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Chapter Three
[l Elementary Flmeli.n

3.1 The exponential function:- \

The exponential function defined as follow

f(2) = e? = Xt = e¥eW =@*(cosy + isiny)

| f(Z) = e*(cosy Hi'siny)

3.1.1 Characteristics:-

N
1) The absolute of exponential fanétion is e* ?
Proof:-
leZ| = |e**| = |e*e | =1e*||e™| = e*|cosy + isiny|

1 1
= e*(cos®y #sin® y)z = e*(1)z = e* = ||e?| = e*

2) The argument of exponential function is
arg(e?) =y ¥ 2mk k=04+1+2,...
3) Polar.form of exponential function is
f(Z) = P(cosO +isinf) ,Where P = e* = |e?| and 0 = .
4) e? # 0 Every where?

By polar form

eZ = P(cos@ +isin@) = Pe'®

Then P=e?|=e*>0 & e¥ =cosf+isinf ,0<6<2m
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Sothat P>0 & €% >0

Thus eZ # 0
5)
a)e =1
b) ezle Zz — eZ1+Zz
efr 5 _z
C) 372 = e“1 “2
d) (e?) = e? S
e) eZ = o Z+2mi

EX(1):- Find all value of Z such thate? =1 + iv/3?

Sol:-

\
e* =le?|=[1+iV3|=V1+3=V4=2
neX*=2=x=log2 \

\
tany =2 = y = tan' () = L2k, k = 0,41, 42, ..

Thus Z = x + iy = log2 +i(§+2kn),k =0,+1,+2,..
\
EX(2):- Prove that |g?Z*! + eiZZ| < e?* 4 72%Y7?
\

Sol:- |eZZ+i _|_\eiZZ|2 _ |82x+2yi+i + ei[(xz—yz )+2xyi|2
. , 2
— |82x+1(2y+1) + e(xz—yz )l—ny|

= |e?*[cos(2y + 1) + isin(2y + 1)]
+ e 2 [cos(x? — y?) + i sin(x? — y?)]|?

= |e** cos(2y + 1) + ie?* sin(2y + 1) + e~ ?*Y cos(x? — y?)
+ ie %Y sin(x? — y?)|?
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= |e?* cos(2y + 1) + e 2 cos(x? — y?)
+ i[e?* sin(2y + 1) + e~ sin(x? — y?)]|?

= (e?* cos(2y + 1) + e Y cos(x? — y?2))?
+ (e?*sin(2y + 1) + e 2 sin(x? — y?))?

=e** cos?(2y +1)
+ 2e*e™?*Y cos(2y + 1) cos(x? — y?) 4
+ e %Y cos?(x? — y2) + et sin?(2y + 1) *
+ 2e*e 2 sin(2y + 1) sin(x? — y?) + e3*sin?(x? — y2)

= e*[cos?(2y + 1) + sin?(y + 1)]
+ 2e*e"*¥[cos(2y + 1) cos(x2 — y*)
+ sin(2y + 1) sin(x2 — y2)] +.e T [cos2(x2 — y?)
+ sin?(x? — y?)

e** 4 o4V 4 2e2x(17Y) cos[(2y\+1) — (x% —y?)]

= e% 4 e™*Y 4+ 2220V cos(y? # 2y + 1 — x?)

< e** 4 ™4V 4 22¥(17W)

= (e2X)2 4 202%8 XYY (e72%V)2 = (2% 4 @=2%V)?2
|le22+t + eizzl2 < (€% + e~%¥)2 by root two sides, we get

\
. . 2 _
|ezz+l + elZ | < er +e 2xy
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