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Abstract 


We have introduce and investigated the notion of pre-I-irresolute in fuzzy topological spaces . We observed that every fuzzy pre-I-irresolute functions is fuzzy –pre-I- continuous functions ,but the converse is not true, also the fuzzy pre-I-irresolute and fuzzy-I-continuous are independent notions.
الخلاصة


إن الهدف من هذا البحث هو دراسة مفهوم الدوال المضببة الاولية المثالية المحيرة في الفضاءات التبولوجية المضببة .وتوصلنا إلى أن كل دالة مضببة أولية مثالية محيرة تكون دالة مضببة أولية مثالية مستمرة وان العكس غير صحيح . وأن الدالة المضببة الاولية المثالية المحيرة والمضببة المثالية المستمرة مفاهيم مستقلة .
1- Introduction

The fundamental concept of fuzzy set was introduced by Zadeh (1965) and an alternative definition of fuzzy topology was given by Lowen (1976). Sarker (1997)  introduced the notion of fuzzy ideal and fuzzy local function in fuzzy set theory. (Yuksel et al., 2010).

In this paper ,we define fuzzy pre-I-open and fuzzy pre-I-continuous moreover, we introduce the concept of fuzzy pre-I-Irresolute functions and their properties in fuzzy ideal topological spaces.

2- Preliminaries
Throughout  this paper, X represent a non empty fuzzy set. The basic fuzzy sets are the empty set the whole set and the class of all fuzzy sets of   X  which will be denoted by Ox , 1x and  IX , respectively .

A sub family  T  of  IX is called a fuzzy topology. Moreover the pair (X,T) will be meant by a fuzzy topological space. The fuzzy closure, the fuzzy interior and the complement of any set  A in (X,T) are denoted by CL(A), Int (A) and 1x-A  respectively. A fuzzy subset  A  of a fuzzy topological space (X,T) is said to be fuzzy pre open set (BIN  SHANA 1991) if  A 
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 Int (CL(A)). 

A non empty collection of fuzzy ideals (Sarkar  1997; Mahmoud 2002) on  X  if and only if  (1) A
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I  and  B 
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A , then B
[image: image4.wmf]Î

I (heredity), (2) if  A
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I  and  B
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I, then A
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B
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I (finite additively). The triple (X,T,I)means fuzzy local function of  A 
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X  with respect to  T  and  I  is denoted by  A*(T,I) (briefly  A*) (SARKAR  1997).

Fuzzy closure operator of a fuzzy set A in (X,T,I) is defined as CL*(A)=A
[image: image10.wmf]U

A*. A fuzzy subset A  of a fuzzy ideal topological space (X,T,I) is said to be fuzzy –I-open if  A 
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  Int(A*) (NASEF & MAHMOUD 2002). The family of all fuzzy I-open sets is denoted by FIO(X).

3- Fuzzy Pre-I-Open Set.

Definition  3.1

A fuzzy subset of a fuzzy ideal topological space (X,T,I) is said to be fuzzy pre-I-open set if Ac Int(CL*(A)). The family of all fuzzy pre-I-open sets in (X,T,I) denoted by FPIO(X).
Theorem : 3.2

  In fuzzy ideal topological space (X,T,I),every fuzzy pre-I-open set is fuzzy pre- open set.

Proof:-  is obvious :


Converse of the above need not true as seen in the following examples.

Example 3.3

Let X= {a,b,c} and A,B  be a fuzzy subset of X defined as follows :

    A(a) =0.1                   A(b)=  0.3                                A(c)= 0.1   

    B(a)= 0.3                   B(b)=  0.5                                B(c)=  0.7

   And defined  T= {Ox,1x,A},put I={Ox},then B is fuzzy pre open set, but not fuzzy pre-I-open.

Theorem : 3.4 
      For a fuzzy ideal topological  space (X,T,I) and a fuzzy subset A  of  X. We have a)  If  I={Ox} and A 
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 FPO(X),then A
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FIO(X).

b)  If  I= P(X) and A 
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 FPIO(X),then A
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 FO(X).

Proof :-

a)If  I={Ox},then A* = CL(A), let A be a fuzzy pre open set .Therefore A 
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 Int(CL(A))= Int(A*)

Hence A is a fuzzy –I-open set.

b)If I=P(x), then A*=Ox and CL* (A)=A,  let A be a fuzzy pre-I-open set. Then A
[image: image17.wmf]Í

  Int(CL*(A))=Int A.

Hence A is a fuzzy open.

Theorem :- 3.5 


    In a fuzzy ideal topological space (X,T,I), the union of two fuzzy pre-I-open sets are fuzzy pre-I-open.

    Proof:-

            Let A and B be fuzzy pre-I-open sets in (X,T,I) 

           then       

                         A
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B  
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 Int (CL*(A)) 
[image: image20.wmf]U

 Int (CL*(B))
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 Int [CL*(A)) 
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CL*(B)]
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 Int (CL*(A 
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B))

Lemma :-  3.6 (Yuksel et al., 2009)
          
Let A and B be fuzzy subset of a fuzzy ideal topological space                                                (X,T,I), then

 a)  If A
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B ,then A*
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B*

 b)  A*=CL(A*) 
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 CL(A)

 c)  (A*)*
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 A*
 d)  (A
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B)* = A*
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B*

  e) If  U 
[image: image31.wmf]Î

 T , then U 
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A*
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(U 
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A)*

Theorem : 3.7

               Let (X,T,I) be a fuzzy ideal topological space and A,B be a fuzzy subsets of X,I={Ox},then if  A 
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 FPIO(X) and B
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T ,then A 
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 B
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(X,T,I)

              Proof :

                               Let A
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FPIO(x)  and  B
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 T , then 

                              A 
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 B 
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 Int(CL*(A)) 
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 B

                                             =  Int A*
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B       
                              Since  B 
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T  so B= Int B 

                               A 
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 B 
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 Int A*
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Int B
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 Int (A
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B)*
                               So  A
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B 
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 (X,T,I)

Remark: 3.8

            Every fuzzy pre-I-open set is fuzzy pre open ,but the converse is not true as seen in the following example.

Example :3.9

Let X={a,b,c} and A,B be fuzzy subsets of X defined as follows :

             A(a) = 0.2                            A(b) =0.3                          A(c) =0.7

              B(a) =0.1                            B(b) = 0.2                          B(c) =0.2 

Let  T={Ox,1x,B},if we take  I ={Ox},then A 
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 PO(X),but A is not fuzzy pre-I-open.

Definition: 3.10

Let (X,T,I) be a fuzzy ideal topological space subset of X is called fuzzy pre-I-closed if its complement of fuzzy pre-I-open .


The family of all fuzzy pre-I-closed sets in (X,T,I) is denoted by FPIC(X).

Remark : 3.11

For fuzzy subset A of (X,T,I),we have 1x –Int (CL*(A)) 
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CL*(Int(1x-A))

Corollary : 3.12


Let (X,T,I)be a fuzzy ideal topological space such that 1x-Int(CL*(A))=CL*(Int(1x-A)),then A is fuzzy pre-I-closed if and only if  Int(CL*(A)) 
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A.

4-Fuzzy Pre-I-Continuous Functions

Definition : 4.1


A function f:(X,T)
[image: image56.wmf]®

(Y,
[image: image57.wmf]f

)is called fuzzy pre continuous if the inverse image of each fuzzy open set in Y is fuzzy pre-open in (X,T).

Definition : 4.2


A function f(X,T,I) 
[image: image58.wmf]®

(Y, 
[image: image59.wmf]f

) is called fuzzy pre-I-continuous (I-continuous) if the inverse image of each fuzzy open set in Y fuzzy pre-I-open (I-open) in (X,T,I).

Theorem : 4.3


A function f:(X,T,I)
[image: image60.wmf]®

(Y, 
[image: image61.wmf]f

) is fuzzy pre-I-continuous  if and only if for each fuzzy point  x in X and each fuzzy open set G 
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Y containing f(x),their exists W
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FPIO(X) containing  x  such that f(W) 
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 G.

Proof :


Necessity ,let x 
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X  and G be any fuzzy open set in Y  containing f(x).Take 
f-1 (G)=W, then since f is fuzzy pre-I-continuous ,so W is fuzzy pre-I-open set containing x and f(W) 
[image: image66.wmf]Í

G .


Sufficiency ,let G be any fuzzy open set in Y containing f(x).Then by hypothesis there exists Wx fuzzy pre-I-open such that f(Wx) 
[image: image67.wmf]Í

G
[image: image68.wmf]®

Wx
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f-1(G).


Let UWx = f-1(G), therefore f-1(G) is fuzzy pre-I- open. This shows that f is fuzzy pre-I-continuous.

Remark : 4.4

1) Every fuzzy continuous function is fuzzy pre-I-continuous .

2) Every fuzzy pre-I-continuous function is fuzzy pre continuous .
The converse of remark 3.11 is not true in general as shown in the following examples .

Examples : 4.5

1) Let X= {a,b,c}, Y={0.1,0.3,0.7}, by  T ={Ox , 1x,A}.
[image: image70.wmf]f

={OY,1Y,B}and I={Ox} A is a fuzzy set of  X  and  B is a fuzzy set of  Y defined as follows :

A(a)    = 0.2                            , A(b)   = 0.7                       ,  A(c) = 0.4

            B(0.1) = 0.6                            , B(0.3) = 0.3                       ,  B(c) = 0.8

            And f(X,T,I)  
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(Y, 
[image: image72.wmf]f

) be a function defined as follows :

            f(a) = 0.1                                 , f(b)=0.7                             , f(c)  = 0.3

Then f  is fuzzy pre-I-continuous , but it is not fuzzy continuous functions.

2) Let  X= {a,b,c}, Y={0.3 , 0.5 , 0.7} defined  T  by  T={Ox,1x,A},

       
[image: image73.wmf]f

={ OY,1Y,B} and is a fuzzy set of  Y defined as follows :

            A(a)    = 0.2                            , A(b)   = 0.4                        , A(c) = 0.1

            B(0.1) = 0.6                            , B(0.3) = 0.4                       ,  B(c) = 0.7

           Let f:(X,T,I) 
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(Y, 
[image: image75.wmf]f

) be a function defined as follows :-

       f(a) = 0.7                                 , f(b)= 0.5                             , f(c)  = 0.3  .

           Then f is fuzzy pre continuous , but not fuzzy pre-I-continuous .

Theorem : 4.6


A function f:(X,T,I) 
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(Y, 
[image: image77.wmf]f

) is fuzzy pre-I-continuous if the graph function g:X
[image: image78.wmf]®

XxY  of   f  is fuzzy pre-I-continuous .

Proof :  

          Let G be a fuzzy open set in Y. Then 1x* G  is fuzzy open set in XxY.

Since g is fuzzy pre-I-continuous ,g-1(1x*G) 
[image: image79.wmf]Î

FPIO(x).Thus f-1 (G) =1x
[image: image80.wmf]I

f-1(G)=

g-1(1x*G)   

So  f-1 (G) 
[image: image81.wmf]Î

FPIO(X).Hence  f  is fuzzy pre-I-continuous .

Theorem : 4.7


If  f: (X,T,I) 
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(Y,
[image: image83.wmf]j

) is fuzzy pre-I-continuous and  g:(X, ψ,J ) 
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(Z, 
[image: image85.wmf]j

) is fuzzy continuous ,then gof :(X,T,I) 
[image: image86.wmf]®

(Z, 
[image: image87.wmf]j

) is fuzzy pre-I-continuous .

Proof:


Let G  be any fuzzy open set in Z .Since g  is fuzzy continuous ,g-1(G) is fuzzy open in Y .Since f  is fuzzy pre-I-continuous , f-1(g-1(G)) is fuzzy pre-I-open in X.

Hence gof  is fuzzy pre-I-continuous.

5-Fuzzy Pre-I-Irresolute Function

Definition : 5.1 


A function f(X,T) 
[image: image88.wmf]®

(Y, 
[image: image89.wmf]f

) is called fuzzy pre Irresolute if the inverse image of each fuzzy pre-open set in Y is fuzzy pre-open in(X,T) .

Definition : 5.2

A function f:(X,T,I) 
[image: image90.wmf]®

(Y, 
[image: image91.wmf]f

) is called fuzzy pre-I-Irresolute if the inverse image of each fuzzy pre-open set in Y is fuzzy pre-I-open in (X,T,I) .

Theorem : 5.3

If f: (X,T,I) 
[image: image92.wmf]®

(Y, 
[image: image93.wmf]f

) is fuzzy pre-I-Irresolute and g:(Y, 
[image: image94.wmf]f

,J) 
[image: image95.wmf]®

(Z, ψ) is fuzzy pre-I-Irresolute ,then gof:(X,T,I) 
[image: image96.wmf]®

(Z, ψ) is fuzzy pre-Irresolute.

Proof :


Let  G  be any fuzzy pre-I-open set in Z .Since g is fuzzy pre-I-Irresolute ,then g-1(G) is fuzzy pre-I-open in Y and since f is fuzzy pre-I-Irresolute ,then

 f-1 (g-1(G)) is fuzzy pre-I-open in X .Hence gof is fuzzy pre-I-Irresolute .

Theorem : 5.4 

Let f:(X,T,I) 
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(Y, 
[image: image98.wmf]f

) be a function ,then the following statements are equivalent .

i- f  is fuzzy pre-I-Irresolute .

ii- for each  fuzzy point  x in X and each fuzzy pre-I-open set G in Y containing f(x) ,there exists a fuzzy pre-I-open set  U containing x, such that f(U) 
[image: image99.wmf]Í

G.

iii- f-1(G) 
[image: image100.wmf]Í

Int(CL*(f-1(G)),for every fuzzy pre-I-open set G in Y .

iv- f-1(F) is fuzzy pre-I-closed in X for every fuzzy pre-I-closed set  F in Y .

     Proof  :    i
[image: image101.wmf]®

ii



Let x
[image: image102.wmf]Î

X and G be any fuzzy pre-I-open set in Y containing f(x) ,take U= f-1(G) is fuzzy pre-I-open in X, then U is a fuzzy pre-I-open in X containing x such that f(U) 
[image: image103.wmf]Í

G .

ii 
[image: image104.wmf]®

iii


Let G be any fuzzy pre-I-open set in Y and x 
[image: image105.wmf]Î

 f-1(G) , by (ii) there exists a fuzzy pre-I-open set U of X containing x such that f(U) 
[image: image106.wmf]Í

G. Thus we obtain x 
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U 
[image: image108.wmf]Í

Int(CL*(U)) 
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Int (CL*( f-1(G)) .

and hence x 
[image: image110.wmf]Î

Int (CL* f-1(G))). This shows that for every fuzzy pre-open set G of Y, f-1(G) 
[image: image111.wmf]Í

Int(CL*(f-1(G))) holds .

iii 
[image: image112.wmf]®

iv


Let G be any fuzzy pre-I-open set in Y and G=1x-F ,then G is fuzzy pre-open in Y ,by (iii), f-1(G) 
[image: image113.wmf]Í

 Int(CL* f-1(G))) .


Thus shows that f-1(F) =1x- f-1(G) is fuzzy pre-I-closed in X .

iv 
[image: image114.wmf]®

 i


Let G be any fuzzy pre-open set in Y and F=1y-G ,then by(iv) f-1(F)=1x-f-1(G) is fuzzy pre-I-closed in X .Hence f-1(G) is fuzzy pre-I-open in X and F is fuzzy pre-I-Irresolute.

Remark : 5.5


Every fuzzy pre-I-Irresolute is fuzzy pre-I-continuous ,but the converse is not true in general as shown in the example 4.5(1) .

Remark : 5.6


Fuzzy pre-I-Irresolute function and fuzzy-I-continuous function are independent notions, as shown in the following examples .

Example : 5.7 

1) Let  X={a,b,c} ,Y ={x,y,z} defined  T and 
[image: image115.wmf]f

  as  T={Ox,1x,A}, 
[image: image116.wmf]f

 ={OY,1Y,B},where A is a fuzzy set of X and B is a fuzzy set of Y defined as follow :

A(a)= 0.3                              A(b)= 0.7                                  A(c)= 0.5

B(x)= 0.7                              B(y)= 0.9                                   B(z)= 0.2 

and if we take  I={Ox},then the function f:(X,T,I) 
[image: image117.wmf]®

(Y, 
[image: image118.wmf]f

) is defined by f(a)=X ,f(b)= y , and f(c)= Z is fuzzy pre-I-Irresolute, but not fuzzy-I-continuous .

2) Let X [0,1] and A,B,C 
[image: image119.wmf]Í

 X defined as :
         0                                                       0 ≤ x ≤ ½ 

A=         2x-1                                                  ½ ≤ x ≤ 1

                 1



      0 ≤ x ≤ ¼
B=        -4x+2                                                 ¼  ≤ x ≤ ½ 

                 0                                                     ½ ≤ x ≤ 1

              0                                                       0≤ x ≤  ¼ 

C=         1/3 (4x-2)                                        
and  T={Ox ,A,B,AUB,1x}  and  
[image: image120.wmf]f

 ={OY,1Y,A}  defined f:(X,T,I) 
[image: image121.wmf]®

(Y, 
[image: image122.wmf]f

) as f(x) =X

X
[image: image123.wmf]Î

I   ,if we take I={Ox},so  f  is fuzzy-I-continuous ,but not fuzzy pre-I-Irresolute.
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