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3.2 The logarithmic function:-

The logarithmic function of Z is defined as follow

w=1logZ = logr +iorg(Z),Z+#0
Where r = |Z| & org(Z) = 6 + 2nk k=0+1,+2,...

3.2.1 Characteristics:-

1) The logarithmic function is multiple valued function because\agy value
k is unique branch of logarithmic function if k = 0 ,then the branch
wo =logZ = logr+i60 , r>0, 0<60 < 2m.
is called principal value of logarithmic functien or principal branch.

2) Any branch of logarithmic function is inverse function of exponential

function eZ? P

Sol:- elogZ — elog|Z|+iarg(Z) — elogr+i(9+2kn) k=0+1,+2
= 1087 oi(0+2kT) — ylea§(0 + 2km) + i sin(@ + 2km)]
=7r(cosf +isinfh=Z
3) The principal value (branch),of logarithmic function is discontinuous in
all points' non-negative,real exist. So that it isn’t analytic in this points
because of the 8 = O\

4) The principalvalue of logarithm function satisfy Cauchy-Riemann

equations:i

SOL:-
logZ=u+iv=logr+i0 = u=logr & v=20
du 1 dv 1 ov -1 Jdu -1
or~roe r or 0T 757 (D=0

5)Ifr >0 & 0 <60 < 2m then the principle value of logarithmic
function is analytic function, and differentiation of it is
wo =logZ =logr+i8 & wy=u(r6)+iv(r,0)
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Where u(r,8) =logr
v(r,0) =0

60)0 _ d(l)o . 6_Z io

. 6rd_dZ or’ —re
w
But d—ZO = E(logZ)
%z%(logZ)-eie *
o =i T =24 i(0) = "

From x & ** we get

4 Lol =1 4 _ p-ifl
dz(logZ) e —rﬁdz(logZ)—e .

d 1 1
ThusE(logZ) =5 =

z \
6)
a) logZ-w =1logZ + logw 4
b) log% = logZ —logw \
c) loge? = Z + 2kmi (k=0+1,42,...)
d) elo8Z = 7
e) logZ% = %logZ < (k=41,%£2,.....

N
EX (1):-Prove'that log(i)? # 2logi

SOL:-
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log(i)* = log(—1)
=log|—-1|+i(m + 2kn) k=0,%1,%2,..
=log1l+in(1+ 2k) =n(1 + 2k)i
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2logi =2 ((log 1)+ (g + an))
=2 (logl + i G + Zk)) = 2im G + Zk) = in(1 + 4k)

EX:-Prove log(1 +i)? = 2log(1 + i)

SOL:-
log(1+i)?>=log(1+2i—1) =log2i=1log2+i (g) ) y
2 10g(1 +i)=2 (lOg\/—i +1i (g)) 0= tan_1§= tan_l% =tan"'1 =%
= 21ogvZ +2i (%) = log(v2)" +iZ

5 4 5 2

\
L[ TT
=log2+i (5)
EX(3):- log(—1 + )* # 4log(—1 + )&
\
Sol:-
log(—1+i)* = log((#™t )2) = log(1 — 21 — 1)? = log —4

=log4 Rim
4log(—1+1i) = 4€log\/§ + i%n) = log4 + 3mi
\
QUZE:-log(—1) = (2k + 1)mi
QUZE:-log(1 —i)? # log(1 — i)
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