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Abstract

The aim of this paper is to introduced a new types of separation axiomsin
bitopological spaceswhich is defined by an - open set which is defined by H.Z
Hdeib[3] in 1982 ,many results and relation ships are studied in this paper
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1. Introduction:

A bitopological spaceisanon—empty set X with two topologies t1, 12 defined on
itoritisthetriple( X, t1, 12) ,such that ( X, t1),(X, 12) are two topological spaces
defined on X ,AL- Swidi and Asaad M .A.Alhosaini [1] , introduced a new notions
on an ij- ®- open set in bitopological spacesin 2011

The concept of pre open sets ,semi open Sets, B open sets,a open sets ,and b open
sets were introduced by ( cf. [ 2,4,6,7 ] ) and extended by (cf. [ 9,101]).

Let (X ,t) be a topological space , Ac X , apoint xe X ,is called a condensation
point if for each Uet with x e U theset UN A isuncountable. A issaidto bean -
closed if it contains al its condensation points ,the complement of w-closed is said to
be w-open set .equivaently aset W is w-open if for each xe W ,there exist U € T with
xe U and U-W is countabl e[ 3].

The family of all m-open setin(X ,7), denoted by 7, ,forms atopology on X

finner than t.the w-closure and w-interior of aset A will be denoted by cl , A and
int, A resp. , are defined by:

c A=) {FcX/Fiso-closed and A c F}

int, A= U{ G X/Gisw-open and Gc A}

In 2009 [10]T.Noiri ,A, AL- Omari ,M,SM. Lorain introduced and discussed a
new notions called( a-w-open, pre-o —open ,and b-o —open) sets in topological
Spaces.
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1.1. Definition [4,9]

Let (X, r,7,) beabitopological space, Acx ,A issaidtobe
(i) ij-popensetif A ci-int(j-clA).
(ii) ij-s opensetif A < j-cl(i-intA).
(iii) ij-a open set if A ci-int(j-cl(i-int A))).
(iv) ij-p open set if A —j-cl(i-int(j-clA)).
(V) ij-bopen setif A ci-int(j-clA) Uj-cl(i-intA) .
(p-open denotes pre open ,and s-open denotes semi open ). i,je {1,2}.

2. weak Forms of m-Open Setsin Bitopological Spaces

2.1.Definition[10 ]

let(X , 7, 7,) beabitopologica space, Acx A issaidto be:
ij- pre  open ,if A ci-int (j-cl , A).
ij- semi @ open ,if A cj-cl(i-int, A).
ij- o ® open ,if A ci-int(j-cl , (i-int A)).
ij- B @ open ,if A cj-cl(i-int , (j-clA)).
ij- b® open ,if A ci-int(j-cl ,A) U j-cl(i-int  A).

The set ij-pre o open(ij-semi o open ) will be denoted briefly ij-p ® open (ij-S ®
open).

2.2 Remark [ 1]
It isclear by definition that in any bitopological space the following hold

() every i-open set isij- pre open, ij-S open, ij-a open, ij-f open and ij-b open
set

(ii) every ij- pre open setisij-P open.

(iii) every ij-o open set is ij-S open.

(iv) every ij- pre open (ij-s open)set is -b open set.

(v) the concept of ij-pre open and (ij-s open) sets are independent.

(vi) the concept of ij-a open and ij-B open sets are independent.

2.3. Lemma[ 1]

(1) every ij-o @ open set is ij-p ® open .

(i) every ij-s m open set is ij-b @ open .

(ili)  everyij-s open set is ij-f ® open .

(iv)  everyij-a o open setis ij-f w open .

(v) the setsij-p ® open and ij-S ® open are independent .
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2.4.Definition

Fori=j,i,je{12, A bitopological space( X, tl, 12)is said to be :
1-pairwise semi wT,-spaceif for any point xe X there aretwo ij —S @ open sets G
and H suchthat x e G,x ¢ H ,and it is denoted by pswT, -space.

2-pairwise a wT,-space if for any point xe X there aretwo ij —a «© open sets G and
H suchthat xe G,x¢ H, anditisdenoted by pa wT,-space.

3- pairwise pre wT,-spaceif for any point xe X there are two ij-p o open sets G
and H suchthat x e G,x ¢ H ,and it is denoted by pp o T, -space.

4-pairwise b wT,-space if for any point xe X there aretwo ij —b o open sets G and
H suchthat xe G,x ¢ H ,and it is denoted by pb «T,-space.

5-pairwise B wT,-space if for any point xe X there aretwo ij -3 © open sets G and
H suchthat xe G,x ¢ H ,and it is denoted by pp oT,-space.

2.5. Proposition
Any pawT, -spaceispawT,-space.

Proof:
Let X ispawT,— for any point xe X there are two ij — oo open sets G and H

suchthat xe G,x¢ H , by lemma( 2.3) G and H are two ij —» open sets, hence
the result.

2.6. Proposition

a any pswT,-spaceis pbwT,-space
b- any pswT,-spaceis pp wT,-space
c- any pawT,-spaceis pp oT,-space

proof:
same proof of theorem above and lemma ( 2.3).
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2.7.Definition
Fori= j,i,j {12, A bitopologica space( X, tl, t2) is said to be :

1- pairwise semi T, -spaceif for any pair of distinct pointsx= y € X thereare
two ij-sw-open setsG and H such that xe G,x¢ H,and ye H,y¢ G anditis
denoted by pswT1-space.

2- pair wise awT, -space if for any pair of distinct pointsx= y € X there aretwo
ij-o m-opensetsGand H suchthat xe G,x¢ H,and ye H,y¢ G anditis
denoted by pawT, -space.

3- pairwise pre oT,-spaceif for any pair of distinct pointsx= y € X there are two
ij-p m-open sets G and H suchthat xe G,x¢ H,and ye H,y¢ G anditis
denoted by pp wT1-space.

4-Pair wisebwT, -space if for any pair of distinct pointsx= y € X there are two ij-
b w-opensetsG and H suchthat xe G,x¢ H,and ye H,y¢ G anditis
denoted by pbaT, -space

5- pair wise 8 oT,-spaceif for any pair of distinct pointsx= y € X there are two
ij-p w-opensetsGand H suchthat xe G,xg¢ H,and ye H,ye¢ G anditis
denoted by pp wT1-space

2.8.Proposition
Any powT1-spaceisppwTl-space.

Proof:
Let X ispa@wT1— for any pair of distinct points x# y € X therearetwo ij —a ®

opensetsGand H suchthat xe G,x¢ H ,and ye H,y ¢ G ,and by lemma (2.3)

Gand H aretwo ij-p ® open
,hence the resullt.

2.9.Proposition

a anypsw T,-spaceis pbwT1l-space
b- any psw T, -spaceisppwTl -space
c- any powTl -spaceispp wTl-space

proof:
same proof of theorem above and lemma (2.3).
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2.10 Definition
Fori=j,i,je{12, A bitopologica space( X, tl, 12)is said to be :

1- pair wisesemi T, -spaceif for any pair of distinct pointsx= y € X, there are
two ij-oopensetsGandH suchthat xeG,yeH,and GNH =¢ganditis
denoted by pswT, -space .

2- pairwiseawT,-spaceif for any pair of distinct pointsx= y € X, there aretwo
ij-o m-opensetsGand H suchthat xeG,yeH,and GH=¢anditis
denoted by pa @T, -Space.

3-pair wise pwT, -spaceif for any pair of distinct pointsx= y € X, there are two ij-
p w-opensetsGand H suchthat xeG,yeH,and G H =¢anditisdenoted
by pp »T, -space.

4-pair wise b T, -spaceif for any pair of distinct pointsx= y € X, there are two
ij- bw-opensetsGand H suchthat xeG,yeH,and G(1H =¢anditis
denoted by pb @T, -space.

5-pair wise B wT, -spaceif for any pair of distinct pointsx= y € X, there are two ij-
B w-opensetsG and H suchthat xeG,yeH,and G H =¢anditisdenoted
by pB T, -space

2.11 Proposition
Any pawT, -spaceisppoT,
Pr oof:

Let X ispa@T, — for any pair of distinct points x# y € X, therearetwo ij —o ®
opensetsGandH suchthat xeG,yeH,and G(H =¢,bylemma(23)G
and H aretwo ij-p o open sets,and hence the result.

2.12 Proposition

a any psoT, -spaceis pbwT, -space.

b- Any pswT, -spaceis pp oT, -space.

c- Any pawT,-spaceis pp oT, -space.

Proof:

Same proof of theorem above and by using lemma ( 2.3).
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2.13 Proposition

a any poT,-spaceis pwTl-space.
b- Any pwT1-spaceispawT,-space.

Pr oof:
(@) clear by definitions of pwT, and pwT1
(b) clear by definitions of pwT1 and pawT,

2.14 Example
Let X ={ab,cd} and 7,=7,={0,X,{b},{a,b},{b,c},{a,b,c}}.
Then X ispa T, (ppaT, , psoT,, ppoT, ) butitisnot pawT, (ppeTl, pseTl,
pBwTl) .
2.15 Example
Let X# O,and 7,=7, arethe excluding point topologies ,then X is pb T, but not

pbaoT, .

2.16 Example

Let X isinfinite set and 7, =7, are the cofinite topologies then X ispawT1
(ppoTl, pse T, pp@Tl) butitisnot pawT, (PpaT,, psaT,, ppaT, ).
The following diagram show us the relation ships between these spaces.
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Where =™ means the arrow is not reversible and
<« - - »Meansthe arrows is independent.

3. some new types of continuousfunctions

3.1 Definition:
Fori= j,i,je{12,afunction f:(X,z,,7,) > (Y,p;,p,) issaidtobe
ij — sw—(resp.ij —aw,ij — pw,ij —bw,ij — fw ) open functionif f(U)is
ij —Sw —(resp. ij — aw—,ij — po—,ij —bw,ij — fw) opensetin'Y for each
ij —Sw—(resp.ij —aw,ij — pw,ij —bw,ij — fo ) open set U in X.

3.2 Definition:
For i = j,i,je{12 ,afunction f :(X,z,,7,) = (Y, p,,p0,) iSsadtobe
ij —sw — (resp.ij — aw,ij — pw,ij —bw,ij — o ) continuous function if f *(U)is
ij —Sw — (resp. ij — aw—,ij — po—,ij —bw,ij — fw) open set in X for each
ij —Sw—(resp.ij —aw,ij — pw,ij —bw,ij — fo )open set UinY.
3.3 Proposition:
i) any ij — fw -continuous function isij —aw -continuous
i) any ij — Sw — continuous function isij —aw continuous
i) any ij —aw -continuous functionis,ij — pw -continuous
iv) anyij —bw -continuous function isij — Sw — continuous
proof :(i)
let f:(X,7,7,) > (Y,p,,0,) beaij — fo -continuous function, and U is
ij — B -opensetinY = f*(U)isij — Bw -opensetin X, sinceany ij —aw -
open setis ij — Bw-open set= U and f *(U) areij — aw -open sets, hence
f isij — aw -continuous.

Proof :(ii),(iii) and(iv)
Obvious by definitions and lemma(2.3).

3.4 Remark:
the converse of each one of proposition above need not true, which can be
summarized by the following example.
3.5 Example:
Let X={ab,c}, 7,={X 0 {a {ab} } ,7,={ X 0 ,{c} } and Y={1,2,3}, p,={ Y,
Q,{1},{1.2}, p,={ Y, 9,{3} } and f :(X,z,,7,) = (Y, p;, p,) beafunction
defined by f (8)=1, f (b)= f (c)=2 and, then f is 12— aw -continuous but
neither 12 — S -continuous nor12 — s — continuous.

The following diagram shows the rel ationshi ps between these functions.

ij — Pw -continuous = ij —aw -continuous = ij — pw -continuous

0

ij — Sw — continuous< ij — b -continuous
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3.6 Proposition:
Let f :(X,z,,7,) — (Y, p;, p,) beabijective ij — sw — open function ,then
(Y, p,,p,)ispswTl-spaceif (X,7,,7,) iSpswT1-space.

Proof:
Let y, #y,eY,since f isl-1=thereexist x, # X, € X such that

f(x) =y, f(x,)=y, e X ,since(X,7,,7,) iISpswT1,then there are two ij-s -
opensetsG and H suchthat x, e G,x, ¢Gnd x, e H,x, ¢ H

=y, =f(x)ef(G)buty,="1f(x,)e f(G) and y, = f(x,) € f(H)but

y, = f(x) ¢ f(H), since fisonto ij — Sw— open function, hence f(H),
f(G)are ij —sw—opensetsin (Y, p,, p,) then(Y, p;, p,) iISpSaT1-space.

3.7 Proposition:

Let f:(X,z,,7,) > (Y, p, p,) beabijective ij —aw (resp.,ij — pw,

ij —bw ,ij — pw) open function then (Y, p,, p,) ispawT, (resp. ppoTl, pboT,,
pPBwTl)if (X,7,,7,)ispawT, (resp. ppoTl, pbaT,, ppoTl).

Proof:
Same proof of proposition above and by replacing ij — sw — open set
by(ij —aw ,ij — pw,ij —bw ,ij — fw) open set.

3.8 Proposition:

Let f:(X,z,,7,) = (Y, p,, p,) beabijective ij — so — open function ,then
(Y, p,,p,)ispseT, -spaceif (X,7,,7,) is pswT, -space.

Proof:

Let y, #y, eY,since f isl-1=thereexist x, # X, € X such that

f(x)=vy.,f(x,)=Yy, e X ,since(X,,,7,) ispsawT, -space ,then there are two ij-
sw-opensetsGand H suchthat x, eGand x, e H,GNH =¢ =

y,=f(x)ef(G)ady,="f(x,)e f(H)and f(GNH)=f(G)n f(H)=¢
since f isonto ij — sw — open function ,then f(G), f (H)are ij — sw —open setsin
(Y. pu,p,) then(Y, p,, p,) is pswT, -space.

3.9 Proposition:

Let f:(X,z,,7,) = (Y, p;, p,) beabijective ij —aw (resp.,ij — po,

ij —baw ,ij — o) open function then(Y, p,, p,) ispawT, (resp. ppoT, , pbaT,,
pRwT,)if (X,7,,7,)ispawT, (resp. ppwT,, pbaT,, ppoT,).

Proof:

Same proof of proposition above and by replacing ij — Sw — open set

by(ij —aw ,ij — pw,ij —bw ,ij — fw) open st.
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3.10 Proposition:
Let f :(X,7,,7,) > (Y, p,,p,) beal-1and ij — sw — continuous function ,if
(Y, p,, p,)ispswT, -space then (X, z,,7,) iISpsaT, -space.

Proof :

Let x, # X, € X,since f is1-1= f(x) = f(x,)eY ,since(Y,p,,p,)ispsaT,-
space, then there are two ij-s m-open setsG and H in X suchthat f(x,) e Gand
f(x,)eH,GNH=¢= x e f*(G),x, e f*(H),

fHGNH)=fHG)n f*(H)=¢,since fisij—sw - continuous then

f (G), f *(H)are ij — sw—open setsin(X,,,7,) ,hence(X,z,,7,) ispsaT, -
space.

3.11 Proposition:
Let f:(X,z,,7,) > (Y,p,,p,) beal-1, ij—aw (resp.,ij — po,
ij —bw ,ij — pw) continuous function then(X,z,,7,) ispawT, (resp. ppoT, ,

pboT,, pBaT,) if(Y,p,,p,) ispaaT, (resp. ppaT,, pbaT,, ppoT,).

Proof:
Same proof of proposition above and by replacing ij — Sw — open set
by(ij —aw ,ij — pw,ij —bw ,ij — fw) open s&t.
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