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Polar Coordinates 
 

   In the Cartesian system the coordinates are perpendicular to one another with the 

same unit length on both axes. 

A Polar coordinate system is determined by a fixed point, an origin, and a zero 

direction or axis. Each point is determined by an angle and a distance relative to the 

zero axis and the origin. 

The distance from the origin is called the radial coordinate or radius, and the angle is 

called the polar angle. 

The radial coordinate is often denoted by  𝑟  and the polar angle by 𝜃. 

 

Converting between polar and Cartesian coordinates 

  The polar coordinates 𝑟 and 𝜃 can be converted to the Cartesian coordinates 𝑥 and 

𝑦 by using the trigonometric functions sine and cosine: 

     𝑥 = 𝑟 cos 𝜃    and        𝑦 = 𝑟 sin 𝜃          

The Cartesian coordinates 𝑥 and 𝑦 can be converted to polar coordinates 𝑟 and 𝜃 by: 

     𝑟 = √𝑥2 + 𝑦2     and    𝜃 = tan−1
 𝑦 

 𝑥 
 

 

https://en.wikipedia.org/wiki/Cartesian_coordinate_system
https://en.wikipedia.org/wiki/Trigonometric_function
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Example 1:  Convert each of the following points into the given coordinate system. 

(𝑎)  (−4,
2𝜋

3
)      into Cartesian coordinates.                              

(𝑏)   (−1, −√3)     into polar coordinates.                                          

Solution 

  (𝑎)   𝑥 = 𝑟 cos 𝜃    ⇨   𝑥 = −4 cos
2𝜋

3
       ⇨    𝑥 = −4 × (−

 1 

 2 
) = 2 

           𝑦 = 𝑟 sin 𝜃     ⇨   𝑥 = −4 sin
2𝜋

3
       ⇨    𝑥 = −4 × (

 √3 

 2 
) = −2√3      

          (−4,
2𝜋

3
) ≡ (2, −2√3) 

(𝑏)   𝑟 = √𝑥2 + 𝑦2      ⇨   𝑟 = √(−1)2 + (−√3)
2

    ⇨   𝑟 = 2 

        𝜃 = tan−1
 𝑦 

 𝑥 
      ⇨     𝜃 = tan−1

−√3 

−1 
        ⇨   𝜃 = 𝜋 +

 𝜋 

3
  

       (−1, −√3)  ≡ (2,
 4𝜋 

3
) 

 

Example 2: Convert each of the following into an equation in the given coordinate system. 

(𝑎)  𝑟 = −8 cos 𝜃      into Cartesian coordinates.                              

  (𝑏)   𝑥2 + 𝑦2 − 2𝑦 = 2𝑥𝑦   into polar coordinates.                              

Solution 

                  (𝑎)  𝑟 = −8 cos 𝜃     ⇨   𝑟2 = −8𝑟 cos 𝜃      

𝑥2 + 𝑦2 = −8𝑥               

                   (𝑏)   𝑥2 + 𝑦2 − 2𝑦 = 2𝑥𝑦      

                              𝑟2 − 2𝑟 sin 𝜃 = 2 𝑟2  sin 𝜃 cos 𝜃    

                              𝑟2 − 2𝑟 sin 𝜃 =  𝑟2  sin 2𝜃   

 𝑟2 −  𝑟2  sin 2𝜃 = 2𝑟 sin 𝜃                                                        

 𝑟2(1 − sin 2𝜃) = 2𝑟 sin 𝜃                                                        

𝑟 =
2 sin 𝜃

1 − sin 2𝜃
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Double Integrals in Polar Coordinates 
 

   Let’s suppose we wanted to do the following integral, 

∬ 𝑓(𝑥, 𝑦) 

𝐷

𝑑𝐴 , where 𝐷 is a disk of radius 𝑎  

To this we would have to determine a set of inequalities for 𝑥 and 𝑦 that describe this 

region. These would be   

−𝑎 ≤ 𝑥 ≤ 𝑎    

−√𝑎2 − 𝑥2 ≤ 𝑦 ≤ √𝑎2 − 𝑥2 

With these limits the integral would become, 

∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥

√𝑎2−𝑥2

−√𝑎2−𝑥2

𝑎

−𝑎

 

Now, if we’re going to be converting an integral in Cartesian coordinates into an 

integral in polar coordinates we are going to have to make sure that we’ve also 

converted all the 𝑥’𝑠 and 𝑦’𝑠 into polar coordinates as well. To do this we’ll need to 

remember the following conversion formulas, 

     𝑥 = 𝑟 cos 𝜃    

     𝑦 = 𝑟 sin 𝜃    

            𝑟 = √𝑥2 + 𝑦2       

However, a disk of radius 𝑎 can be defined in polar coordinates by the following 

inequalities,  0 ≤ 𝜃 ≤ 2𝜋   and 0 ≤ 𝑟 ≤ 𝑎.  

 We  can say that      𝑑𝐴 = 𝑟𝑑𝑟𝑑𝜃 

So  ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥

√𝑎2−𝑥2

−√𝑎2−𝑥2

𝑎

−𝑎

= ∫ ∫ 𝑓(𝑟, 𝜃)𝑟𝑑𝑟𝑑𝜃

𝑎

0

2𝜋

0

 

Let’s look at a couple of examples of these kinds of integrals. 

 

 



 المرحلة الاولى  -محاضرات الرياضيات للفصل الدراسي الثاني   –قسم الفيزياء   –كلية العلوم  –جامعة بابل 

 م.  فؤاد حمزة عبد  -(  4)  -  2019 -2018العام الدراسي 

  

14 
  

Example 3: Evaluate the integral by converting it into polar coordinates. 

∬ 2𝑥𝑦 

𝐷

𝑑𝐴   𝐷 = {(𝑟, 𝜃):  1 ≤ 𝑟 ≤ 2 , 0 ≤ 𝜃 ≤ 𝜋 2⁄   } 

Solution:  

∬ 2𝑥𝑦 

𝐷

𝑑𝐴 = ∫ ∫ 2(𝑟 cos 𝜃)(𝑟 sin 𝜃)𝑟𝑑𝑟𝑑𝜃

2

1

𝜋 2⁄

0

 

= ∫ ∫ 2 sin 𝜃 cos 𝜃 𝑟3𝑑𝑟𝑑𝜃

2

1

𝜋 2⁄

0

 

= ∫ sin 2𝜃
  𝑟4

4
|
1

2

𝑑𝜃

𝜋 2⁄

0

              

         = ∫ (
  16

4
−

  1 

4
) sin 2𝜃 𝑑𝜃

𝜋 2⁄

0

              

= −
15

8
cos 2𝜃|

0

𝜋 2⁄

= −
15

8
(cos 𝜋 − cos 0) =

15

4
 

 

Example 4: Evaluate ∬ 𝑒𝑥2+𝑦2
 

𝐷

𝑑𝐴 , 𝐷 = {(𝑟, 𝜃): 0 ≤ 𝑟 ≤ 1, 0 ≤ 𝜃 ≤ 2𝜋  } 

           ∬ 𝑒𝑥2+𝑦2

𝐷

𝑑𝐴 = ∫ ∫ 𝑒𝑟2
𝑟𝑑𝑟𝑑𝜃

1

0

2𝜋

0

= ∫
  1 

 2 
𝑒𝑟2

|
0

1

𝑑𝜃

2𝜋

0

 

= ∫
  1 

 2 
(𝑒 − 1)𝑑𝜃

2𝜋

0

=
  1 

 2 
(𝑒 − 1)𝜃|

0

2𝜋

= 𝜋(𝑒 − 1) 
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Example 5: Evaluate ∫ ∫ (𝑥 + 𝑦)𝑑𝑥𝑑𝑦

√2−𝑦2

𝑦

1

0

 , by converting it into polar coordinates. 

𝑥 = 𝑦   ⇨    𝑟 cos 𝜃 = 𝑟 sin 𝜃     ⇨   𝑟 = 0    𝑜𝑟   cos 𝜃 = sin 𝜃     ⇨    𝜃 = 𝜋 4⁄  

𝑥 = √2 − 𝑦2   ⇨    𝑥2 = 2 − 𝑦2   ⇨   𝑥2 + 𝑦2 = 2  ⇨   𝑟 = √2   

𝑦 = 0   ⇨    𝑟 sin 𝜃 = 0     ⇨     𝜃 = 0 

∫ ∫ (𝑥 + 𝑦)𝑑𝑥𝑑𝑦

√2−𝑦2

𝑦

1

0

= ∫ ∫ (𝑟 cos 𝜃 + 𝑟 sin 𝜃)𝑟𝑑𝑟𝑑𝜃

√2

0

𝜋 4⁄

0

 

= ∫ ∫ (cos 𝜃 + sin 𝜃)𝑟2𝑑𝑟𝑑𝜃

√2

0

𝜋 4⁄

0

= ∫ (cos 𝜃 + sin 𝜃)

𝜋 4⁄

0

  𝑟3

 3 
|

0

√2

𝑑𝜃 

= ∫
2√2

3
(cos 𝜃 + sin 𝜃)

𝜋 4⁄

0

𝑑𝜃 =
2√2

3
(sin 𝜃 − cos 𝜃)|

0

𝜋 4⁄

=
2√2

3
 

 

 
1. Convert each of the following into an equation in the given coordinate system. 

  (𝑎)  𝑟 = 4 cos 𝜃      into Cartesian coordinates.                              

  (𝑏)  𝑟 = sin 2𝜃      into Cartesian coordinates.                              

  (𝑐)    𝑥2 − 4𝑥 + 𝑦2 = 0   into polar coordinates.                            

  (𝑑)    3𝑥 + 2𝑦 = 4   into polar coordinates.        

2.  Evaluate ∬(𝑥2 + 𝑦2) 

𝐷

𝑑𝑥𝑑𝑦   , 𝐷 = {(𝑟, 𝜃):    0 ≤ 𝑟 ≤ √3, 0 ≤ 𝜃 ≤ 𝜋 2⁄   } 

3. Evaluate ∬(𝑥 + 3𝑦) 

𝐷

𝑑𝐴,   𝐷 = {(𝑟, 𝜃):    0 ≤ 𝑟 ≤ 2, 0 ≤ 𝜃 ≤ 𝜋 4⁄   }   

    

 


