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EX(1):- Find a harmonic conjugate v(x, y) of function u(x,y) = e* cosy

and f(2).

SOL: - by C.R. equation u, = v, = e*cosy = Z—; =e*cosy

= dv =e*cosydy = [0v = [e*cosydy 4

= v=e”*[cosydy + @ (x) =>v=exsiny+®(x)\——

v, = e*siny + @'(x) But by C.R. u, = —v(x)
= u, = —e*siny = v, = e*siny
e*siny + @' (x) = e*siny = @' (xh= 0= Dd(x) =c
put in * we get
N

v=-e*siny +c; thus f{Z)=fe*cosy +i(e*siny + c,)

= e*cosy + ie*siny +iic,

f(Z) =e*(cosy + ising) + ¢ where ¢ = ic;
\
—eXeV+cze*W4rc=el+¢
\

Theorem:- Thelequation u,, + u,, = 0is an equivalent equation

72Uyt T A lUgg = 0 and u,, + vy, = 0is an equivalent equation
72V + 40, +Ugg = 0 .

Proof:-To prove uy, + uy, = 0is equivalent

U, + U, + ugg =0 By C-R equation

TU, = Vg & Ug = =TV,
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We derivative first equation forr.

rurr + ur(l) — ver : ru,rr + ur = ver ________ %

We derivative second equation for 6 .

1
Ugg = —TVrg = — ~Ugg = Vrg x
Since vy, = v, , then
1 1
TUpr + U, = —-Ugg = TUry + u, —~Ugg = 0
To prove vy, + 1), = 0 is an equivalent
7%V, + 7V, + vgg = 0 By C-R equation
TU, = Vg & Ug=-—T7V,

\
We derivative first equation for'g .“g®

TUrg = Vgg = Urg = gvee

We derivative secondiequation for r .

Ugr = —TUpr @U(F1) = —TUp — U = Ugy — TUpr =V ———

REMARK:-Since Z = x +iy & f(Z)then
f(Z)=uxy)+iv(x,y)

af _ df oz

= =, 5. = W (0, y) +ive(x, y)

L (1) = ue(0,y) + ivy (x,y)

Proof:-Since Z = re®® & f(Z2) =u(r,0) +iv(r,0)
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Then

af af o0z .

———-—=ur+wr

or dz or

T=e & f(2)="

fl(2)=e¥ =u,+iv, = f'(2) = e ¥ (u, +iv,) %
N

g—g=2—£-g—z=u9+iv9

Z—g =ire? & f'(Z)= %

F'(@)ire’® = ug + vy = f'(Z) = (ug iy -

From * and ** we get 4

;749 = (u, +iv,) = y‘é(%ug +%1}9)
1

. —i 1 / 1 .
= U, +1v, =_"Ug +;v9 = U, + LV, ="Vg — 1l Ug

1
= Uy =~ Vg &, =—\%u9

N\
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