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Solution of Heat Equation
In the previous section we applied separation of variables to solve the heat

conduction equation
U =CUy,, 0<x<L,t>0 c=0

u(0,t) = u(L,t) =0 and u(x,0) = f(x)
The following examples explain how to do it.
Example 1: Apply the method of separation of variables to solve the heat equation
u, = 2u,, over 0<x < 3,t >0 fortheboundary conditions
u(0,t) = u(3,t) = 0 and the initial condition u(x,0) = 5 sin4nx
Solution : Assume the solution is u(x, t) =X(x)T(t)
u, =XT" and  u,,=X""T
Substituting in the given equation, we have
X" T

XT' = 2X"T o .y
X 2T
X.r.r T.r
— 22 and !
X M o7

X'"+22X=0 and T'+2TA2 =0

X=AsinAx + BcosAx and T = Ce 24t

So u(x,t) = (Asindx + B cos Ax) X Ce 24"t

Or u(x,t) =e 2*¢(Dsinix + EcosAx) ; AC=D, BC=E

u(0,t) =0 since sin0 = 0andcos 0 = 1 this mustimplythat E =0
u(3,t)=0 = De?*tsin31=0 = e 2*t%0

D=0 = u=0 (trivial solution)
The only sensible deductionisthat sin3A=0 = 3iA=nn = A=nmn/3

2n?m? ni

Then wu(x,t)=D,e” ° 'sin—x

3
ni
u(x,0) =5sind4nx = bsindnx= D, sin?x

nm
4?1:? = n=12 s0 D;, =5

288m? .
Then wu(x,t) =5e @ 'sin(4mx) = 5e 327 tgin(4mx)
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Example 2: Solve by the method of separation of variables the heat equation
Uy = Uy ; 0<x <1 ,t>0with u,(0,t) = u,(1,t) =0
and the initial condition u(x,0) = 3 cos 2mx
Solution : Assume the solution is u(x,t) = X(x )T(t)

U, =XT' and u,,=X""T

XT'=X"T X r A?

= = = = —
X T

X”' T.r

v = —2* and = —A?

X'+2X=0 and T'+TA*=0

X =AsinAx+Bcoslx and T =Ce *°t

So u(x,t) = (Asin Ax + B cos Ax) X Ce *°t

Or u(x,t) =e **(Dsinix +EcosAx) ; AC=D, BC=E
w,(x,t) = e"** (DA cos Ax — EA sin Ax)

u,(0,t)=0 = D=0

u(1,6) =0 = —Ele*tsini=0 = 1e¥t=0
E=0= u=0 (trivial solution)

sinA=0 = A=nmx, n=1223--

Then u(x,t) =E, e ™™ fcosnmx

ul(x,0) =3 cos2nx = 3cos2mx = E,cosnmx
2Zr=nn = n=2s0E,=3

Then u(x,t) = 3e 4" tcos(2mx)
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Example 3: Apply the method of separation of variables to solve the heat equation
u, = 3u,, over 0<x <m,t >0 fortheboundaryconditions
u(0,t) = u(m t) = 0 and the initial condition u(x,0) = 3sin 2x — 6sin 5x
Solution : Assume the solution is  u(x,y) = X(x )Y (y) then
u, =XT' and u,,=X"T
X' T

XT' =3X'"T o —
X 3T
X.r.r T.r
——J% and —
X Me 37

X'+A42X=0 and T'+3TA2 =0

X =AsinAx+Bcosdx and T =Ce 3"t

So u(x,t) = (Asin Ax + B cos Ax) x Ce™34°t

Or u(x,t) =e 3 ¢(DsinAx +EcosAx) ; AC=D, BC=E
u(0,t) =0 since sin0 = 0andcos0 = 1 this mustimplythat E = 0

u(mt) =0 = De 2 tsinmA=0 ; e At £
D=0= u=0 (trivial solution)
Sesin(An) =0 = Am=nm = A=n, n=1223,--

Then u(x,t) = D,e 3" tsinnx
u(x,0)=3sin2x — 6 5in bx

3sin2x— 6sinbx = D, sin 2x + D- sinbx
D,=3,D; =—-6

Then wu(x,t)=3e**'sin2x— 6e ">!sinb5x

H.W: Apply the method of separation of variables to solve the heat equation
1. Uy =1u,,;0<x<1,t>0 with u(0,t) = u,.(1,t) =0

and the initial condition u(x,0) =5 sin%mx
2. U =1U,;0<x<1,t>0 with u,(0,t) = u(l,t) =0

T
and the initial condition u(x, 0) = 4 cos - X
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