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Method of Separation of Variables

In this lecture we discuss the method of separation of variables. It involves a
solution which breaks up into a product of two functions each of which contains only

one of the variables. The following examples explain this method.
Example 1: Apply the method of separation of variables to solve w, = 2u, +u
with u(x, 0) = 6e™3*
Solution : Assume the solution is u(x, t) = X(x)T(t)
where X is a function of x alone and T that of ¢ given
u, =X'T and u, =XT'
Substituting in the given equation, we have
X'T=2XT"+XT = X'T—XT=2XT'

; ; X'-X T
(X'—X)T =2XT' = X =?=k
X -X T'
X =k and ?=k
T
X' =2Xk+X and ?=k
X' T'
Y=2k+1 and ?=k

X =qae@k+x ; g _ o1 and T=bhe*t : bh=e
So u(xt) = ae@k+1)x g okt _ np2k+1dx+kt 4 o _ gh
H(I, U] — 68—3.'7(-' = 68_3x — C€{2k+1]x

c=6 and 2k4+1=-3 = k=-2

Then wu(x,t) =6e3* 2t
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Example 2: Solve by using the method of separation of variables,
w, = 2u, +u with u(x,0) =3e™>* —2e7%*

u = X(x)Y(y) = u,=X'Y and u,=XYV

Solution :
X'V =2XY'+XY = X'V =XQYV +Y)
X 2V+v X 2y
X % % %
I—k d 2Yl+1—k.:> k-1
y At Ty = Yy 2

k_ll

X =ae™ and F=be( 2

2

2
Fep — by —
ulx,y) = Z Cpn e"nxe( 3 S _ Z cﬂe’f““( g “J

n=1

n=1

v

ky— o
u(l’; _}fj = Clgkj_X'"(iTl).}’ 1 C26k2x+( z2 1)

u(x,0) =3e™3* —2e73% = 375 — 273 = ¢, eM1¥ 4 ¢, ef2”

So ¢,=3,ky=-5, c;=—2andk, =-3

Then u(x,vy)= 3e 3% 3

Example 3: Solve  u,, — yu,, = 0 with u(0,y) =2y*—3y* +y

_ 28—31:—2_}:

u = X(x)¥(y) = u,=X'Y and u,=XYV

Solution :
XY—yxr =0 = 2 W _,
X Y
XI:F{ and r_k = X =ae™ and Y =by*
X Y V
3
u(x,y) = Z c, yinekn® = ¢ yRighi¥ 4 o ykaghaX 4 o yRaghax
n=1

u(0,y) =2y3—3y2+y=c,y 1+ c,y*2 + 5 yk2

Then u(x,v)= 2y3e3* —3y?e?* + ye*
Y.
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Example 4: Solve  u,, + u =0 with u(0,y) = 2sinh(2y)
Solution: u = X(x)¥(y) = u,=XY and u,,=X'Y

ryrr X; Y

XYV +XY=0 = X=_1"‘ =k

X' v’ 1 o ¥
X=k and Y=—?-:> X = ae and Y=be k

¥y
ulx,y) = ce™ &

u(0,y) = 4sinh(2y) = u(0,y) =e?¥ —e %

y
eyx— 2 g x—
u(x,y) =cet ki +c,e? k2

_¥ -y
ey —e ¥ =ce ki +ce ke
1
So C1=1,k1=—5, c, =—1 and kz:?

1 1 X
_ ‘_.X"l'}" =X -y _ x
ulx,y)=e 2 —ez2 —smh(}'——z)

H.W: Apply the method of separation of variables to solve the PDE

1. 3u,+2u,=0 with u(x,0)=4e™ Ans. u(x,y) =4e™* >

3x+2yv

2. 2u,—3u, =0 with u(x,0)=>5e* Ans. u(x,y) = be

3. yu,—xu, =0 with u(x,0) = e ™ Ans. u(x,y)=e "+

4. Uy —u=0 with u(x,0) =coshx Ans. u(x,y) = cosh(x +y)
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