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Triple Integration in Cylindrical Coordinates

To integrate continuous function f(r, 6, z) over a region given by :

21(r,0)<z < 2,(1,0) ,
ri(@)<r < ry(0),
0,<0< 6,

‘0, ‘r=ri8) [z=zZr 5‘)
j r,0,z)dV z) dz rdrdo.
=r8) Jz=zr8)

EXAMPLE 15: Find the centroid (6 =1) of the solid enclosed by the cylinder
x* + y? = 4 bounded above by the paraboloid z=x*+y* , and
bounded below by the xy-plane. 5

Solution:

X +y =4 , (CH+y’'=r) wm P=4 = =2
7=X+y - 7=1°

2(rn0)<z< z(r0) : 0
rl(e)fl"f 1”2(9) . 0
0

2

2
91<Z< 92 . /4

2m 21 7
M, /// zdz;d;de—/ / {Zﬂ

= jdidg_.

The value of M 1s

27w 2 R 7 2 1
M = [ / / dzrdrdd = / / |:Z} rdrdo
Jo Jo Jo Jo Jo 0
2w 2 27 [ 472 2
= / / > drdf = / ll} do = / 4d0 = 8.
Jo Jo Jo 4 ], Jo

Therefore,

and the centroid is (0, 0, 4/3). Notice that the centroid lies outside the solid.

( 1
L )




Lecture: Hussein ALbermany
Subject: Mathematics

Stage : 2" stage

University of Babylon
Collage of Material Engineering
Department of Metallurgy Engineering

Spherical Coordinates and Integration

Spherical coordinates locate points in space with two angles and one distance

Spherical coordinates represent a point P in space by ordered triples in which

1. p : Sphere radius
2. ¢ : angle between p and positive z-axis (0< ¢ < 7).
3. 6 : angle between p and x-axis (0<0 < 2x).

To integrate continuous function f(r, 6, z) over a region given
by :
pi(9.0) <p < pA(9.0)
$1(0) < < ¢2(0),

¢ = ¢. whereas p

0,<0< 0
1= = U2 and 6 vary
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P

=6 FEEO 0 g
/ / f(p, b, 8) p*sind dp do db
S oe ) =@ ),

= pid.8)

p = a, whereas ¢
and 6 vary

0 = 6, whereas p

Coordinate Conversion Formulas il iy

CYLINDRICAL TO SPHERICAL TO SPHERICAL TO
RECTANGULAR CYLINDRICAL RECTANGULAR

X = rcosé r = psing¢ X = psing¢ cos b
vy =rsinf z = pcosa¢ y = psing¢sinf
z=7z =206 z = pcosd

Volume:  dV = dx dy dz = dzrdrdd = p?sin ¢ dp do df

p = \/x2—|-y2—|-z2= Vi + 22,
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EXAMPLE 16: Find the volume of the “ice cream cone” D cut from the solid sphere p < 1
by the cone ¢= /3. then find moment of inertia about the z-axis.

Solution:
0<p<1,0<¢<m3, 0<0< 27

M

7 ﬂ—/3 | o Sy
V: M Zsln(bdpdqbdg = / / [pzslngbdpdqbdg D S[zhLILp7|
JO JO Jo

/3
// [—} smq’)dq’)d()—// —smqbdqbd@
1 /3 27 1
:_A {—gcosd)}o do :./o <—€+ 3>d9 = 6(277)

In rectangular coordinates, the moment is

= // i(xz + 33 dV

R

In spherical coordinates, x> + y? = (psind cos8)> + (psinpsinf)* = p?sin’ ¢ .

Hence,
= // (p? sin’ @) p? sin ¢ dp d d6 = /f/;ﬁ sin® & dp dep db .

m/3
/ / / o sin® "¢ dp dp db = / / [} sin® ¢ dep db

/3 oS d) /3
(1 — cos’p)sindpddp df = - —cosd) + do
0

0
L[ (1 11 1 [+ 5 1
gA <_§+l+ﬁ__> db = 5/0 24d9_24(27T)




