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Gravity is a conservative, spring is a conservative forces. Friction is not a 

conservative force since it always opposes motion. 

∮ �⃗� . 𝑑𝑟 ≠ 0    [friction] 

Potential energy:  

𝑃. 𝐸 : Gravity (near earth) 

1. Total mechanical energy  (𝐸 = 𝐾 + 𝑈 =
1

2
𝑚𝑣2 +𝑚𝑔𝑧)  

2. 𝑃. 𝐸 : spring  

Total mechanical energy for the mass-spring system is: 

 (𝐸 = 𝐾 + 𝑈 =
1

2
𝑚𝑣2 +

1

2
𝑚𝑥2) 

3. 𝑃. 𝐸 : Gravitational (general ) 

Total mechanical energy  

(𝐸 = 𝐾 + 𝑈 =
1

2
𝑚𝑣2 −

𝐺𝑀𝐸𝑚

𝑟
  

If several conservative forces acting on an object:  �⃗�𝐴 , �⃗�𝐵 and �⃗�𝐶 

𝑊𝑡𝑜𝑡𝑎𝑙 = ∫ �⃗�𝐴 . 𝑑𝑟 + ∫ �⃗�𝐵 . 𝑑𝑟 + ∫ �⃗�𝐶 . 𝑑𝑟  

𝑈 = 𝑈𝐴 + 𝑈𝐵 + 𝑈𝐶  [sum all the individual 𝑃. 𝐸 for each force] 

6.9 Non-Conservative Force  

If non-conservative forces act on an object, then the changes in the 𝐾𝐸 + 𝑃𝐸  of the 

conservative force will be equal to the work done by the friction force  

∆𝐾 + ∆𝑈 = 𝑊𝐹𝑟𝑖𝑐𝑡𝑖𝑜𝑛   
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[∆𝐾 ≡ change in KE, ∆𝑈 ≡ change in   𝑃𝐸]  

𝐸1 = 𝐾1 + 𝑈1 ,  𝐸2 = 𝐾2 + 𝑈2 

(𝐸2 − 𝐸1) = 𝑊𝐹𝑟𝑖𝑐𝑡𝑖𝑜𝑛   

1

2
𝑚𝑣2

2 + 𝑈(𝑥2) −
1

2
𝑚𝑣1

2 + 𝑈(𝑥1) = ∫ 𝑃𝑑𝑥
𝑥2
𝑥1

  

6.10 Force ↔ Potential  Energy 

We have seen how to calculate the 𝑃𝐸 given a conservation force  

𝑈(𝑃1) − 𝑈(𝑃0) = −∫ �⃗�
𝑃1
𝑃0

. 𝑑𝑟  

We can calculate the force given the   𝑃𝐸 , assume 𝑃0  and 𝑃1  are related by the 

infinitesimal displacement    𝑑𝑟, then refferentainting expression for   𝑈(𝑃1): 

𝑑𝑈 = 𝑈(𝑃1) − 𝑈(𝑃0) = −�⃗�. 𝑑𝑟 [inverse of   𝑃𝐸]  

𝑑𝑈 = −𝐹𝑥𝑑𝑥 − 𝐹𝑦𝑑𝑦 − 𝐹𝑧𝑑𝑧  

Assume displacement is only along x,  

𝑑𝑦 = 0 , 𝑑𝑧 = 0 

𝑑𝑈 = −𝐹𝑥𝑑𝑥  or    𝐹𝑥 =
−𝑑𝑈

𝑑𝑥
 ( different keeping 𝑦, 𝑧 

constat)  

{
 
 

 
 𝐹𝑥 = −

𝜕𝑈

𝜕𝑥

𝐹𝑦 = −
𝜕𝑈

𝜕𝑦

𝐹𝑧 = −
𝜕𝑈

𝜕𝑧}
 
 

 
 

  combining  𝐹 = −(
𝜕𝑈

𝜕𝑥
𝑖̂ +

𝜕𝑈

𝜕𝑦
𝑗̂ +

𝜕𝑈

𝜕𝑧
�̂�) 

∇⃗⃗⃗= 𝑖̂
𝜕

𝜕𝑥
+ 𝑗̂

𝜕

𝜕𝑦
+ �̂�

𝜕

𝜕𝑧
    (vector operator] 

𝑝0 

𝑝1 𝐹 

𝑑𝑟 
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Example: 𝑈(𝑥, 𝑦) = 𝐴𝑥2𝑦2  

𝐹𝑥 = −
𝜕𝑈

𝜕𝑥
= −2𝐴𝑥𝑦2 ,  𝐹𝑦 = −

𝜕𝑈

𝜕𝑦
= −2𝐴𝑥2𝑦 

6.11 Energy Curves 

Assume we know the  𝑃𝐸 curve for a particle moving in one- dimension what is the 

description of the particle motion as a function of time? 

Consider conservative forces only. Then the total mechanical energy is a constant of 

the motion  

𝐸 = 𝐾 + 𝑈 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   

     =
1

2
𝑚𝑣2 + 𝑈(𝑥) =

1

2
𝑚(

𝑑𝑥

𝑑𝑡
)
2
+ 𝑈(𝑥) 

Solve for 𝑣(𝑥) 

𝑣(𝑥) =
𝑑𝑥

𝑑𝑡
= √

2

𝑚
[𝐸 − 𝑈(𝑥)]   

∫
𝑑�́�

√
2

𝑚
[𝐸−𝑈(�́�)]

𝑥

𝑥=𝑥0
= ∫ 𝑑�́�

𝑡

�́�=0
   where   �̂� = 𝑥0 at  �́� = 0 

6.12 Power  

Power is defined as the time rate of doing work. If an external force applied to an 

object does an amount of work ∆𝑊 in the time internal ∆𝑡 the average power is: 

�̅� =
∆𝑊

∆𝑡
  

Instantaneous power, P, is the limiting value of the average power as ∆𝑡  

approaches zero 
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𝑃 = lim
∆𝑡→0

∆𝑊

∆𝑡
=

𝑑𝑊

𝑑𝑡
                             [𝑃] = (

𝐽

𝑠
) = 𝑤𝑎𝑡𝑡𝑠 

British: 1ℎ𝑝 = 754.7𝑤 

We can express the power in terms of the force acting and the velocity of the object. 

For a small displacement 𝑑𝑟 the work done  

𝑑𝑊 = �⃗�. 𝑑𝑟    

𝑃 =
𝑑𝑊

𝑑𝑡
= �⃗�.

𝑑𝑟

𝑑𝑡
= �⃗�. �⃗�  

Energy ↔ Power  

𝐸 = ∫ 𝑃𝑑𝑡
𝑡2
𝑡1

= 𝑃𝑡                 [constant P] 

1𝐾𝑤ℎ = 3.6 × 106𝐽  

1𝐾𝑖𝑙𝑜𝑐𝑎𝑙𝑜𝑟𝑖𝑒 = 4.187 × 103𝐽  

1𝐵𝑡𝑢 = 1.055103𝐽  

Example (1): The resultant force on an object of mass   𝐹 = 𝐹0 − 𝑘𝑡, find the 

acceleration velocity and position at any time, where 𝐹0 and 𝑘 are constant and 𝑡 is 

the time  

Solution: 𝐹 = 𝐹0 − 𝑘𝑡 ⇒ 𝑎 =
𝐹

𝑚
=

𝐹0−𝑘𝑡

𝑚
  

𝑎 =
𝑑𝑣

𝑑𝑡
=

𝐹0−𝑘𝑡

𝑚
⟹ 𝑑𝑣 =

(𝐹0−𝑘𝑡)

𝑚
𝑑𝑡  

𝑣 = ∫𝑑𝑣 =
1

𝑚
∫(𝐹0 − 𝑘𝑡)𝑑𝑡 =

1

𝑚
[𝐹0𝑡 −

𝑘𝑡2

2
]  

𝑣 =
𝑑𝑥

𝑑𝑡
⟹ 𝑑𝑥 = 𝑣𝑑𝑡 ⟹ 𝑥 = ∫𝑑𝑥 = ∫𝑣𝑑𝑡  
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𝑥 =
1

𝑚
∫ [𝐹0𝑡 −

𝑘𝑡2

2
] 𝑑𝑡  

𝑥 =
1

𝑚
[𝐹0

𝑡2

2
−
𝑘𝑡3

3
]  

Example (2): A particle of mass 2Kg initially at rest, is acted on by force F=6t, 

calculated the work done by the force on the particle at 2s. 

Solution:  

𝐹 = 𝑚𝑎 ⟹ 𝑎 =
𝐹

𝑚
=

6𝑡

2
= 3𝑡 (

𝑚

𝑠2
)  

𝑎 =
𝑑𝑣

𝑑𝑡
= 3𝑡 ⟹ ∫ 𝑑𝑣

𝑣

𝑣0
= ∫ 3𝑡𝑑𝑡

𝑡

0
⟹ 𝑣 − 𝑣0 = 1.5𝑡2  

𝑣 = 1.5𝑡2  (
𝑚

𝑠
)      [𝑣0 = 0]  

𝑣 =
𝑑𝑥

𝑑𝑡
= 1.5𝑡2 ⟹ 𝑑𝑥 = 1.5𝑡2𝑑𝑡  

𝑊 = ∫𝐹𝑑𝑥 = ∫ 6𝑡(1.5𝑡2𝑑𝑡)
𝑡

0
= 2.25𝑡4𝐽     at  𝑡 = 2𝑠 

𝑊 = 36𝐽  

Example (3): Calculate the potential energy associated with the following central 

forces  

1. 𝐹 = −𝑘𝑟 

2. 𝐹 =
𝑘

𝑟2
 

Solution:  

1. 𝐹 = −
𝑑𝐸𝑝

𝑑𝑟
= −𝑘𝑟 

𝑑𝐸𝑝 = −𝑘𝑟𝑑𝑟  
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Integrating, we obtain  

𝐸𝑝 = −∫𝑘𝑟𝑑𝑟 = −
1

2
𝑘𝑟2 + 𝑐  

Let at   𝑟 = 0, 𝐸𝑝 = 0  so that  𝑐 = 0 

𝐸𝑝 = −
1

2
𝑘𝑟2  or   𝐸𝑝 = −

1

2
𝑘(𝑥2 + 𝑦2 + 𝑧2) 

2. 𝐹 = −
𝑑𝐸𝑝

𝑑𝑟
=

𝑘

𝑟2
 

𝑑𝐸𝑝 = −𝑘 (
𝑑𝑟

𝑟2
)  

Integrating, we obtain  

 𝐸𝑝 = ∫−𝑘
𝑑𝑟

𝑟2
=

𝑘

𝑟
+ 𝑐  

Let at   𝑟 = ∞, 𝐸𝑝 = 0  so that  𝑐 = 0 

𝐸𝑝 =
𝑘

𝑟
  

Example (4): A body whose mass is 2Kg is moving on smooth horizontal surface 

under the action of a horizontal force  𝐹 = 55 + 𝑡2 calculate the velocity of the mass 

when 𝑡 = 5𝑠 the body was the rest when 𝑡 = 0 

Solution:   

𝑎 =
𝑑𝑣

𝑑𝑡
=

𝐹

𝑚
= (

55+𝑡2

𝑚
) 𝑑𝑡  

𝑣 = ∫𝑑𝑣 =
1

𝑚
∫ 55 + 𝑡2 𝑑𝑡 =

55𝑡

𝑚
+

𝑡3

3𝑚
+ 𝑐   

At  𝑡 = 5𝑠 ⟹ 𝑣 = 0 ⟹ 𝑡 = 0 

𝑣 =
55×5

2
+
(5)3

3×2
= 13533 (

𝑚

𝑠
)  


