

C Lo+ /@ +]b)* +4a
a,b_

: , we will go to prove necessary lemmas.

Lemma (2.1)[4]
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(1) C is positive real and the larger root of C*-(1+[p)C-a=0 if and
only if a,<a.

(11) a-jplc >C if and only if a>a,

proof: (1) Since a,<a, we have (1+]b)*+4a>0,s0 C is positive real

number, if C?-@1+p)C-a=0 ,since (1+]p)’+4a>0.We have two

1+[b| + /(1 +]b)* +4a and 1+[b| - /(1 +]b))* + 42
2 2

distinct real roots which are

,the first 1s positive and the second may be negative so C is larger

root .

(i)If a-[olc > C,this implies that a> (1+[b)C
(2.1) We have 2C —(1+o) = W

(2.2) Now let (1+]p) = 8, then 2c - g=|/5* +4a, that is (2C - §)* = #* +4a,
so C*-pC=a.We put the value of a in (2.1) ,we get that c> - gC > sC

(2.3)

so C’>2pC,since C is positive we have c>24, that is C>2(1+|b)).
(2.4)

Now by (2.4) (1+]p)+,/a+b)> +4a > 41 +]p) ,that is 4a+(1+]b)> >9(1+])?,
hence a>2(1+]b))* .

By the same way, we can prove that if a>a, then a-pC>C. O

Lemma (2.2)[4]
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(1)

(i)

The image under H,, of the horizontal strip |y,|<y is the

region bounded by the two parabolas

a-ply-y’<x <a+pjy-y’ and the image under H,, of the
vertical strip |x,| <y 1s the horizontal strip |y,|<y, where y is

positive real number .

The inverse image of the vertical strip |x,|<» 1s the region
bounded by two parabolas -y+a-x Z*<by,<a+y-x,” and

the image of the horizontal strip |y,|<y is the vertical strip

|X71|37/.

Proof: (1) we have |y,|<y, so-y<y, <y ,1f —-1<b<0 then by <-by, <-by

and

(2.5)

b|=-b, hence —bly < by, <|o|y .

If o<b<1 ,then byx=-by,>-by,jo=b hence -y <-by, <o

(2.6)

Now 1n all case - |y <-by, <|b|y ,50 a-|b|y <a-by, <a+oy ,since x, =y,

a-|bly-y,’ <x <a+pjy-y,’

2.7)

Also 1f |x,|<y, since x,=y,,we have |y |<y that means the image
0 0 1 1 g

under H,, of the vertical strip |x,|<» is the horizontal strip |y[<y.
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(i1) We have |x)|<y SO y<-x,<-y SO a-y-x,’<by <a+y-x,",y,=X,

5

so |y,|=|x.|,the image under H,, "' of the horizontal strip |y,|<y is the

vertical strip |x,|<y . O

Lemma (2.3)[2]

a
LetP[b}—{Cj:a—My—yz <xza+bly—y’} S,(a,5)=Rx[a,p] and
4

S, (a,8)=[a,]xR,yeR and then for the Henon map H,, the

following are hold :
(i) H.,,(S.(-»7)=S,(-r7).

(11) Ha,b(sh(_%?/))c P [bJ

y
a

(i) H,, "(P|b))c S, (-r.7).
y

X Xo
y

0

Proof: (1) Let[ jEHa,b (S,(=7.7)), so there exists { JESV(—}/,Q/) such

Xo

that Ha’b( ]=®), that is x=a-by, -x,°,y=x,,sInce (;oJe[—y,y]xR

Yo 0

we have x, <[-7,7] ,hence @jeRx[—y,y] ,that 1s @je S.(-7.7) .
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X

Conversely: Let (y

je S, (-7,7), then xeR and ye[-y,7] ,s0

a-x-y’ y : X y
. eR ,thus |a-x-y? |e[-7.7]xR , since y =H,,|a-x-y?
b b

‘we have @ H.,(S.(-7.7)).

(i1) Let@} eH,, (S, (-7.7)) ,so there exists (;‘)j eS, (-7.7) such that

H,, [X°J=[§jand @0) eRx[-7,7],50 we get that |y,|<» and by lemma

Yo
(2.2)
a
Part (i)a—|oly - y,” < %, <a+}ly—y," 50 @ Plol.
4
X 4 X a
(111) Let[yj e H,, "(P|b|) ,so there exists (y" e P | b| such that
y ' y
H,, " {;‘)JZ(Q, hence a-|y-y,” <x,<a+pjy-y,". Clearly xeR.To
0
show that ye[-y,»] , suppose that y>j, then a_XOT_%>y
(2.8)

Now if b>o0, then from (2.8) a-x,-vy,” >|plr, S0 x, <a—|p|y—y,” which
is contradiction ,if b<o0 then from (2.8) a-x,-y,’<by, SO
X, >a+[bly—y,” which is contradiction .

To show thaty>-y , if b>0 then x, <a+[jy-y,” so —by<a-x,-y,’thus

2
—7SH’T_y°:y, that is y>-y,if b<othen |o=-b, hence

>a+by-vy,’
2

SO —by>a-x,-y,” thus _y<@7% Y0 _y thatis y>-y henceye[-7,7]

mesh(_w). .
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Proposition (2.4)[2]
Let S,,= {@]: X <C,,,|y|<C,,} be a closed region in R*,for

a
Henonmap H,,,1f b=0 then H,,(S,,)=P {b}ﬂ S,(-c,c).
C

Proof: From definition of S,,, we have S,,=S,(-c,c)n S,(-c,c).

So Ha,b(Sa,b): Ha,b(Sh(_C’C))m Ha,b( SV(—C,C))
(2.9)

Now by Ilemma (2.3)(ii) H,,(S,(-c,c))c P [b}
C

(2.10)

By lemma (2.3)(i11),since H,, is diffeomorphism , we get that
a

P b |H,, (S, (-c.C) )
C

(2.11)

a
Hence from (2.10) and (2.11), we get that H,,(S,(-c.c))= P [b}
C

(2.12)
From lemma (2.3)(1) we have H,,(S,(-c,c))= S,(-c,c)
(2.13)

a
Now by (2.9), (2.12) and (2.13) H,,(S,,)=P [b}ﬂ S,(-c,c). O
C

Remark (2.5)

We define some region and proof one theorem on Henon map
fora>a, , the regions are M,, M,, M, and M, where :
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Fig{10)Region M, M, M, M,

Theorem (2.6)[3]
Suppose S,, = {(;j: X <C,,,|y|<C,,} 1S a closed region in R*.If

X

a>a,(b) and b>o0,then for all (y

jeRz— S, either |x,|—>» as n——

or |y_,|—>» as n——w.
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Lemma (2.7)

Let H,, be a Henon map,(ﬂ e M, and b>0.Then the sequence (x,)
is strictly decreasing sequence and |x,|—>» as n——w.
Proof: If |y,|#C then we have two cases:

_(C _|y0|)_C _|y0
2

=_c

Case 1: |y,|<C, hence [C-|y,[|=C-|y,|, sO x,<

thus X, <—=C <|y,|

(2.14) Now  x,—x,=a-by,—X," =X,, SO X —X <a+[bly, =%, =X,
(2.15)

Since x, <-y,|,we havely,|<-x,, so by (2.15) x, —x, <a—|ox, —x," =%,

(2.16)

a—|bjx, —x,” —=x,=a—(b|+Dx, —x,” but this equation has two roots which

=+ F/A+]p)* +4a .
are x,” = (1+]op ; D , one of them is -C, for any value less

than -C
a—(b|+1)x, —x,” <0. From (2.14), we have x, <-C, so a—(b|+1)x, —x,” <0,
hence by (2.16) x, —x, <0, that is x, <x,.

—(|y0|—C)—C _|yo|
2

Case 2: |y,|>C, hence [C -y | =|y,|-C, s0 x, <

o
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and lyo|>C, thus X, <—|yo|<—C

2.17)

Now x, —x, =a—by, =X, =X, <a-+[b]y,|—x," =X,

<a-—|ofx, = X," =X, =a—(1+]b)x, - x,’
(2.18)

As case 1, a—(1+])x, —x,’=0 has two roots one of them is -C.From

(2.17), x,<-C,s0 a-(1+]b)x, —x,"°<0, hence by (2.18) x, <x,.

Now since x0<_(C_|y°|2)_C_|y°|,we have x,<-C, that is y,<-C so
ly,|>C.

Hence y|-C=[c-|y|

(2.19)

On the other hand x,<x, and x, i1s a negative real number so
X < —{X| ==yl

From (2.19), we get x, < _(C_|y1|2)_c_|yl| . As above we get that
X2<Xl<—(C—|y1|2)—C—|y1|

(2.20)

Now Jy[>C, from (2.20) ,we have x =y,<-C 80 |y,[-C=[C-]y,| .
(2.21)

Also x, <x and x is a negative real number so x, <—|x|=-|y,| .

(C—Iyzlz)—C—IyzlAS
continuing in this procedure, we get that for a positive integer n
X, <X, <...<X, <X <X,,thatis (x,) 1s strictly decreasing sequence .

For the second part ,if possible (x,) is bounded, since it 1s monotone,

From (2.21) we get x, <— (2.18), we get x, <x,.

we get (x,) convergent , since x, =y,,, thatis (x,), also convergent ,
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H,, 1s continuous. So there exits a fixed point for H,, in M, which is
contradiction, hence (x,) 1s not bounded ,that is |x,|——>» as

N —-—>c0.O

Remark (2.8)[6]

In theorem (2.7) the equality holds only for x, =-C,y, =%C.
Proof: If b>0, then x —x, =a-|bly, - x," - x, ifx, =-C,y, =-C, then

X, —X, =a+(1+p)C-C*, by lemma (2.1) x,-x, =0, that is x =x,.
If b<o, then x, —x, =a+Jby, —x,” - %, 1fx,=-C,y, =C, then

X, —X, =a+(1+[p)C-C*, by lemma (2.1) x, -x, =0, thatis x, =x,. O

Lemma (2.9)

Let H,, ' be the inverse of Henon map , suppose @jeMzand

b>0.Then the sequence (y,) is strictly decreasing sequence and
Y 4| —© 88 n—— .

Xo

Proof: Let (y

J eM,, from remark (2.5) x, >vy,, y, <-C , consider

b(y_, —y,) =by_, —by, =a—x, ~y,” ~by, .

(2.22)

Since x, >y,, we have a-x,-vy,” -by, <a-y, -y, —by,
=a-(1+b)y, -V, .

(2.23)
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From (2.22) and (2.23), we get b(y, -y, <a—(+by,-v,’
(2.24)

Now the quadratic equation a-(1+b)y,-y,’=0 has a negative root
y,=-C
if we take another value y = y; such that y; <-C,

becomes a—(1+b)y-y*><0, and we have y, <-C, so a-(1+b)y, -y, <0.
From (2.24), we get that by, -vy,) <0,since b>0 ,we get y, <y, <-C

jehdz.

. . X
and since x_, =y,,we have y , <x_ thatis ( B

Y.
Now 1if possible y, <y, <...<y,<y,, since y,<-C, we have
y,<-C.
Also X = Yot we have Y <X,
(2.25)
bCY oy — Vi) Sa—X, — Y-k2 —by  <a-y, - y—k2 —by,

=a-(l+by, -y, .
(2.26)
Now the quadratic equation a-(1+b)y, -y =0 has a negative root

y_.=-C if we take another value y=y’, such that y’, <-C becomes
a-(1+b)y—y><0 and we have y_, <-C, so a-(1+b)y, -y > <0, so from
(2.26) we get that b(y_,, -y.) <0,since b>0, we get y_,,, <y, SO
we get that y <y ., <...<y, <y,.thatis (y ) is strictly decreasing

sequence .

For the second part ,if possible (y_) is bounded, since it is monotone
we get (y_,)convergent ,since x ., =v_,.that i1s (x_) also convergent ,

H,, 1s continuous so there exits a fixed point for H,, in M, which is
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contradiction hence (y,) not bounded that is |y |—w as

N —-—>c0.O

Lemma(2.10)
The region M, maps into M, under backward iteration of Henon

map H,,, provided a>a,,b>0.

Proof: Let (?OJ eM,, hence by remark (2.5) we have x,>-y, and
yO > Ca,b

S0 b(y_, —y,) =by_, —by, =a—x, - y,” ~by,

(2.27)

Since x, > -y, and y, >0we have -by, <by, so by (2.27), we have

b(y—l - yo) <a+ Yo — yo2 +by0:a+(1+b)yo - )/02
(2.28)

Now by lemma (2.1)(i) the quadratic equation y,* -(1+b)y,—a=0 has a
positive real root y; =C,for any value y; >C this quadratic equation is
negative and we have y,>C so from (2.28) b(y,-vy,) <0,since

b>0,we get y, <y,and since x_, =y,,we have y, <x, .

2
Now we have to show that y, <-C since y,+c=2"%2"Yo Xob_ Yo

+C) yO >09
we have b(y ,+C)=a-x,-y,” +bC<a+y, -y, +by,

=a+(1+b)y-y°.
(2.29)

As above and since y, >C, we have a+(1+b)y-y’><0 , hence by (2.29)
jel\/[2 .0

we get that b(y , +C)<o0,since b>0, we get y, <-C,hence (X‘l

Yo
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Lemma (2.11)
The region M,maps into M under forward iteration of the

Henon map H,,, provided a>a,,b>0.

Xo

Proof: Let (y

jeM4 hence from remark (2.5), we have |y,|<C and

X, >C

from definition of Henon map x+C=a-by,-x, +C
(2.30)

Sincex, >C, we have x,* >C*. Furthermore |y,|<C so -by, <bC.
Now from (2.30) and (2.31) we get that

X, +C<a+bhC-C*+C=a+(1+h)C-C’

(2.32)

From lemma (2.1)(i) ,C is a positive real root y> —(1+b)y-a=0

S0 a+(1+b)C-C*= 0, from (2.32), we get x, +C <0, that is x, <-C,since
y,=X,% >C and we have x<-C, we get vy >x
(2.33)

Now X, + X, = X, +a—by, —X,’

(2.34)

Since x, >C >|y,|,s0 if y, >0 then x, > y,,hence bx, > by, > by, .

Ify, <0 then x, > -y, that is bx, > -by,.

From (2.34), we get x,+x <X, +a+bx,—x, =a+1+b)x, —x,

(2.35)
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As above C is a positive real root , x> —(1+b)x-a=0,for x,>C
a+(1+bx,-x, <0 , from (2.35) ,we get that,x,+x <0 that is
Xp <=%X==Y,.

Now we havex <y <-x sox <-y| ,x =|y|>C,which becomes
X

(IJEMI.D

Y

proof of theorem (2.6)

X

Let (y]e R>- S,,, by remark (2.5) (;]eU?IMi so we have the

following cases :

Case . If (?]eMl, by lemma (2.7) the sequence (x,) is strictly
decreasing sequence and |x,|—>» as n——o.
Case II: If CjeMz, by lemma (2.9) the sequence (y,)is strictly

decreasing sequence and |y  |——>® as n——w.
Case III: If (§j6M2 by lemma (2.10) [ijmaps into M,under

backward iteration of Henon map H,,.So from case II the sequence

(y_,)1s strictly decreasing sequence and |y ,|——>o as n—oo.
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Case IV: If @j eM, by lemma (2.11) [Q maps into M,under forward
iteration of the Henon map H,, so from case I the sequence (x,)1s

strictly decreasing sequence and |x,|—>» as n——w». O

Corollary (2.12)[2]
If a>a,(b) then P, (H,,)<=S,,.

Proof: Let (;]e Per(H,, ),1f @]e S.,.then (;Je (S,,)° that is

(;]GRZ -S., , by theorem (2.5) either |x,|——>» as n——w, or

|| =00

. . . X
as N——m,X, =Y., X = Yoo, SO there is no finite orbit for H,, of ( j
’ y

which is contradiction .So ();] e S,, thatis P, (H,,)<S,,.0

Definition (2.13)[2]

For a>a,(b)we define non-escape set of H,, with respect to a and

bby A(E)Z {@jeRzz Lim

n—— o0

Ha,bn[§jH ;oo}c'

Corollary (2.14)]2]

For the Henon map H,,, A (ZJ:sz H,,"(Say)-

Proof: Let @j €A (EJ.TO show that (g e N H,,"(S,,), if we suppose

that
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();J ¢ N H,"S,,).then there exists k e Z ,such that @j ¢H,,“(S,,), that
meZ ? ’ > R

means there exists r € Z such that H,,"(S,,) ¢S,, .that is

H.o (Say) €(S,, )¢ ,s0 by theorem

of X o wsol X e a\\c . (X a
H,, [y}”—> asp—— so(yj (A(bj) ,2that 1s (yjez\(bj

X
y

(2.5)

which is contradiction hence ( je NH,,"(S.,)-
meZ ’ ’

To show thatmrgZ H,,"(S.,) < A(ZJ, let @j e NH,,"(S,,) SO @j e H,,"(Sap)

meZ

for all min Z, hence Ha,b”[;] eS,, forall nez, that means if nis very

large

(x _ (%
H., ( jeSab, where n——»w or n——» -« then Lim H,, ( JeSab SO
, , by :

y n—-—tw
()
a,b y

that is A (Z)=mrgz H,,"(S,,).0

Lim

N——>to0

is real number that is @jEAGJ S0 N Ha,bm(Sa’b)CA[Zj’
meZ
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