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Abstract
In this paper a detailed study of the theory of the axisymmetrical free vibration of thin spherical shells varying in thickness in the head and the base of the shells. Frequency equations and mode shapes are obtained in an analytic form for the axisymmetric, extensional, non – torsional vibrations of fluid – filled elastic spherical shells of the variable thickness. Should results show an increase in natural frequencies with the decrease of the thickness of the shell. Also the natural frequencies are shown to decreasing the head thickness while keeping the base thickness fixed.  
الخلاصة 
يتناول هذا البحث دراسة نظرية في الاهتزازات الحرة للقشريات نحيفة الجدران  الكروية الشكل المتناظرة المحور والمتشابهة الخواص في جميع الاتجاهات. متغيرة السمك للرأس والقاعدة  للقشرة. تم الحصول على.معادلات التردد وشكل النسق للقشريات  بشكل تحليلي للاهتزازات الطولية الغير الالتوائية  المتناظرة المحاور للقشريات الكروية المرنة الممتلئة بالسائل ذات الجدران المتغيرة السمك. من خلال النتائج التي حصل عليها وجد بان الترددات الطبيعية تزداد بتقليل سمك القشرة وكذلك عند تقليل سمك الرأس بينما يبقى سمك القاعدة ثابت .                  
1. Introduction
One of the very important dynamic problems is the resonance. Therefore the free vibration of suggested shells could studied to prevent the resonant problem.

Dynamic of spherical shells, like other types of shells and structures, has received a considerable attention in the literature, partly because of the necessity during the design stage of such shells, and partly because it is an interesting fundamental problem in applied mechanics. (Sitzungsber, 1937) numerical solutions of the frequency equations of the complete free vibration problem began to appear in this paper for spherical shell. (Morse and Feshbach, 1953) presented the solutions for vibrations of fluid – filled spherical membrane. (Wilfred 1961) presented a detailed study of the theory of free, axisymmetric vibration of thin elastic spherical shell and demonstrate by experiment that the normal modes of vibration predicted do exist. Fluid filled spherical and prolate spheroid shells for constant thickness were further studied by (Rand and Dimaggio, 1967) A numerical scheme for the problem was developed and extensive numerical results in the form of frequency spectra and mode shapes were displayed. A series solution for the response of an empty submerged spherical shell excited by a plane step – exponential wave was first presented by  (Huang et al. 1971). He concluded that the response obtained by summing the first eight modes (N=7) is taken as the measured response. This study represents numerical results for steel spherical shells submerged in water that are either empty or filled with water. (Zhang and Geer,1993) employed convergence– enhancement  techniques to obtain series solutions for the response of a fluid – filled or empty submerged spherical shell excited by a plane step–wave; these techniques are partial series closure at early time. (Chang and Demkowicz., 1998)  studied the stability analysis of multilayered vibrating viscoelastic spheres, both in vacuo and in an acoustical fluid. The analysis is done by investigating the effect of viscoelastic damping on the (continuous) Ladyzenskaya – Babuska – Brezzi  (LBB) constants for the related boundary – value  problems. The sphere is modeled using both 3–D viscoelasticity and the Kirchho – Love  shell theory. (Michael and Thomas, 1999) concluded that Fluid – Structure  Interaction, Underwater Shock, Doubly – Asymptotic Approximations, Benchmark Solutions. In the paper presented by (Antoine et. al. 2002), linear and nonlinear vibrations of shallow spherical shells with free edge are investigated experimentally and numerically and compared to previous studies on percussion instruments such as gongs. Mohamad (2006) used the Rayleigh –Ritz’s method to investigate the prolate spheroidal shells for variation thickness. It was found that the natural frequencies of prolate  shells increase with increase the value of eccentricity and thickness ratio. In this paper, frequency equation and mode shape are obtained in analytic form of fluid – filled elastic spherical shells for variable thickness.
2. Theoretical Analysis

Using Flamer[3] notation, the prolate spheroidal coordinate system and shell geometry are shown in Figs. 1&2.


An isotropic elastic shell is bounded by confocal spheroids defined by ζ = a ± h/d, where d is the interfocal distance, h the minimum thickness, and ζ=a (Eccentricity =1/a) denoted the middle surface. Extensional, nontorsional shell displacements u and w respectively, tangent and normal to the shell middle surface are assume axisymmetric. Letting p denoted the dynamic pressure of the linear acoustic fluid that fills the shell, and ω is the  natural frequency. The displacement and pressure modes, U, W, and P, defined by
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U(η,t)=U(η)eiωt
w(η,t)=W(η)eiωt                                                                                                (1)                                                                                                                                                                               p(ζ,η,t)=P(ζ,η)eiωt
 satisfy[8]
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U(
[image: image7.wmf]±

1)=0,                                                                                                          (6)   Equations 2 and 3 are the shell equations of motion, Eq.5 is the fluid field equation, and Eq.4 states that the normal shell velocity must be equal to that of the fluid on its surface[8]. Here, Eq.5 must be satisfied in the region:
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By elimination U and W from Eqs.2 – 4, as outlined in Appendix A, boundary condition on P only is obtained as[8]
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where subscripts on P denotes the partial differentiation, hi(η) as displayed in  Appendix A               

          It can be seen from Appendix A and what follows that, for a given eccentricity and poison ratio the natural frequencies are depend only on the following  parameters
k = (ρ / ρs) (ad / 2h)                                                                                          (8)

λ = ρsc2/ 2μ = 
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 (c /cs )2,                                                                                  (9) 
where

cs = 
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                                                                                                  (10)                                                                                                   is the velocity of propagation of shear waves in the shell material.

and
μ=E/2(1+ν ) 
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Fig. (1) :Prolate spheroidal coordinate system      Fig. (2) : Geometry of shell                                       
3. Elastic Spherical Shell
          Equations for a spherical shell of radius R may be obtained from Eqs. 2 – 7 by letting

                               d
 0     and       ξ
     ∞
such that

                            ξd           2r     and    ad             2R                                      (11)
and

                              η = cosθ,                                                                           (12)
where r is the radial coordinate and θ the polar angle, hence
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where the  gi(η) are displayed in Appendix A.

          By separation of variables, bounded solutions to Eq. 16 for the pressure mode are obtained as[8]  
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 where Ln is the Legendre polynomial of degree n and 
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1

+

n

J

is the Bessel function of order 
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. Substituting Eq. 19 into Eq. 18, noting that 

(1-η2)Ln″ -2ηLn′ +n(n+1)Ln=0                                                                                         
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Where primes denoted differentiation with respect to η,  
and using
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The frequency equation for
            z= ωR/c                                                                             
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if obtained as
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     (21)                                                     
Whose solutions z for a given mode number n depend only on ν and the parameters λ and

   ko = (ρ / ρs) (R / h),                                                                                      (22) which is the counterpart of the k of Eq. 8 and can be obtained from it by performing the limiting operations of Eq. 11.

          The corresponding displacement modes may now be found from Eqs.13 – 15 as
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From Eq. 22, it is seen that 
                    limko  = limko   =0.                                                                                        (25)
                     ρ→ 0          ρs→ ∞  

                            ρs finite       ρ finite  
Correspondingly, Eq. 21 is satisfied for ko=0 if either   
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which is Lamb's [5] frequency equation for a spherical shell in vacuo, or
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which is a different form of the frequency equation for a fluid filled rigid spherical shell obtained by Rayleigh. For sufficiently small values of ko, the frequency spectrum corresponding to Eq. 21 should be well approximated by superposing the spectra for Eqs. 26 and 27.

          The thickness variation is given by 
h =tb[ 1 – α ( RФ / a) ]                                                                                                 (28)
α=1-(ta / tb)                                                                                                                 (29)
where,

ta : thickness of shell at θ=90

tb : thickness of shell at θ=0, see Fig.( 3   )
RФ : radius of  curvature of meridian for shell 

a : major semi axis of shell 
  :  
For sphere RФ = a  therefore Eq. (28)  become
h= tb [1-α]                                                                                                                   (30)

substituting Eq. (30) in Eq. (22) can be obtain

 ko = (ρ / ρs) [R / tb (1-α ) ]                                                                                      (31) 




Fig (3) : Spherical Shell Models
4. Results  and  Discussion
            Table (1) shows the frequency parameter of the second mode of a fill – fluid spherical shell for ko equal to (0.158}. These values were obtained by applying numerical method [8], and the method derived in this paper.   

            Table (3) and Table (4) for model (1) and model (2) respectively show the frequency parameter of the first four modes of the spherical shell with the variable thickness ratios have dimensions and properties specification in table (2). 
Figures (4 & 5) show the  frequency parameter of the first mode and second mode   of vibration respectively as a function of the thickness of shell for change values of n. It is shown that there is a decrease in frequency parameter with increasing the shell thickness, this is attributed to the increase of mass for spherical shell when filled with fluid with increasing shell thickness.
Figure (6) give the first three mode of the frequency parameters as a function of thickness ratio(tb/ta) for model (1) for spherical shell at value of n equal to 4. It can be  shown from this figure that there is an increase of the frequency parameter with the increasing or fixing the thickness of base and decreasing the thickness of the head, which causes an increase in stiffness of the spherical shell at the clamped region. This is attributed to the behavior of this model when decreasing the thickness of the head since this tend to decrease the mass of the spherical shell and the stiffness of shell decreases but clamped region should make the weak zone in this model more  strong.

Figure (7) shows the frequency parameter as a function of the thickness ratio (ta/tb) for model (2) this figure shows that increasing or fixing the thickness of the head and decrease the thickness of base at the support region this case explain the weak of spherical shell , because when decreasing thickness causes decrease the mass and stiffness of spherical shell  and the support region should be not strong because of the weakness of tis zone. 
From Figures ( 8 & 9 ) it can be concluded that the main features of the mode shapes associated with the first two natural frequencies rest in the number of the nodal lines in the upper and the lower shell parts.  The number of these nodal lines is related to the order of the associated natural frequency.  Figures  shows the mode shape for n=4 obtained from Eqs. 23 and 24 of the variable ratio (ta/tb and tb/ta) shown in case thickness ratio (tb/ta) the week of shell closed to the support region  but in other case stronger at this region.
5.Conclusions
               The main conclusions of the present work can be summaried as:
1- Frequency parameter are seen to have two types of behavior against increasing the thickness ratios (ta/tb) and (tb/ta), where increases with increasing the ratio (tb/ta) and decrease with increasing the ratio (ta/tb)

2- The frequency parameter decreases with increasing the thickness of shell.

3- Increasing the thickness ratio (tb/ta) causes strong structure of shell.
Table (1):Frequency parameter ( z=ω.R/c) of  spherical shell fill fluid for second mode.
k0 = 0.158

	n
	Ref.[9]
	Present Work

	0
	0
	0

	1
	2.1
	2.25

	2
	3.3
	3.45

	3
	4.4
	4.5

	4
	5.7
	5.8


                          Table  ( 2 ) :  Specifications  of  the  tested  models

	       Parameter


	Symbol
	Value
	Units

	   Radius 

   Normal thickness

   Poisson  ratio

   Modulus  of  elasticity

   Density of shell
   Density of fluid
	R

h

υ

E

ρs
ρ
	0.1

2 * 10 -3
0.33

68

2699
1000
	m

m

N.D

Gpa

kg / m3
       kg / m3


Table  ( 3 ) :  Frequency parameter (  z=ω.R/c ) of spherical shell fill fluid for               model (1).
	Mode No.
	ko
	ta/tb
	n

	4
	3
	2
	1
	
	
	

	14.15
	11.05
	7.7
	1.95
	18.5
	1
	4

	14.35
	11.25
	7.8
	2
	24.7
	0.75
	

	14.55
	11.35
	7.9
	2.2
	37
	0.5
	

	14.75
	11.55
	8.1
	2.4
	74.1
	0.25
	

	19.25
	15.85
	12.15
	2.6
	18.5
	1
	8

	19.45
	16.05
	12.35
	2.65
	24.7
	0.75
	

	19.65
	16.25
	12.45
	2.8
	37
	0.5
	

	19.85
	16.45
	12.65
	3
	74.1
	0.25
	

	24.05
	20.45
	16.45
	2.8
	18.5
	1
	12

	24.25
	20.65
	16.65
	2.85
	24.7
	0.75
	

	24.45
	20.85
	16.85
	3
	37
	0.5
	

	24.75
	21.05
	17.05
	3.3
	74.1
	0.25
	

	28.75
	25
	20.65
	3
	18.5
	1
	16

	29
	25.15
	20.85
	3.05
	24.7
	0.75
	

	29.15
	25.35
	21.05
	3.2
	37
	0.5
	

	29.45
	25.65
	21.35
	3.45
	74.1
	0.25
	


Table  ( 4 ) :  Frequency parameter (  z=ω.R/c ) of spherical shell fill fluid for model (2).
	Mode. No.
	ko
	ta/tb
	n

	4
	3
	2
	1
	
	
	

	14.15
	11.05
	7.7
	1.95
	18.5
	1
	4

	14.05
	11
	7.65
	1.85
	14.82
	1.25
	

	14
	10.85
	7.6
	1.65
	12.35
	1.5
	

	13.85
	10.7
	7.45
	1.55
	9.26
	2
	

	13.75
	10.55
	7.3
	1.5
	7.41
	2.5
	

	13.65
	10.45
	7.2
	1.4
	6.17
	3
	

	13.55
	10.4
	7.1
	1.3
	5.29
	3.5
	

	13.45
	10.35
	7
	1.2
	4.63
	4
	

	19.25
	15.85
	12.15
	2.6
	18.5
	1
	8

	19.15
	15.75
	12.05
	2.5
	14.82
	1.25
	

	19.05
	15.65
	12
	2.4
	12.35
	1.5
	

	19
	15.5
	11.75
	2.2
	9.26
	2
	

	18.85
	15.35
	11.55
	2.1
	7.41
	2.5
	

	18.75
	15.25
	11.45
	2
	6.17
	3
	

	18.65
	15.2
	11.3
	1.8
	5.29
	3.5
	

	18.5
	15.15
	11.15
	1.7
	4.63
	4
	

	24.05
	20.45
	16.45
	2.8
	18.5
	1
	12

	23.9
	20.35
	16.25
	2.6
	14.82
	1.25
	

	23.85
	20.15
	16.15
	2.5
	12.35
	1.5
	

	23.65
	20
	15.9
	2.3
	9.26
	2
	

	23.6
	19.85
	15.75
	2.2
	7.41
	2.5
	

	23.55
	19.75
	15.55
	2.1
	6.17
	3
	

	23.45
	19.7
	15.45
	2
	5.29
	3.5
	

	23.35
	19.65
	15.35
	1.9
	4.63
	4
	

	28.75
	25
	20.65
	3
	18.5
	1
	16

	28.65
	24.75
	20.45
	2.85
	14.82
	1.25
	

	28.55
	24.65
	20.25
	2.75
	12.35
	1.5
	

	28.45
	24.5
	20.1
	2.5
	9.26
	2
	

	28.35
	24.35
	19.85
	2.4
	7.41
	2.5
	

	28.15
	24.25
	19.65
	2.3
	6.17
	3
	

	28.05
	24.2
	19.55
	2.2
	5.29
	3.5
	

	27.95
	24.15
	19.45
	2.1
	4.63
	4
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LIST OF SYMBOLS 

a

normal coordinate of shell middle surface, inverse of eccentricity    of shell 

                        middle surface (m).
c

velocity of sound propagation in fluid (m/s).
cs

shear-wave velocity associated with shell material.

d

interfocal distance (m).
E

young's  modulus  of  elasticity (GN/m 2).  
   

h          
minimum shell thickness (m).
Jn+
[image: image48.wmf]2

1



Bessel function of order n+
[image: image49.wmf]2

1


Ln(x)

Legendre  polynomial of dgree n.

P
          pressure mode.
r

radial distance from centre of spherical shells (m).

R

radius of spherical shell (m).
 

t

Time  (s).
u

tangential displacement of points on shell middle surface.

U

tangential  displacement  mode.

w

normal  displacement of  points  on  shell  middle surface.

W

normal  displacement  mode.    

z

frequency parameter.

γ

frequency parameter of prolate  shell; γ =ω.d/2c .

η

tangential ellipsoidal coordinate.    


[image: image50.wmf]q



spherical polar angle.

[image: image51.wmf]m



shear modulus of shell material (GN/m2).


[image: image52.wmf]n



Poisson's ratio of shell material. 

ξ

normal ellipsoidal coordinate.     


[image: image53.wmf]r



density of fluid (kg/m3).


[image: image54.wmf]s

r



density of material (kg/m3).     

ω

natural  frequency (rad/sec).
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Appendix A [8]

To eliminate U and W from Eqs. 2 – 4, first multiply Eqs. 2 and 3 by (a2 – η2 )5/2  and substitute the expression for W of Eq. (4) to obtain, at ξ=a,

          f1 S" + f2 S + f3 Pηξ + f4 Pξ = Q = 0                                                                  (A1)
and
          f5 S′ + f6 S + f7 Pξ + f8 P = T = 0 ,                                                                   (A2)
where primes indicate differentiation with respect to η, subscripts ξ and η denoted partial differentiation, 

S = (1 – η2)1/2(ω2 ρd / 2a)U,                                                                                      (A3)
f1 = (a2 – η2 )5/2 (1 – η2 ),                                                                                           (A4)

f2 = (1 – ν ) (a2 – η2 )5/2 [ 1+ λγ2 (a2 – η2 ) ],                                                             (A5)                                  

f3 = (1 – η2 ) [ ν (a2 – η2 )2 +  (a2 – η2 ) (a2 – 1 ) ],                                                    (A6)

f4 = η ( 1 – η2 ) (4a2 – η2 – 3 ),                                                                                  (A7)

f5 = a2 (a2 – η2 )5/2 [ ν (a2 – η2 )/  (a2 – 1 )+1 ],                                                          (A8)

f6 = [ 1/ (a2 – 1 ) ][ – a2 (1 – ν ) η (a2 – η2 )3/2 ],                                                        (A9) f7 =  a2 (a2 – η2 )2/(a2 – 1 )+2νa2 (a2 – η2 )+a2( a2 – 1 ) – (1 – ν )(a2 – η2) 3λγ2,      (A10)            
and                                                                                                                                                                                           f8 = (1/a) [– ( 1 – ν )γ2λk (a2 – η2 )3].                                                                      (A11)            
Now, referring to Eqs. A1 and A2 and noting that 
f1(f5′ +  f6 )T + f52 Q – F1 f5 Tη =0                                                               (A12)
S is obtained in terms of P as

S = (1/s5) (s1Pηξ+ s2Pη+ s3P + s4Pξ),                                                            (A13)

where

s1 = f5 ( f1 f7 – f3 f5 ),                                                                                   (A14)
s2  = f1 f5 f8 ,                                                                                                 (A15)
 
s3  = f1 f5 f8′  –  f1 f8 ( f6+ f5′ ),                                                                      (A16)
s4  = f5 (f1 f7′  –  f4 f5) – f1 f7 ( f5′+ f6),                                                          (A17)

and
s5  = f1f6 (f5′  + f6) + f5 ( f2 f5 – f1f6′ ),                                                           (A18)

Finally, substituting Eq. A13 into Eq.A2, Eq. 7 is obtained with 

h1 = f5 s1s5,                                                                                                  (A19)
h2 = f5s5s1′ +  f5s4s5 – f5 s1s5′ +  f6 s1s5,                                                        (A20)

h3 = f5s5s4′ - f5 s4s5′ +  f6 s4s5 + f7s52,                                                            (A21)

h4 = f5 s2s5,                                                                                                                                                    (A22)

h5 = f5s5s2′ + f5 s3s5 –  f5 s2s5′ + f6s2 s5,                                                         (A23)                                                                                                                                                                                                    
h6 = f5s5s3′ –  f5 s3s5′ +  f6 s3s5 + f8s52.                                                          (A24)

The corresponding coefficients of Eq. 18 are obtained by performing analogous operations on Eqs. 13 – 15, as
g1 = (1 – η2 ) [ 1 – λz2 /( 1+ ν ) ],                                                                (A25)                                                                                       
g2 =  – 2η2 [ 1 – λz2 /( 1+ ν ) ],                                                                    (A26) g3 = (1+λz2) {2 – [ ( 1 – ν )/(1+ν)] λz2},                                                     (A27) 

 
g4 = – (1 – η2 ) λk0z2 /(1+ν)R,                                                                     (A28) 
g5 = 2 η (λk0z2 )/(1+ν)R,                                                                             (A29)
g6 = – (1 – ν ) (1+λz2) [λk0z2 )/(1+ν)R.                                                       (A30)



                                                                     del (1) spherical                                                          shell with thickness ratio (ta/tb)
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Fig. ( 9 ): Mode Shapes associated  with  the first two         natural  frequency  of spherical shell  for Model (2) with variation thickness ratio 





Fig. (8 ): Mode Shapes associated  with  the first two         natural  frequency  of spherical shell  for Model (1) with variation thickness ratio 





Fig.(6): Frequency parameter for first


              three modes for model (1)





Fig.(7): Frequency parameter for first


              three modes for model (2)





Fig.(4): Frequency parameter of the                       first  mode 





Fig.(5): Frequency parameter of the                       second  mode 
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Model (2)  Spherical shell with thickness                    ratio (ta/tb)>1 





Model (1)  Spherical shell with thickness                    ratio (ta/tb) <1
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