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Recall the definitions of the hyperbolic cosine and hyperbolic sine functions as

T —x x __ ,—x
coshx = i and sinhz = c-°
2 2
1 1
sechz = and cschr = —
cosh x sinh x
sinh x cosh x
tanhx = and cothz = —
cosh x sinh z

and also recall that
cosh?z —sinh?xz = 1 for all real number z.

Also note that when solving for one in terms of the other, cosh?z and sinh? 2z behave slightly differently. Alge-
braically, cosh? z = £+/1 + sinh? z and sinh? z = £+/cosh? x — 1. However, cosh z is always positive (as a matter

of fact, always at least 1) and so
coshz = /1 +sinh®z

while sinh x is negative for negative x and so

\/27_ . >
sinhz = £V cosh?z — 1 = cosh 255 1 if >0
—Veosh?z —1 if <0

d d
It is easy to verify that . (sinh z) = cosh x and . (coshz) = sinhx. Therefore,
x x

Theorem 1: / sinh zdx = coshz + C and / cosh xdx = sinhz + C

Theorem 2: /tanh xzdx = In (coshz) + C and /coth zdx = ln |sinhz| + C

proof: We will compute / tanh zdz.

We will use substitution. Let w = coshz. Then du = sinh zdz and so

inh 1 1
/tanh:rd:v = / ST g = / (sinh zdz) = / —du =In|u| + C =1In|coshz| + C =In(coshz) + C
coshz coshz U

The last step is because cosh z is always positive. The other integral, / cothzdx goes very similarly, using the

substitution v = sinh x.

Theorem 3: /sech rdr = 2tan~! (e¥) + C

proof:

1 2 2 z 2e*
/sechxdm = / dmz/d:nz/-edx:/ 3 ¢ dx
cosh x et +e % et +e T et () + e~ (e*)
2e* 2e* 2e*
_ /26 dm:/; dx:/ze dz
(er)” + e—ote ()" + €0 (er)”+1
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Let uw =¢€®*. Then du = e*dx.
2e* 2 1
—  drx= ] ———(®dz)=2 | ——du=2tan"tu+C =2tan" ! (%) + C
/(e$)2+1 /(ex)2+1( ) /U2+1 )

There are other methods of integrating this function. For 4 additional methods, click here.

T

Theorem 4: / cschz =1In €
et +1

o

proof:

1 2 2 x 92 z
/csch:z:d:r = / da::/dg;:/.edm:/.edm
sinh z et —e T et —e T et er —e % e”
2e* 2e*

N /(61)2—600 (ex)dx:/(e‘”)2—1dx

Let uw =¢€®*. Then du = e*dzx.

We will proceed using partial fractions

2 A B
wWrDw—1  u—1"uti1
2 = Alu+1)+B(u—-1)

Letu=1
Let u=-1

2=B(-2) = B=-1
So

2 1 1 1 1
g = - du= [ ——du— du=Tnju—1)—Infu+1
/(u+1)(u—1) v /<u—1 u+1> R el /u—l—l w=lnfu—1f-lnjut+1[+0C
’+c

u+1

= 1
. et +1

’—i—C’zln €

x

e
This answer has many different forms. We can prove that In

‘ +C, In ’tanh <g>‘ + C, and

In [cothz — cschz| + C are all expressing the same integral. For additional methods of integrating this function,
click here.
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Inverse Functions

Theorem 5: /sinh1 xdr = zsinh ‘oz — V22 +14+C

proof: We will first need to compute the derivative of sinh ™ z. This computation is in the previous handout but
we will compute it again here using implicit differentiation. Recall again that cosh? z — sinh? z = 1.

y = sinh 'z
sinhy = =z differentiate both sides
coshy -y = 1

) 1 1

1
y = = =
coshy /1 4sinh?y V14 a2

We are now ready to integrate sinh ™' z. We will integrate by parts, using the formula

/udvzuv—/vdu

Let u =sinh~ 'z and dv = dz. Then du = #dac and v = x and the statement /udv = uv — / vdu becomes

Vit
/sinh_1 xdr = zsinh™!

1

We will evaluate the second integral using substitution. Let u = 22 + 1 and so du = 2zdx

1
1 L U T U Y G B 5

and so the integral is

r=zsinh 'z —Va2+1+C

1
sinh ' zdz = zsinh 'z — /xd
/ vz +1

We check our answer via differentiation:

d 1 1
o (x sinh !z — a2 + 1) = 1-sinh 'z+ (2x) = sinh ! 2 °

X
x- — + — =sinh 'z
T VIita?2 2va?+1 Vi+a? a2+l

Theorem 6: /cosh_1 xdr =zcosh™to —vVa2 —1+C

proof: We will first need to compute the derivative of cosh™! z. Recall that cosh? z — sinh?z = 1.

y = coshlz
coshy = = differentiate both sides
sinhy -y = 1
, 1 1 1
y =

sinhy 4 sinh?y — 1 V22—

We will need to figure out the sign in the derivative. Recall that cosh x is not one-to-one, so its domain had to be
restricted for the definition of inverse function. We restricted its domain to be [0, 00) and over that interval, cosh z
is increasing.
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1 2 3 a 5
x

cosh x restricted cosh x cosh™ !z

1111111

Since the inverse of an increasing function is also increasing, cosh™! x is an increasing function. Then its derivative

d o1 1
% (CObh 33) = ﬁ

We are now ready to integrate cosh ' z. We will integrate by parts, using the formula

/udvzuv/vdu

dz and v = x and the statement /udv = uv — / vdu becomes

in non-negaitive. Thus,

1
Let u = cosh ™'z and dv = dz. Then du = ——
Vaz -1
1
cosh ™! zdx = zcosh ™!z — /mdm
/ Va2 -1
We will evaluate the second integral using substitution. Let u = 22 — 1 and so du = 2xdx
1
T————dr = [ E—rx =
Va2 —1 Va2 —1

and so the integral is

Lfdu 1 [ g Lo _ 2
2/\/6_2 U du-2(2u )—i—C—\/ﬂ—I—C— > —-1+C

1
cosh ™' zdx = zcosh™ 'z — /xdaz =xcosh 'z —Va2—1+C
V2 —1

We will leave it to the reader to check our answer via differentiation.

1
Theorem 7: /tamh_1 xdr = ztanh~ 'z + 3 In (1 — x2) +C

proof: We will first need to compute the derivative of tanh™' z. Recall that cosh?z — sinh®z = 1.  When we

h? inh? 1
divide both sides by cosh?z, we get €08 2:1: _om 233 = 3 and so 1 — tanh? z = sech?z. Recall that
P cosh“z  cosh”zx cosh”z
— (tanh ) = sech? z = 1 — tanh? z.
dx
y = tanh 'z
tanhy = =« differentiate both sides
sech?y-y = 1

;o 1 _ 1 1
~ sech’y  1—tanh’z 1-—a2

Y

We are now ready to integrate tanh ™! z. We will integrate by parts, using the formula

/udvzuv—/vdu
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1
Let w = tanh™ 'z and dv = dz. Then du = ﬁdx and v = z and the statement /udv = uv — /vdu becomes

1
/tanh1 xdr = ztanh ™'z — /xdw
1 — 22

We will evaluate the second integral using substitution (although partial fractions would also work). Let u = 1— 2
and so du = —2xdx

1

1 —5(F2zdz) oy gy 1 )

and so the entire integral is

1 1 1
/tanh_lxdx:xtanh_lx—/xl_x2dm:xtanh_1— <—21n}1—x2|> +C:xtanh_1x+§ln|1—x2| +C

We should note that this result can be simplified as In ‘1 — w2‘ =In (1 — xz). This is because in case of tanh™! z,
the domain is (—1,1).

tanh x tanh™! z
1
So the final answer is /tamh1 xdx = ztanh™ 'z + 3 In (1 — xz) +C

We will leave it to the reader to check our answer via differentiation.

Theorem 8: /sech1 xdr = xzsech ™z +sin"tz+C

proof: We will first need to compute the derivative of sech ! z. Recall that cosh?z — sinh?z = 1. When we

cosh?z  sinh?z 1
divide both sides by cosh?z, we get 57— — 5— = 3 and so 1 — tanh?z = sech?z. Recall that
g cosh*xr  cosh”zx cosh”®
— (sechz) = —sech z tanh z. Also, we will need to know certain properties of the function. Let us graph sech™! z.
dx &
cosh x sech x sech x restricted sech™ z

Before the computations, it is useful to know that the domain of sech ™ z is (0, 1] and that it is a decreasing function.
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y = sech 'z
sechy = =z differentiate both sides
—sechytanhy -y = 1

-1
—sechytanhy o <j:\/ 1 — sech? y) x <im>

Since x is always positive (recall the domain of sech ™!z is (0,1]) and it is a decreasing function, the derivative is
-1
— . We are now ready to integrate tanh~! 2. We will integrate by parts, using the formula

/udvzuv—/vdu

-1
Let w = sech™'z and dv = dz. Then du = ﬁdaz and v = z and the statement /udv = uv — /vdu
zvV1l—=x

Y

becomes

/sech1 xdr = xsech™ dr = rsech 'z dr = zsech ' o +sin 'z +C

-1 1
z— | x—— + | —
/ V1 — 2 /\/l—gu2
We check our answer via differentiation:
1 1

= +
V1i—22 V1 — a2

=sech™ 'z

d -1 N -1 ( —1 ) 1 —1
— (zsech ™ x +sin” " x) =sech” "z +=x + =sech "z
dﬂU( ) xvV1 — 22 V1 — 22

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkutiQccc.edu.

(© copyright Hidegkuti, 2014 Last revised: February 8, 2014


http://www.teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html
http://www.teaching.martahidegkuti.com/shared/lnotes/lecturenotes.html

