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Abstract :

        In this paper, we study  especial case of compactness in bitopological spaces by considering ij - semi -( - open sets , we prove some results about them comparing with similar cases in topological spaces .
Key words : Bitopological space , ij - semi - ( - open set , ij - semi- ( - compact space  
الخلاصة
        في هذا البحث تم دراسة حالة خاصة من التراص في الفضاءات ثنائية التبولوجي من خلال الاعتماد على مجموعات ij - شبه ألفا المفتوحة ، أثبتنا بعض النتائج عنها مقارنة مع حالات مماثلة في الفضاءات التبولوجية .
1. Introduction :
       The study of bitopological spaces was initiated by [Kelly, J .C ., 1963] . A triple 
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are two topological spaces . In 1990 ,Jelic , M ., introduced the concept of 
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         In this paper , we study  especial cases of compactness in bitopological spaces by considering 
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2. Preliminaries :
          Throughout the paper , spaces always mean a bitopological spaces , the closure and the interior of any subset A of X with respect to
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Definition 2.1 : 
         Let 
[image: image14.wmf])

,

,

(

2

1

t

t

X

be a bitopological space , 
[image: image15.wmf]X

A

Í

 , A is said to be :
(i) 
[image: image16.wmf]set 

open 

-

pre

-

ij

[Kar A . , 1992] if 
[image: image17.wmf]))

(

int(

A

cl

j

i

A

-

-

Í

, where 
[image: image18.wmf]2

,

1

,

;

=

¹

j

i

j

i

,
(ii) 
[image: image19.wmf]set 

open 

-

semi

-

ij

[Bose , S . , 1981] if 
[image: image20.wmf]))

int(

(

A

i

cl

j

A

-

-

Í

, where 
[image: image21.wmf]2

,

1

,

;

=

¹

j

i

j

i

,
(iii) 
[image: image22.wmf]set 

open 

-

-

a

ij

[Kumar Sampath , S. , 1997]   if 
[image: image23.wmf])))

int(

(

int(

A

i

cl

j

i

A

-

-

-

Í

, where 

[image: image24.wmf]2

,

1

,

;

=

¹

j

i

j

i

.
Remark 2.2 :
         The family of 
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Example 2.3 :
         Let 
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Definition 2.4 :
          The complement of an
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Remark 2.5 :
            It is clear by definition that in any bitopological space the following hold :
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(iii) the concept of 
[image: image60.wmf]sets

open 

-

semi

-

 

and

open 

-

pre

-

ij

ij

 are independent .
Proposition 2.6 :
          A subset A of a bitopological space 
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Proof :
        This follows directly from the definition (2.1) (iii) . (
Proposition 2.7 : [Maheshwari , S . N . and Prasad , R . ,1977]
          A subset A of a bitopological space 
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Proposition 2.8 : [Jelic , M . , 1990]
          A subset A of a bitopological space 
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Theorem 2.9 :
           A subset A of a bitopological space 
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Proof :

          Follows from definition (2.1) and remark (2.5) . (
Definition 2.10 : [H . I. Al-Rubaye , Qaye , 2012]
        Let 
[image: image76.wmf])

,

,

(

2

1

t

t

X

 be a bitopological space , A ( X . Then A is a said to be 
[image: image77.wmf]open

-

-

semi

-

a

ij

set   if there exists an 
[image: image78.wmf]set

open 

-

-

a

ij

U in X , such that 
[image: image79.wmf])

(

U

cl

j

A

U

-

Í

Í

. The family of all 
[image: image80.wmf]open

-

-

semi

-

a

ij

sets of X  is denoted by 
[image: image81.wmf])

(

-

X

O

S

ij

a

, where 
[image: image82.wmf]2

,

1

,

;

=

¹

j

i

j

i

.
Example 2.11 : 
          Let 
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           The following proposition will give an equivalent definition of 
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Proposition 2.12 : [H . I. Al-Rubaye , Qaye , 2012]
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Remark 2.13 : [H . I. Al-Rubaye , Qaye , 2012]
         The intersection of any two 
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Example 2.14 :   
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Proposition 2.15 : [H . I. Al-Rubaye , Qaye , 2012]
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Remark 2.16 : [H . I. Al-Rubaye , Qaye , 2012]
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Remark 2.17 : [H . I. Al-Rubaye , Qaye , 2012]
(i) Every
[image: image118.wmf]set

open 

-

-

a

ij

is
[image: image119.wmf]open

-

-

semi

-

a

ij

set , but the converse is not true in general .
(ii) If every 
[image: image120.wmf]set

open 

-

i

t

is 
[image: image121.wmf]closed

-

i

t

set in any bitopological space , then every


[image: image122.wmf]open

-

-

semi

-

a

ij

set is an 
[image: image123.wmf]set

open 

-

-

a

ij

.

Remark 2.18 : [H . I. Al-Rubaye , Qaye , 2012]
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Example 2.19 :
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Remark 2.20 : [H . I. Al-Rubaye , Qaye , 2012]
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Definition 2.21 : [H . I. Al-Rubaye , Qaye , 2012]
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Remark 2.22 : [H . I. Al-Rubaye , Qaye , 2012]
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[image: image141.wmf]closed

-

-

semi

-

a

ij

sets is 
[image: image142.wmf]closed

-

-

semi

-

a

ij

set .

Remark 2.23 : [H . I. Al-Rubaye , Qaye , 2012]
 The following diagram shows the relations among the different types of weakly open sets that were studied in this section :
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[image: image158.wmf]compact

-

i

space is 
[image: image159.wmf]compact

-

-

semi

-

a

ij

.
Proof :
        Follows from remark ( 2.16 ) (ii) . (
Proposition 3.5 : 
          Every 
[image: image160.wmf]closed

-

-

semi

-

a

ij

subset of 
[image: image161.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image162.wmf]compact

-

-

semi

-

a

ij

 .

Proof :
        Let 
[image: image163.wmf])

,

,

(

2

1

t

t

X

 be 
[image: image164.wmf]compact

-

-

semi

-

a

ij

space , and let A be 
[image: image165.wmf]closed

-

-

semi

-

a

ij

subset of X . Let 
[image: image166.wmf]}

:

{

L

Î

=

l

l

U

W

be 
[image: image167.wmf]open

-

-

semi

-

a

ij

cover of A .Since A is 
[image: image168.wmf]closed

-

-

semi

-

a

ij

subset of X, then 
[image: image169.wmf]A

X

-

 is 
[image: image170.wmf]open

-

-

semi

-

a

ij

subset of X . Therefore , the family 
[image: image171.wmf]}

{

}

:

{

A

X

U

-

L

Î

U

l

l

is 
[image: image172.wmf]open

-

-

semi

-

a

ij

cover of X , and since 
[image: image173.wmf])

,

,

(

2

1

t

t

X

 is 
[image: image174.wmf]compact

-

-

semi

-

a

ij

, it has a finite
subcover . As  A ( X  and 
[image: image175.wmf]A

X

-

 covers no part of A , a finite number of members of W , say 
[image: image176.wmf]n

U

U

U

l

l

l

,........,

,

2

1

, have the property that 
[image: image177.wmf]U

n

i

i

U

A

1

=

Í

l

. 

Hence A is 
[image: image178.wmf]compact

-

-

semi

-

a

ij

space .  (
Proposition 3.6 : 
           If A and B are two 
[image: image179.wmf]compact

-

-

semi

-

a

ij

subsets of a bitopological space 
[image: image180.wmf])

,

,

(

2

1

t

t

X

, then 
[image: image181.wmf]B

A

U

is 
[image: image182.wmf]compact

-

-

semi

-

a

ij

. 
Proof :
         Follows from proposition ( 2.15 ) .  (
Definition 3.7 : 
          Let 
[image: image183.wmf])

,

,

(

)

,

,

(

:

2

1

2

1

s

s

t

t

Y

X

f

®

be a function , then  f  is called :
(i) 
[image: image184.wmf]continuous

-

-

semi

-

a

ij

if and only if the inverse image of each 
[image: image185.wmf]open

-

i

subset of Y is

 
[image: image186.wmf]open

-

-

semi

-

a

ij

subset of X .

(ii) 
[image: image187.wmf]continuous

-

-

semi

-

*

a

ij

if and only if the inverse image of each 
[image: image188.wmf]open

-

-

semi

-

a

ij

subset of Y is 
[image: image189.wmf]open

-

-

semi

-

a

ij

subset of X .

(iii) 
[image: image190.wmf]continuous

-

-

semi

-

*

*

a

ij

if and only if the inverse image of each 
[image: image191.wmf]open

-

-

semi

-

a

ij

subset of Y is an 
[image: image192.wmf]open

-

i

subset of X .

Remark 3.8 :

The following diagram explain the relationships among the different types of weakly continuous function :

[image: image193]
Theorem 3.9 :
          The 
[image: image194.wmf]continuous

-

-

semi

-

a

ij

image of 
[image: image195.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image196.wmf]compact

-

i

. 

Proof :
        Let 
[image: image197.wmf])

,

,

(

)

,

,

(

:

2

1

2

1

s

s

t

t

Y

X

f

®

be an 
[image: image198.wmf]continuous

-

-

semi

-

a

ij

, onto function and 

let 
[image: image199.wmf])

,

,

(

2

1

t

t

X

be 
[image: image200.wmf]compact

-

-

semi

-

a

ij

space . To prove that Y is 
[image: image201.wmf]compact

-

i

.

Let 
[image: image202.wmf]}

:

{

L

Î

l

l

U

be an 
[image: image203.wmf]open

-

i

cover of Y , implies 
[image: image204.wmf]}

:

)

(

{

1

L

Î

-

l

l

U

f

is 
[image: image205.wmf]open

-

-

semi

-

a

ij

cover of X , which is 
[image: image206.wmf]compact

-

-

semi

-

a

ij

space . So , there exist 
[image: image207.wmf]L

Î

n

l

l

l

,........,

,

2

1

, such that 
[image: image208.wmf]}

,.....,

2

,

1

:

)

(

{

1

n

i

U

f

i

=

-

l

is a finite subcover of X . Implies 
[image: image209.wmf]}

,.....,

2

,

1

:

{

n

i

U

i

=

l

is a finite subcover of Y . So Y is 
[image: image210.wmf]compact

-

i

.  (
Corollary 3.10 : 
          The 
[image: image211.wmf]continuous

-

i

image of 
[image: image212.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image213.wmf]compact

-

i

. 

Proof :
          Since every 
[image: image214.wmf]continuous

-

i

function is 
[image: image215.wmf]continuous

-

-

semi

-

a

ij

, theorem ( 3.9 ) is 
applicable .  (
Theorem 3.11 :
       The 
[image: image216.wmf]continuous

-

-

semi

-

*

a

ij

image of 
[image: image217.wmf]compact

-

-

semi

-

a

ij

space is
[image: image218.wmf]compact

-

-

semi

-

a

ij

. 

Proof :
        Let 
[image: image219.wmf])

,

,

(

)

,

,

(

:

2

1

2

1

s

s

t

t

Y

X

f

®

be an 
[image: image220.wmf]continuous

-

-

semi

-

*

a

ij

, onto function and 

let 
[image: image221.wmf])

,

,

(

2

1

t

t

X

be 
[image: image222.wmf]compact

-

-

semi

-

a

ij

space . To prove that 
[image: image223.wmf])

,

,

(

2

1

s

s

Y

 is 
[image: image224.wmf]compact

-

-

semi

-

a

ij

. Let 
[image: image225.wmf]}

:

{

L

Î

l

l

U

be 
[image: image226.wmf]open

-

-

semi

-

a

ij

cover of Y , then 
[image: image227.wmf]}

:

)

(

{

1

L

Î

-

l

l

U

f

is 
[image: image228.wmf]open

-

-

semi

-

a

ij

 cover of X , and since 
[image: image229.wmf])

,

,

(

2

1

t

t

X

is 
[image: image230.wmf]compact

-

-

semi

-

a

ij

space , then there exist an indices 
[image: image231.wmf]L

Î

n

l

l

l

,........,

,

2

1

, such that 
[image: image232.wmf]}

,.....,

2

,

1

:

)

(

{

1

n

i

U

f

i

=

-

l

is a finite subcover of X . Since f  is onto , 
[image: image233.wmf]}

,.....,

2

,

1

:

{

n

i

U

i

=

l

is a finite subcover of Y . So Y is 
[image: image234.wmf]compact

-

-

semi

-

a

ij

. (
Corollary 3.12 : 
           Let 
[image: image235.wmf])

,

,

(

)

,

,

(

:

2

1

2

1

s

s

t

t

Y

X

f

®

be an 
[image: image236.wmf]open

-

i

, 
[image: image237.wmf]continuous

-

i

function of X onto Y .         If 
[image: image238.wmf])

,

,

(

2

1

t

t

X

is 
[image: image239.wmf]compact

-

-

semi

-

a

ij

, then 
[image: image240.wmf])

,

,

(

2

1

s

s

Y

 is 
[image: image241.wmf]compact

-

-

semi

-

a

ij

 .

Proof :
       Since every 
[image: image242.wmf]open

-

i

, onto , 
[image: image243.wmf]continuous

-

i

function is 
[image: image244.wmf]continuous

-

-

semi

-

*

a

ij

. Theorem (3.11) is applicable .  ( 

Corollary 3.13 :
          Let 
[image: image245.wmf]}

:

{

L

Î

l

l

X

be any family of bitopological spaces . If the product space 
[image: image246.wmf]Õ

L

Î

l

l

X

is 
[image: image247.wmf]compact

-

-

semi

-

a

ij

, then 
[image: image248.wmf]l

X

is 
[image: image249.wmf]compact

-

-

semi

-

a

ij

, for each 
[image: image250.wmf]L

Î

l

 .
Proof :       

        Since each projection 
[image: image251.wmf]l

l

l

l

r

X

X

®

Õ

L

Î

:

 is 
[image: image252.wmf]continuous

-

i

, 
[image: image253.wmf]open

-

i

function of 
[image: image254.wmf]Õ

L

Î

l

l

X

onto 
[image: image255.wmf]l

X

. It follows , by corollary (3.12) , that each 
[image: image256.wmf]l

X

is 
[image: image257.wmf]compact

-

-

semi

-

a

ij

 .  (
Corollary 3.14 :
        The 
[image: image258.wmf]continuous

-

-

semi

-

*

a

ij

image of 
[image: image259.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image260.wmf]compact

-

i

.

Proof :
        Follows from theorem (3.11) and remark (3.3) .  (
Theorem 3.15 :
         The 
[image: image261.wmf]continuous

-

-

semi

-

*

*

a

ij

image of 
[image: image262.wmf]compact

-

i

space is 
[image: image263.wmf]compact

-

-

semi

-

a

ij

 .

Proof :
          Let 
[image: image264.wmf])

,

,

(

2

1

t

t

X

be an 
[image: image265.wmf]compact

-

i

space , and 
[image: image266.wmf])

,

,

(

)

,

,

(

:

2

1

2

1

s

s

t

t

Y

X

f

®

be an


[image: image267.wmf]continuous

-

-

semi

-

*

*

a

ij

, onto function . To prove Y is 
[image: image268.wmf]compact

-

-

semi

-

a

ij

space . 
Let 
[image: image269.wmf]}

:

{

L

Î

l

l

U

be 
[image: image270.wmf]open

-

-

semi

-

a

ij

cover of Y , then 
[image: image271.wmf]}

:

)

(

{

1

L

Î

-

l

l

U

f

 is an 
[image: image272.wmf]open

-

i

cover of X , and so can be reduced to a finite subcover 
[image: image273.wmf])

(

..,

),........

(

),

(

1

2

1

1

1

n

U

f

U

f

U

f

l

l

l

-

-

-

; it is evident that 
[image: image274.wmf]n

U

U

U

l

l

l

,........,

,

2

1

 is a finite subcover of Y . So Y is 
[image: image275.wmf]compact

-

-

semi

-

a

ij

.  (
Corollary 3.16 :
        The 
[image: image276.wmf]continuous

-

-

semi

-

*

*

a

ij

image of 
[image: image277.wmf]compact

-

i

space is 
[image: image278.wmf]compact

-

i

.

Proof :
       Follows from theorem (3.15) and remark (3.3) .  (
Definition 3.17 :
          Let 
[image: image279.wmf])

,

,

(

2

1

t

t

X

 be a bitopological space , A ( X , a family W of subsets of X  is said to be 


[image: image280.wmf])

open 

-

pre

-

 

resp.

 

(

open 

-

-

ij

ij

a

cover of A if and only if W covers A and W is a subfamily of  
[image: image281.wmf])

(

-

X

O

ij

a

( resp. 
[image: image282.wmf])

(

-

X

PO

ij

) .
Definition 3.18 :
          A bitopological space 
[image: image283.wmf])

,

,

(

2

1

t

t

X

is said to be 
[image: image284.wmf])

compact 

-

pre

-

 

resp.

 

(

compact 

-

-

ij

ij

a

 space if and only if every 
[image: image285.wmf])

open 

-

pre

-

 

resp.

 

(

open 

-

-

ij

ij

a

cover of X  has a finite subcover .

Proposition 3.19 :
          Every 
[image: image286.wmf]compact

-

pre

-

ij

space is 
[image: image287.wmf]compact

-

-

a

ij

.
Proof :
        Follows from remark (2.5) (ii) .  (
Proposition 3.20 :
         If every 
[image: image288.wmf]open

-

pre

-

ij

set in a bitopological space 
[image: image289.wmf])

,

,

(

2

1

t

t

X

is 
[image: image290.wmf]set 

open 

-

semi

-

ij

, then X is 
[image: image291.wmf]compact

-

pre

-

ij

space , whenever it is an 
[image: image292.wmf]compact

-

-

a

ij

space .
Proof :
        Follows from theorem (2.9) .  (
Proposition 3.21 :
         Every 
[image: image293.wmf]compact

-

pre

-

ij

space is 
[image: image294.wmf]compact

-

i

.

Proof :
        Follows from remark (2.5) (i) .  (
Remark 3.22 :
         Every 
[image: image295.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image296.wmf]compact

-

-

a

ij

.

Proof :
        Follows from remark (2.17) (i) .  (
Proposition 3.23 :
          In a bitopological space 
[image: image297.wmf])

,

,

(

2

1

t

t

X

, if every 
[image: image298.wmf]subset

open 

-

i

t

of X is 
[image: image299.wmf]closed

-

i

t

set , then X is 
[image: image300.wmf]compact

-

-

semi

-

a

ij

space , whenever it is an 
[image: image301.wmf]compact

-

-

a

ij

space .
Proof :
        Follows from remark (2.17) (ii) .  (
Remark 3.24 :
         The concepts of 
[image: image302.wmf]compact

-

pre

-

ij

space and 
[image: image303.wmf]compact

-

-

semi

-

a

ij

space are independent .

Proposition 3.25 :
         If every 
[image: image304.wmf]set

open 

-

i

t

in a bitopological space 
[image: image305.wmf])

,

,

(

2

1

t

t

X

 is 
[image: image306.wmf]closed

-

i

t

, then X is 
[image: image307.wmf]compact

-

-

semi

-

a

ij

, whenever it is 
[image: image308.wmf]compact

-

pre

-

ij

.
Proof :
        Follows from propositions (3.19) and (3.23) .  (
Proposition 3.26 :
         If every 
[image: image309.wmf]open

-

pre

-

ij

set in a bitopological space 
[image: image310.wmf])

,

,

(

2

1

t

t

X

is 
[image: image311.wmf]set 

open 

-

semi

-

ij

, then X is 
[image: image312.wmf]compact

-

pre

-

ij

space , whenever it is an 
[image: image313.wmf]compact

-

-

semi

-

a

ij

space .

Proof :
        Follows from remark (3.22) and proposition (3.23) .  (
Corollary 3.27 :
          The 
[image: image314.wmf]continuous

-

-

semi

-

*

*

a

ij

image of 
[image: image315.wmf]compact

-

i

space is 
[image: image316.wmf]compact

-

-

a

ij

.

Proof :
        Follows from theorem (3.15) and remark (3.22) .  (
Corollary 3.28 :
          The 
[image: image317.wmf]continuous

-

-

semi

-

*

*

a

ij

image of 
[image: image318.wmf]compact

-

-

a

ij

space is 
[image: image319.wmf]compact

-

-

semi

-

a

ij

 (
[image: image320.wmf]compact

-

-

a

ij

,
[image: image321.wmf]compact

-

i

, respectively ) .

Proof :
        Clear .  (
Corollary 3.29 : 
      The 
[image: image322.wmf]continuous

-

-

semi

-

*

*

a

ij

image of 
[image: image323.wmf]compact

-

-

semi

-

a

ij

space is 
[image: image324.wmf]compact

-

-

semi

-

a

ij

 (
[image: image325.wmf]compact

-

-

a

ij

,
[image: image326.wmf]compact

-

i

, respectively ) .

Proof : 
        Clear .  (
Remark 3.30 : 
  The following diagram shows the relations among the different types of compactness :


[image: image327]
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