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Chapter Two
Yield line
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Yield line analysis for slabs

Most concrete slabs are designed for moments found by the methods based
essentially upon elastic theory. On the other hand, reinforcement for slabs is
calculated by strength methods. That account for the actual inelastic
behavior of member at the factored load stage. A corresponding
contradiction exists in the process by which beams and frames are analyzed
and designed, and the concept of limit, or plastic analysis of reinforced
concrete was introduced.

For slabs there is a good reason for interest in limit analysis. The
elasticity-based methods are restricted in important ways. But in the
practice, many slabs do not meet these restrictions, for example for round or
triangular slabs, slabs with large openings, slabs supported on two or three
edges only (as shown in fig. below), and slabs carrying concentrated loads.
Limit analysis provides a powerful tool for treating such problems.

m —

S.S S.S S5

S.§ S.§
Fig(2- ): Slabs supported at two edges or three.

For slabs which typically have tensile reinforcement ratio much below the
balanced value and consequently have large rotation capacity it can be
safely assumed that the necessary ductility is present. Practical methods for
the plastic analysis are thus possible and Yield line theory is one of these.

The plastic hinge was defined as a location along a member in a
continuance beam or frame at which upon over loading, there would be
large inelastic rotation at essentially a constant resisting moment. For slabs
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the corresponding mechanism is the yield line. The yield line serves as an

axis of rotation for the slab segment.

A simply supported uniformly loaded reinforced concrete slab shown in
Fig(2-2) with p <p,. The elastic moment is shown, as the load is
increased, when the applied moment becomes equal to the flexural capacity
of the slab cross section. The tensile steel starts to yield along the transvers

line of max moment.

Upon vyielding, the curvature of the
slab at the yielding section increases
sharply. And deflection increases
disproportionately.

The hinge that forms at the yield line
rotates with essentially constant
resistance.

The resistance (m,,) per unit width of S.57 4

the slab is the nominal flexural
strength of the slab

my, = my

For design purposes, m,will be taken
equal to @m,,
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Fig.(2-2) Slab simply
supported uniformly loaded

one way slab
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The fixed-fixed slab shown
in  Fig(2-3) is loaded
uniformly and assumed to
be equally reinforced for
(+m) and (—m). As the
load in increased the more
hingly stressed section at
support  start  yielding.
Rotations occur at the
support line hinges. The
load can be increased
further, until the moment at
mid span becomes equal to
the moment capacity there,
and a third yield forms.
The slab is now a
mechanism. Large
deflection  occurs and
collapse  takes  place.
Elastic  distribution  of
moments shown in Fig (2-2
b) the ratio of these
moments  just  before
collapse (Fig 2-2 ¢)
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Fig(2-2) Fixed-end uniformly
loaded one-way slab
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The terms positive yield line and negative yield line are used to distinguish
between those associated with tension at the bottom and tension at the top
of the slab respectively

Notation

. Column

Simply supported

Either cautious of fixed end

Beam

+ve Y.L [Tension at bottom face]

*************************** -ve Y.L [Tension at Top face]

(D Point

- — — — — — — — | Axes of rotation
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1- Yield lines are straight lines because they represent the intersection of

two planes.

2- Yield lines represent axes of rotation.

3- The support edges of the slab will also establish axes of rotation.
4- An axis of rotation will pass over any column.
5- Yield lines from under concentrated load radiating out word from the

point of application.

6- A yield line between two slab segments must pass through the point of
intersection of the axes of rotation of the adjacent slab system.

In Fig 2-3 which shows a
slab supported along its
four sides, rotation of slab
segments A and B is about
ab and cd respectively.
The yield line ef between
these two segments is a
straight  line  passing
through f the point of
intersection of the axes of
rotation.

Fixed End
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Simply supported all sides ‘v
v
(@)
y (©)
g
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’ (b) Fixed End

Free edge four Column

Fixed End
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Fig.(2-4) Typical yield line patterns
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Method of analysis for yield line

1- Method of segment equilibrium
It requires consideration of the equilibrium of the individual slab
segments forming the collapse mechanism and leads to a set of
simultaneous equations permitting solution for the unknown
geometric parameters and for the relation between load capacity and
resisting moments.
2- Method of virtual work
This method is based on equating the internal work done at the plastic
hinges with the external work done by the loads as the predefined
failure mechanism is given a small virtual displacement.
The vyield line method of analysis for slabs is an upper bound
approach in the sense that the true collapse load will never be higher,
but may be lower, and then the load predicted. The solution has two
essential parts:
a- Establishing the correct failure pattern
b- Finding the geometric parameters that define the exact location and
orientation of the yield lines and solving for the relation between
applied load and resisting moments.
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Eternal work done by load

An external load acting on a slab segment, as a small virtual displacement is
imposed does work equal to the product of its constant magnitude and the
distance through which the point of application of the load moves. If the
load is distributed over a length or an area, rather than concentrated, the
work can be the work can be calculated as the product of the total load and
the displacement of the point of application of its resultant.

If a segments slab carrying a single concentrated load at its center
(Fig(2-5 a)). Is given a virtual displacement defined by a unit value
under the load, the external work is

W,=Px10
When a distributed load (w) per unit area acts on a triangular segment
defined by a hinge and yield lines, such as Fig.(2-5b)

_wab 1 wab
We=37"37 %
While for the rectangular slab segment shown in Fig(2-5 c). Carrying
a distributed load w per unit area, the external work is
wab

We ==
More complicated trapezoidal shapes may always be subdivided into
component triangles and rectangles

; Y.L
b b
T w -1 a2 Mﬁ
(@) (b) ()

Fig(2-5) External work basis for various types of loads.
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Internal work done by resisting moments:

The internal work done during the assigned virtual displacement is found by
summing the production of yield moment (m) per unit length of hinge
times the plastic rotation (6) at the respective yield lines. If the resisting
moment(m) is constant along a yield line of length (L) and if a rotation (6)
Is experienced, the internal work is :

w; = mLQ L = Length of yield line

For the entire system, the total internal work done is the sum of the
contributions from all yield lines.
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Ex1: Determine the load capacity of the one-way uniformly loaded (w)
simply supported slab shown in Fig. using the method of virtual work. The
resisting moment of slab in (m).

Solution L2 L2 ?
, O L
W, =W XL *E A B a
L + L Lo ¢
= (0.8 k — k — (0 6 k — k —
We =W 2 VW 272 L

w;,=2m X L =mx L@+ m « LP

=4dmx . \& ﬁ/&z

W, = W; 1
5 o)

w L *§:4moc6 e—i—@
L L2 L

m=——
8
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Ex

5 5 ,
We=W*(ocL*AL)*E+w*ocL*(L—AL)*E:wocL —

)

91:A_L y

0, =

o1

6
2

L—-AL

w,=mxLx@;+mxLO,=mxL(@;+0,)=m

o)
OCL(A_L+L—/1L)
W, = W;
o o)
29 _ 6o o
wel®s mOCL(/lL+L(1—/1))
LZ
m:WT(l—/l)/l
om wl?
ﬁ_ —T(1—2/1)
_1
T2
_WL2
m=—g-
f \
alL /A B
/
¢ N
— L -

#

F 6 =10 ‘

S/ZJ‘

o2
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For two-way slab for
Orthotropic moment capacities (m,, m,,)

- Orthotropic
- Isotropic

A

C

7/

For two-way slab orthotropic moment capacities (m,, m,,) the internal
work is

w; =Z(mx*x*9x+my*y*9y)
Where m,, =ultimate moment per unit length in the direction of x-axis

Ex:-The slab shown is simply supported and it is orthotropic reinforced and
loaded by uniformly distributed load find the moment capacity of the slab.

’ i
A
D AN AN NN NN NN NN B al
C
. !
um
--—ﬁL —— et (1-p)L e —eatt—— ﬁL —— -
m
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Solution

YMGOg =Z(Mx*9x+My*9y) = um* L *—
2

YMO, = Z(MxQx + MyQy) =m=x*L* oL

ZMQA,B,C,D —

DY LS L PPy S
= — — x (1 — * [ *x —
LW 2 " ByxLx5+— B 2
N L aL 1) 4+( alLfL 1) 5
— % — ] % * *k — ) %
(Wﬁ o3 WrTST 3

1 1
or Ywé =waL(l— 2B)L *§+ (WaL * BL *5) * L

2
= WCZL2 (gﬁL +

YMO =Y wd
1

m:E*W*azLZ*

36 —2p% _
28 + ua?

2

2
ﬁ
2)

om

o~ ©

36 —2p
(2B+ua
3—-4p

2

4B% + 4ua?p — 3ua?® =0

B = %[\/3/1062 + plat — /wcz]

am= —WCZZLZ [\/3 + ua? — a\/_]
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Ex11:-

Using yield line theory of analysis fined by the method of virtual work the
relationship between (m) and (w) for simply supported rectangular slab
with orthotropic moment capacity (um, m)

Sol
Casel(dathb &c=1)

rd =1.0 O=1.0
\ ; - 6=1.0

N ¢ T
B
alL aL
C
PL— o S——
(1—2ﬁ)L
1
YM6O,p =Z(Mx*9x+My9y)aL= (maL*ﬁ—L)*Z
YMO, =Z(Mx9 + M Qy) =,um*2ﬁL*a—1L
ZMQABC_zm(ﬁ ,uzﬁ) ------ (1)
ZWS=W(l—Zﬁ)L*aL*%+w*ﬁL2aL*%*2+ﬁL2aL*%*
YWS = awl? (2:5 41 —22ﬁ) )
YMO =Y wé
up 2 1-2p
m(g+ %) = awt? (T + =)
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awl? [(3fa*2B%a om
m = * - —=90
12 a? + pp? ap

1 /4
ﬁ = = |= + = i
wa?L?
24p az

Case2(datb&c=1)

(1—=pB)al

al C 1 —F

Bal alL

L

2
SMO,5 = 5(M,y 0, + M,0,) = (mal x =)+ 2

1
YMO; = Y (M, * 6, + M,,0,) = pm = L » S
2MOypc = m(4a +:—B) o (D)
Ywé =w(l—p)al? % + wpaL? x % = wal? (% — g)
YMO = Ywd
WaL2 6aB —2aB*\ Om %
( 4a?f + u ) B

b

A B l ﬁ ~—0-1.0
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Ex:- for the reinforced concrete isotropic slab shown in Fig. find the
relationship between the resistance moment (m) and uniform load (w)

using yield line theory.
Sol: y — H#.o
(Satd=1) al T
5 LaL 1 WCZL2 Yy B
= E 3 x — ==
LWO =5 rWra= g B |
1 1 ‘
ZM@:m*x*;+m*y*; - I -
() |
y x \H\’T
f:ﬂ_)ﬂ:il ,',(p:450 0=1.0

Ex:- using Y.L theory find the relationship between the moment of
resistance of the isotropic slab (m) and uniform load (w) for the slab shown
in Fig.

—— O=1.0

[ |

datd -1
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Solution
1 X
ZMHA:Z(Mx*9x+My9y)=m*x*;=m*;=mcot(9)
M6 (M, =6, +M,0,) - -
— + = * X * — + *x Y k —
Z B Z x ¥ Uy yYy m*Xx de mx*y dg

de = ef —y = xtan(yp) — y = x tan(yp) — x tan(8)
dg = x — y cot(y) = ycot(6) — y cot(yp) = y(cot(8) — cot(y)))
~ 1 . 1
- [tan(z/)) —tan(@) cot(6) — cot(y)
__[1+tan(y)cot(6)]
-m [ tan(y) — tan(6) | mlcot( — 0)]

>M8, 5 = m(cot(8) + cot(xp —6))

LMBg

1 1 1
= — % — % x [, x S| = —sxws*qax*L2Si
ZW6—3 W[Z al « L Sln(z,b)] GrwHa L% sin(y)
YMO =Y wd

_ waxL?xsin(yp) 1 _ _
m = STcot(@ — ) = cot(@)] gwHax L% x sin(0) sin(y — 6)
om
36~ °

cos(@) * sin(y — 8) = sin(8) x cos(y — O)
tan(0) = tan(y — 9)

.0—1
“O =Y
1

ng*w*a*Lz*sin<%)
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Ex:-

e gall 2 2l (e A QL) & 3l (a0 ja

=
—
|

~
pd
|

=
| —
1

——

I~
h
9. 0.0.9.0.0 0004

—

* V_ O =1.0 ‘

si2t  TN=T: 521

_ , 1
ZMHA_Z(Mx*9x+My9y)A:(m+llm)*a*L*E

=(1+i1)*%=(ma+ilma)*%

1
ZHB = Z(Mx 0, + MyHy) = (m + izm) x ol * (1 - ﬁ)L
= (1 + l2) * 1niaﬁ — (mCZL + izmaL) * (1 _:LB)L
_ 1+i;, 1+1i,
ZMHA,B—am< ; +1—,6’) ......... ()
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ZW@ZE*W*Q’*LZ

YMO =Y wd
W x a * L? 1+i;, 1+i,
e il
2 B 1-p
IFilzlz
wl? ,
m=""s (8~ )
am_o 1
g~ °7F7z
. _wl?
"6
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EX9:- isotropic slab m = —m = +m

L sin(60)
=L*0.86

|

—— /2 _W
xL-1/2 ——{ ~-— D[ -2xL xL -

q-—xL—-

a = xL sin(60) = 0.8 * xL
1
YMO, = (mL *E) * 4

i 1
= + —
YM6Og _(mL mL) * T Sin(60)] * 2
La 1

_ _ 1
2wo =4 W * 3 +2[(2L—2xL)*LS|n(60)*W*§

vaffuty Lo 3

2 2 3
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5—4 L+ Lsin(60) 1
= X — Xk
Yw > 3 w
+ 2[(L? sin(60) * xL? sin(60))w]
xI2 sin(60) — Lm0
+4 Z * W
6
M6 = dm 1+ x]
LM = sin(60) L x
YMO =Y wb
L? sin(60) dm [l+x
— 2x) = —
3 W 0-2) = gEn | ]
_16m(1 +x)
W= L2(5x — 2x2)
ow
—=0->x=0.87
dx
~w = 10.54 m/L?
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Ex10:-

A uniformly loaded isotropic reinforced slab is supported as shown
in Figure. Using yield line theory to analysis this system determine
the collapse load (w,,). The plastic moment of the reinforcement
per meter width of slab for top and bottom reinforcement are
(1.5M,)&(M,,) respectively.

O=1.
_L N 0=0.25

T \ — 1000mm
2000mm

]
)

4000mm

PAAARAARARIARAPRAR AR ARAA

2000mm

.

—l 2000mm -—4000mmj 2000mm j==—

Sol
61 4
5, 1
5, = 0.2568;
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2015-2016 63

e Exterior work
Ywéd = volum of slab

1 2x%2 1
:Wn[<8*8*l*l*—)—4< *0.25*—)]

3 2 3
= 20.66w,
e Interior work

1
YMO = [(M,, 2 *3) + (1.5M,, x4)] *Z*4 = 12M,,

YMO =Y wd
20.66w,, = 12M,,
w, = 0.58M,

Ex11:-

For the R.C isotropic slab shown in Figure find the concentrated
collapse load (P) which is applied at the center of slab use +M =
—M

Sol
Case 1l \

w,=P(6=1)=P

wi =m(l) *T*4=16m

2
w,=w; > P=16m '

Case 2
we=P(5=1) =P \
1
w; = m(2nr) * —+ m2nr) * — ;
r r
= m(4m)
W, =w; > P =4mn = 12.566 m

s~ P =12.566 m
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Orthotropic reinforcement and skewed yield lines

) v yield line ) v yield line

- o

| Pl

- - A | ¢4 v

\( - X
B R }f‘\ \
\ - cos(ar) | -
La X La X

e Bars in the x-direction are at spacing (U) and have moment
resistance m, per unit length about the x-axis
e The resisting moment per bar about the x-axis is (m,U) and
the component of that resistance about the o«-axis is (m,U *
cos(x))
e The resistance moment per unit length along the oc-axis
provided by the y-direction bars is therefore
m, U cos(x)
4/ cos(x)
m & x = m,, sin*(«)
For the combined sets of bars the resisting moment per unit
length measured along the «-axis
My = M, COS? o + my, Sin?
For special case where m,, = m,, =m
me = m(cos?(x) + sin?(x)) = m

= m,, c0s?(x)

moy=
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Plastic Analysis

Mp =Plastic moment
Exterior work

W, =P %6

Internal work

o

We = W;

)
Px§d= Mp*x——> Mp =P =l

[

0
:4MP*7
We = W;
0
pl
Mp = —
Py

Prof. Dr. Mustafa B. Dawood
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S =10 P
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P
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- / -
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Ex12:-
w, = wld

:2MP /\/\/\/\/\MZ/\/WW
/]
W€:Wl
wl? P=wl
P * +
621.0J . S
/2
Ex 13
We:(W?l*(S)*Z
=Mp,*x20=M ( 5:) 8M 0
A A V77" PT
w2 w
Mr =g
wl/2 wl/2

+ T R

Prof. Dr. Mustafa B. Dawood W ?
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Ex14:

w

wl/2 wl/2
O =10
Mp * + Mp'r
76 ?
M,
_ _ 0
0
We = Wi
0

y _wl?

P16
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Ex15

W, =P %6
s J— 12— 12—,

Wl:4MP0:4MP<l/_2) l

/] AN
P*5:8MPT ) 6=10 * )
pl Myt Mp
MP—_ 9
8
20
f Mp
g = o)
12
Ex16
I 6
We:P*5+(W7*—)*2
o) o)
Wl_4MP*l/_2_8MPT
We — W;
p 5+( l 5) s, 2
b3 —_— % — | %k - —
2 2 P
P
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_wl* pl

= —+
Mp 16 8
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Ex 17
Positive moment = M, R
Negative moment= 2M,,
Sol ] 4 o =10 f
45° xI
v b '
~— x/
-~ [
External work
ZW(S=l*x—l*w*l+M*l*Wl:W_lzzw*l*l*l
2 3 2 3 6 2 3

Internal work

1(1-—x)
1-x)M
:M"(x+2)*l—x+ X -
(x?+2x+1—2x+x2?)
:Mn* >
X —x
YMO = Ywéd
(2x2+1) wl?
n* 2 -
X —X 6
_6M, (2x*+1)
Yn T T T T2
ow
—=0-x=0.36
0x
32.78
Wn: lz Mn
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Ex 18
5 [L L 1] wi?
j— k ¥ —] & —m—
Yw w 3 3
1
= - -+ = -+ =
YMO =4m *L*L/Z 4m*L*L/2 8m + 8m = 16m
Ywd =Y M6
WLZ_ _ 48
T—le W—ﬁ*m
Ex19
L-kL L—KL
5 (kLL_kL41)+82*21
= * * 4 x — * % —
LWO =W 2 2 2 3
[ L? — 2kl? + k?L2
= w |kL* — k?L* + 3 ]
12 KI2 2
W-3 2 * 3 3kL kL]

1 L—kL 1
YMO = [4dm™ * L * + |8m * >

*
L—kL L—kL
2 2

_8m+8m-—-8mk 16— 8k

1-k " 1-«k
Ywé = Y.M6
wls o2 B 2z 4 | = 2028
3 33 1—k
3m 16 -8k
w

T2 11— 2k3 —3k2
16 + 32k3 — 48k% — 8k = 0
k(32k% — 48k +8) = 0

k =0.191
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