[Random Variables, Distribution Functions, Expectation]

Solution Letar.v. X is c.r.v. then
1) E[X"] = f: x" f(x)dx = rth central moment about the origin,
r = 1,2,3, ... Therefor E[X] = u=mean of the r.v,.
EXAMPLE 15 Let X be a random variable with probability density given by
fe(x) = de™ Ml o f(%); then

Var[X] = f (x = y)fal(x) dx

T 1 X
=J (x——) le ¥ dx
o )

1
S il
if’ X is continuous with probability density function fx(x).
- o
(iif) 8[X] = I [1 - Fy(x)] dx - j Fx(x) dx (6)
o -
for an arbitrary random variable X. i

EXAMPLE 11 Let X be a continuous random variable with probability
density function f(x) = de™* 5, y(%).
o o0 l
E1X] = j xfy(x) dx = j' xle™ ¥ gy = =
- o A

The corresponding cumulative distribution function is

Faa) = (1= € o, o) 50 61X1 = 11 = Fy(9)] ds

- If F y(x) dx =j‘m(] — 1 4+ e ) dx =1/ i

The variance of the r.v. X be can found directly as

E(X — )% = [ (x = 2 f()dx
= [, (% — uA)f (x)dx

© 24 Ax 2 _ 2 1 1
= xleTHdx — U =5—-5==
f_oo 2 2 2 7

2

Where [* x2le **dx = =
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[Random Variables, Distribution Functions, Expectation]

EXAMPLE 12 Let X be a random variable with cumulative distribution
function given by Fx(x) = (1 — pe™*)1,, .,(x); then

P

F)

Here, we have used Eq. (6) to find the mean of a random variable that is
partly discrete and partly continuous. I

e=[ -l Fods= periede=

alaadls
G sing al B el Jasesle ) yo lide jaiuall il palaldl o ) 138 Gadas xie
(hh gl (ol Allsall 8 2 s gl Jlanallaals 4l e allas

2)EX — )" =
fj:o(x — w)" f(x)dx =rth central moment about the mean

If=2,then E(X — n)? = var(X) = o2

3) E[e**] = [__e™f(x)dx = My(t) = M(t) moment generating
function

txy
We know that e™ = 3122, g then
]:

tX1 — w (X tE[X] | tE[X°]
Ele ]—E[Zj=0 j! ]—1+ TRt

That means this function contains the moments E[X" ], = 1,2,3, ... which we
can generate as follows:

d@M(t)
T = E[X]T,T' EZ
t t=0
dM(t) d@ M) ,
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[Random Variables, Distribution Functions, Expectation]

4) E[e"X] = [T e™ f(x)dx = ¢,(t) is called the characteristic
function.

5) E[t*] = fjooo t*f(x)dx is called the Factorial moment generating
function.

EXAMPLE 19 Suppose X has a discrete density function given by

—dqx
fx(x}=exl forx=0,1,2,....

Then

o K,—Alx

1= ¥ ! ‘?1’1 — e Aght _ pAlt=1)

x=4d X
d . d d
— — e A= RY g A=), it x — i
d:‘f["] me“ Ae . hence — &Tt"] A

=1

6) E[X!] = f_o; x! £(x)dx is called the Factorial moment that can

be used in finding the raw moment for Poisson, Binomial, Negative
Binomial,.. distributions.

Now letar.v. X is c.r.v. then
E[X"] = Xvxx"P(x)

E[(X — )] = Zvx(x — ) P(x)

EXAMPLE 17 Let X be a random variable with probability density function
given by fx(x) = le™ g (%)

my(r) = 81e¥] = j:e'ue-h..-fx:m fort <A,
r _-:fm{t}_ A o _l
m'(t) = TRl hence m[ﬂ}—d’[x]—i.
o2 , L2
And WO =g omO=axXl=5.
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E[t*] = Zyx t*P(x)

EXAMPLE 10 Consider the experiment of tossing two dice. Let X denote
the total of the two dice and ¥ their absolute difference. The discrete
density functions for X and ¥ are given in Example 6.

5

J[F]=El'ffriyj}=;:£uif}[i}=ﬂ-3%.1 ]1-1¢0
+2: %+ g5 k=1t

8X1= 3 i) =1.

Note that £ ¥] is not one of the possible values of Y. I

Where > 3 [4

5
Px) | 12345654321
36136136136136/36136136136/36136

Therefore

P(y) |6/8|8|2]|5]6
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