Cylindrical and Spherical Coordinates

DEFINITION  Cylindrical Coordinates

Cylindrical coordinates represent a point P in space by ordered triples (r, 1, z
in which

1. rand # are polar coordinates for the vertical projection of P on the xy-plane

2.z s the rectangular vertical coordinate.

Equations Relating Rectangular (x, y, z) and Cylindrical (r, 8, ;) Coordinates
X = rcosf, y = rsinf, z =z,
r2=x*+y% tanf = y/x
;;
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FIGURE 15.36 The cylindrical
coordinates of a point in space are r, 4,
and z.




Example:

Find the centroid (5 = 1) of the solid enclosed by the cylinder x* + y* = 4, bounded
above by the paraboloid z = x* + »*, and bounded below by the xy-plane.

Solution:
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Therefore,

and the centroid is (0, 0. 4/3). Notice that the centroid lies outside the solid.



Spherical Coordinates and Integration:

DEFINITION  Spherical Coordinates

Spherical coordinates represent a point P in space by ordered triples (p, &, #1) in
which

1. pisthe distance from P to the origin.

2. & isthe angle OP makes with the positive z-axis (0 = ¢ = 7).

3.

# is the angle from cylindrical coordinates.

FIGURE 15.41 The sphencal coordinates
p, ¢, and @ and their relation to x, v, z, and r.

Equations Relating Spherical Coordinates to Cartesian
and Cylindrical Coordinates

= psind, x = rcosfl = psind cos H,

z = pcosd, v =rsmt = psindsinf, (1)

p=Vxi+y?+22=\Vrt+2z2




EXAMPLE 3  Converting Cartesian to Spherical

Find a spherical coordinate equation for the sphere x> + y2 + (z — 1) = 1.

Solution We use Equations (1) to substitute for x, y, and z:
X2 +y2 +(z—-1¢=1
p*sin® b cos®f + p*sin’ dsin® 0 + (pcosdh — 12 =1 Equations (1)

p? sin® d(cos” # + sin®H) + pPcos’dh — 2pcosh + 1 = 1

Y o9 s
psin“d + cos ) = 2pcos
|

p* = 2pcosd

p=2cosd.

EXAMPLE 4  Converting Cartesian to Spherical

Find a spherical coordinate equation for the cone z = Vx? + 3%

Use algebra. If we use Equations (1) to substitute for x. y, and z we obtain
the same result:

z= Va2 + _\'2
pecosdh = \ ’,,;2 sin3 b Example 3
p COs b = P sin & p=0.sind =10
cosdh = sind
m

i T O=d=x 2

Example :Find the volume in spherical coordinates of
[f] dv,where 0 < 0 < 2m;0 < ¢ S%;O <p<

1 ,and calculate the moment of inertia about z —
axis?
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I = ﬂ (x* + yP) dv.

In spherical coordinates, x> + ¥ = (psind cos#)* + (psind sin#)? = p?sin’ .

Hence.
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Coordinate Conversion Formulas
CYLINDRICAL TO SPHERICAL TO SPHERICAL TO
RECTANGULAR RECTANGULAR CYLINDRICAL
x = rcosf x = psind cost r=psind
y = rsinf vy = psindsinf z=pcosd
z2=2z = pcosd =0

Corresponding formulas for dV in triple integrals:
dV = dxdydz
= dzrdrdd
= p2 sind dp ddb dbl







