EX - Evaluate the following integrals:

e cosh(Inx) dx

1) » 6) [sech?(2x—3)dx
- . cet—e™
2) | sinh(2x+1)dx 7) | —/——dx
. ‘e¥+e
e sinhx 3
3 dx 8) |le®™ —e™ Jx
)| cosh? x ) | ( )d
4) [ x-cosh(3x? )dx g) [SINNx_
. 4 1+ cosh x
5) [sinh* x-coshx dx 10) [ csch?x - cothx dx
Sol.-

1) Icosh(ln X )(dTX] =sinh(In x)+c¢

2)%jsinh(2x+1)-(2dx)=%cosh(2x+1)+c

3)I 13 Sinh x dx=jsech3x-tanhx dx
cosh® x cosh x
3
=—jsech2x-(—sechx-tanhx dx)=—SeC?:1 Xie

4)%jcosh(3x2 )-(6xdx)=%sinh(3x2 )+c

sinh® X
+c

5) [sinh® x-(coshx dx)=

6) %J'sec h?(2x-3)-(2 dx)=%tanh(2x— 3)+c

7) Iex —e_x dx=jtanhx dx = In(cosh x ) + ¢
e’ +e
e™ —e™ 2¢ . 2
8) 2J.—dx=—J'smhax (adx) =—coshax +c¢
2 a a
ISInh_XdX: In(1+ cosh x)+c
1+ cosh x

csch?x
+c
2

10) —jcschx-(—cschx-cothx dx)=—



Integrals of inverse hyperbolic functions:
The integration formulas for the inverse hyperbolic functions

are:
du )
1) =sinh*u+c
IV1+u2
=cosh™u+c

du
2
)Ix/uz—l
tanhu+c if |u<1 1,
= ==1In
—u® |cothtu+c if u>1| 2

1+u
1-u

=—sech™|u[+c =—cosh~ L, J

du
) '[u\/l—u2

du
I

EX - Evaluate the following integrals:

=-csch™|u[+c= —sinhl(ij+ c

dx dx
1)‘[\/1+4x2 2)‘[\/4+ x?

dx sec’ 6 do , dx
W Miaex  OTem ) g
Sol.-

1)—_[ 2 dx Esmh 2X+C

V1+4x®
2) IA= sinh' = 4 ¢
o
2

dX2 =tanh™ x+c if [x<1

=coth™ x+c if [x[>1



4)] _L /dx ’+c
Xy 4 + X2 2 //
5) Im(sec 7] d0)=cosh‘ (tan@)+c
6) let u=Invx = Sinx du = —dx
2 2X
dx 2 du
tanh~*(Inv/x )- = [tanh™"u-
J (Invx) x(1—In?/x) J RETTE
=2m+c [tanh (Inf)] +C




Methods of integration

Integration by parts:

The formula for integration by parts comes from the product
rule:-

d(u-v)=u-dv+v-du = u-dv=d(u-v)-v-du

and integrated to give: I UdV=Id(u-V)—IV du
then the integration by parts formula is:-

Iudv=u-v—jvdu

Rule for choosing u and dv is:
For u: choose something that becomes simpler when
differentiated.

For dv: choose something whose integral is simple.
It is not always possible to follow this rule, but when we can.

EX - Evaluate the following integrals:

1) [ xe* dx 6) 'In(x+\/l+ xz)dx
2) [ x-cosx dx 7) [ sin"'ax dx
3) [ X dx 8) e . sinbx dx
o X_l -
4) [ x2-Inxdx 9).[x3-exdx
5) [ x-sec?x dx 1O)jx3-exz dx
Sol. -

Uu=Xx = du=dx
1) let = Iudv=u-v—jvdu
dv=e*dx = v=¢e"

'[x-exdx=x-ex—'[exdx= X-e*¥—e*+¢



= du=d
2) let =X = A X_ = Iudv:u-v—_[vdu
dv=cosx dx = v=sinx

J.x-cosxdx= x-sinx—'[sinxdx=x-sinx+cosx+c

Uu=xXx = du=dx

3) let dv = 1 dx:>v=2(x—1)% = Iudv=u-v—jvdu
Xx—1
j X dx=2x-(x—1)%—2_[(x—1)%dx
x—1

=2x-\/x—1—%+c=2x-\/x—1—%w/(x—1)3 +C
2

u=Inx = du=-=-dx

4) let

oo><|H

b= judv=u-v—_[vdu

dv = x%dx = v=X?

3 3
.fxz-Inxdx=X—-Inx—ijx2dx=x—-lnx—1x3+c
3 3 3 9

U=X = du=dx
5) et , = J.udv=u-v—'fvdu
dv=sec’xdx = v=tanx

jx-seczxdx=x-tan x—jtanxdx=x-tan x+|n\cosx\+c

2X
1+
6) let u=|n(x+\/1+x2) = du= NI+ XD gy

X ++/1+ x?

dv=dx = v=X

Iln(x+\/1+ xz)dx = x-In(x+\/1+ xz)—'fx(1+ xz)_%dx

2\
= x-In(x+\/1+ xz)—%-%+c= x-In(x+\/1+ xz)—\/1+ X% +¢C
2



a dx

7) let u=sin'ax = du=——
J1-a?x?
. . a X
sinfax dx = x-sin"fax — | ———dx
I I [1_a2x2

= X-sin™* ax+2—1aJ.— 2a2x(1—a2x2)_%dx

& dv=dx =»> v=X

1
22 22
- -1 (1_a X )A - -1 1_a X
= X-SIn " axX + . +C=X-SINn "aX+——+C
2 b 2

8) let u=e®™ = du=a-e®dx & dv=sinbxdx = v=—%cosbx
ax H 1 ax a ax
_[e -smbxdx=—6e -cosbx+EIe -coshx dx ... (1)
let u=e®™ = du=a-e*dx & dv=coshxdx = v=%sinbx

Ieax-cosbx dx =%eax-sinbx—%jeax-sinbx dxX e, (2)

sub.(2)in(1) =

2
J'eax - sinbx dx =—1eaX - C0S bx+i2eaX -sinbx dx—a—zjeaX -sinbx dx
b b

2
: : 1 :
_[eax - sinbx dx +—;2 _[eax -sinbx dx = —Eeax - €0s bx +—ba2 e™ -sinbx dx +c

ax

2
[1+ S—ije“ . sinbx dx = Zz (asinbx —bcoshx)+c

ax

o, Je™ sinbx dx =———(asinbx —bcosbx)+c
a“+b

9) derivative of u integration of dv

x3 + e IXSeaX dx =x’e* —3x%e*
3X2§: e’ +6xe* —6e” +cC

6X + e

6 \ e —e*(x*=3x*+6x—6)+c



2

10) let u=x*> = du=2xdx & dv=x-ex2dx:>v=%eX

2 1 2

IX3 -exzdx=1x2 eX —EJ.ZX-eXde:lx2 ¥ —=e* ¢
2 2 2 2

Odd and even powers of sine and cosine:

To integrate an odd positive power of sinx (say sin“ X ) we
split off a factor of sinx and rewrite the remaining even power in
terms of the cosine. We write:-

2n+1

J’sin2n+1 X - dx =J.(1—cos2 x) ".sinx dx

and [cos™™ x-dx = [(1-sin’ x)" -cosx dx
EX_- Evaluate:
1) [sin® xdx 2) [ cos® x dx
Sol.-
1) [ sin®xdx =[ sinx- sinx dx =[ (1~ cosx)- sinx dx

: : 1
= [ sinx dx + [ cos’x - (= sinx ) dx = - cos x+§cos3 X +C

2) J.cosf’xdx:jcos“x-cosx dx='|.(1—sin2x)2 . cos X dx

=_[cosxdx—2_[sin2 x-cosxdx+jsin4 X + COS X dX
- 2 - 3 1 - 5
= smx—§S|n x+gsm X +C

To integrate an even positive power of sine (say sin®"x ) we use
the relations:-

1+ cos26 . 5 1-cos26
= or SiN“0 = ————

2
cos‘@ > 5

then we can write:-



J.sin2n X - dX = I(l_C—SSZ)(]n dx

and Icos X-0X = I(M] dx

EX - Evaluate:
1) jcoszada 2) .[sin“ada

Sol.-

1+ COoS 20

1) [cos’0d6 = | —%[Idm%jzcoszede}

=1[6+£sin20}+c
2 2

2)J.sm40d0 I(M) d0=—[[d0 100520(2d0)+_|‘cos 2ede]
1{0 sin26 + dea}=%[0—5in20+5(0+%sin40)}+c

=ie—isin20+isin40+c
8 4 32

To integrate the following identities:-

_[sin mx-sinnx dx _[sin mx -cos nx dx ,and Icos mXx - COS NX dx

we use the following formulas:-

cos(m—n)x—cos(m+n)x
2

sin(m—n)x+sin(m+n)x
2

cos(m—n)x+cos(m+n)x
2

sinmx-sinnx =

Sin Mx - COS NX =

cosmX-CoS NX =



EX - Evaluate:
1) IsinSx-cosSx dx 2) Icosx-cos?xdx B)Isinx-sinZX dx

Sol.-

1) jsin 3x-C0S5X dx=%j(sin(3x—5x)+ sin(3x +5x ))dx

=E —lj‘sin2x(2dx)+lj‘sin8x(8dx) =1c032x—ic038x+c
2| 2 8 4 16
2) jcosx-cos?xdx=lj(cos(6x)+cos(8x))dx=isin6x+isin8x+c
2 12 16

3) Isinx-sian dx =1j(cosx—c033x)dx =lsinx—isin3x+c
2 2 6

Trigonometric substitutions:
Trigonometric substitutions enable us to replace the binomials

a’-u® , a*+u®, and u®*-a® be single square terms. We can
use:-

u=asind for a*-u’=a’*-a’sin“f=a’(1-sin“f)=a’cos’*H
u=atand for a’+u*=a*+a’tan’f=a’*(1+tan’@)=a’*sec’ @
u=asecd for u’—a’=a’sec’d—-a’=a’(sec’d-1)=a’*tan’*@

EX - Evaluate the following integrals:

- 2°dz X
1) 4) dx
" V1+72° '[\/9—x2
5)_[ dt
"4+ X3 \/25t% -9

3) [

6) j—dy
T4 x? J25+9y?

X

2)




Sol.-

1) let z=tand = dz=sec’d-do tan0=%

.[ z2° dz :J-tan50-sec20 dé
V1+7? V1+tan®6
=.|.tan0-se09(se029—1)2d0
= [ sec* O(tan 8- sec 0 d9) - 2 sec” O(tan 6 - sec 0 d9)+ [ tan 6 sec 6 do

=%se050—%se030+se09+c J1+72

=Itan50-se00 do

o

:%(\/1+22 )S—g(\/1+z2 Y ++4/1+2° +¢ 1

2) let x=2tand = dx=2sec’6-do tan9=§

2
I I 2sec 6 do ='fsec0 d6 = In|secd + tanb|+c
4+x> " 4+4tan?6
2 4+ x>
V4+x° X X
=1In +—|+cC
2 2 ¢ —

:In\/4+x2+x’+c’ where ¢'=c—1In2

3) let x=2sinf = dx=2cosf-dbo
j dx _120030 do 1. dé
4 — X 4—4sin*0 27 cosd

1
== In|secd +tan 6| + ¢ 2/\
2 <3 X

=%jsec¢9d0

—1In 2 + X ’+c V4 - x
2 |J4-x? \/4—x2’
1 2+ X ’ 1 2+ X 1 [2+X
=—In +c=—1In +c=—1In +C
2 | J(2-x)(2+x)| 2—X 4 12-x




4) let x=3sind = dx=3cosf-db

Rl

9sin’ @

J9-9sin? @

3c0s0 d@ = 9jsin2 0do

=9jmou9=g 09— Lsin26|+c
2 2 2 p X

=%(0—sin9-cos¢9)+c 9 - x”
Of . , X X +9-x° 9 . . X X >
=—|[sIN" ———- +C=—siN"——-—-v9-X"+¢C
2( 3 3 3 j 2 3 2
5) let 5t=3secd = 5dt=3sech -tanfdo
J. J./secé? tang do 1.[ ]
—|secddé
x/25t - V9sec® 6 — o
=§In\se00+tan0\+c 5t
2_
1, |5t V25129 6 -9
=—In—+——+c¢C 3
5 13 3
=%In5t+\/25t2—9‘+c’ where c’=c—%ln3

6) let 3y=5tand = 3dy =5sec’ddéo

/sec 6de ij.secede

oy -

:gln\sec0+tan0]+c 25+ 9y?
/25+9y2 3 ‘ //‘ 3y
n +2 Y

IJ25+ 25 tan? @

5 5 | >

25 +9y? +3y‘+c’ where c’=c—%ln5



EX - Prove the following formulas:

du 1. _,u
—— =—tan” —+c
a‘+u° a a

1)jd—u=sin‘lﬂ+c 2).[

1) let u=asind = du=acosf-db
acos@-de

-]
Ja?-u?® Ja?—a?sin’@

=Id0:0+c:sin‘1§+c

2) let u=atand = du=asec’d-do
J- du _.[ asec’0-do
a’+u® ‘Ya’+a’tan’é@

=ljd9=19+c=ltan‘1£+c
a a a a

Integral involving ax®+bx+c:

By using the algebraic process called completing the square, we
can convert any quadratic: ax?+bx+c , a#0 tothe form:
a(u*FA®?) we can then use one of the trigonometric

substitutions to write the expression as a times a single square
term.

EX - Evaluate:

1) - dx 4).[ dx
“V2x - x? V14 x—x?
- dx dx

2 5

)' 2X2+2X+1 )'[1/)(2_2)(_8

3) . dx
TAUXPH+2x+2

Sol.

;J‘ dx =J~ dx =J‘ dx
V2x—Xx? \/1—(x2—2x+1) \/1—(x—1)2
let Xx—-1=sin@ = dx=cos@do

cos@ do

dx
J‘«/Zx—xz =I\/1—Sin20

=Id0=0+c=sin‘1(x—1)+c




Z)I dx _EI dx _ij dx
2X2+2X+l_2 x2+x+%_2 (X+%)2+%
let x+%=%tan0 = dx—lseczede

I dx I/sec odé Ide f+c=tan'(2x+1)+c

2x° +2X+l 2 /tan 0+/

3) J‘\/x2+2x+2 =I\/(x+1)2+1

VX2 +2X+2
let x+1=tand = dx=sec’dda //\X+1
6
sec’0dé

J.«/x +2X+2 J‘\/tan245'+1=J.Secgdg 1

=In\sec€+tan0\+c=In’\/x2+2x+2+x+1’+c

4)I dx =J‘ dx
V14 X— X2 \/%_
let x—%=§sin0 = dx=§cosed0
\/—/ cos@dé@

) 2x -1
Id0=0+c=$n*( +C
«/5]

\// /sm0

dx B dx
>) J‘\/x2—2x—8 _I\/(x—1)2—9

let x—1=3secd = dx=3secd-tanfddé Jx-1
=J-3sec¢9-tan0dt9zj-seced0 9 Jx?2—-2x-8

v9sec?@-9 3
[ v 2
=In\sec<9+tan0]+c=lnxgl+ X —32x—8;+c

=In‘x—1+\/x2—2x—8‘+c' where ¢'=c-1n3



Partial fractions:

f(x)

Success in separating W into a sum of partial fractions

hinges on two things:-

1- The degree of f(x) must be less than the degree of g(x).

(If this is not case, we first perform a long division, and then
work with the remainder term).

2- The factors of g(x) must be known. If these two conditions
are met we can carry out the following steps:

Step | - let x-r be a linear factor of g(x). Suppose (x—r)"
Is the highest power of (x-r) that divides g(x). Then assign
the sum of m partial factors to this factor, as follows:

Do this for each distinct linear factor of f(x).

Step Il - let x*+ px+q be an irreducible quadratic factor of
g(x). Suppose (x*+ px+q)" is the highest power of this
factor that divides g(x). Then, to this factor, assign the sum
of the n partial fractions:

B, x+C, B, x+C, B, x+C,
+——2% T2 4 +
X2+ px+q (xX*+px+q)? (X*+px+q)"

Do this for each distinct linear factor of g(x).

f
Step Il - set the original fraction ﬁ equal to the sum of

all these partial fractions. Clear the resulting equation of
fractions and arrange the sums in decreasing powers of x.

Step 1V - equate the coefficients of corresponding powers of x

and solve the resulting equations for the undetermined
coefficients.

AR



EX - Evaluate the following integrals:

1) [2X+5 5 sinx dx
Y x? -9 ’ cos® Xx—5c0s X +4
r xadx ¢ 2X% —3%x+2
2) | — 5 d
) | X*+4x+3 ) ] (x-1)*(x-2) X
i x° =X o« X +4x°
3 (x2+1)-(x—1)2 o o) | x2+4x+3dx
Sol.-
2X+95 2X+95
1)sz——QdX=J‘(x—3)-(x+3)dx
2X+5 A B
= 2X+5=A 3)+B(x-3
(x=3) (x+3) T3t ya3 & X+ (x+3)+B(x-3)
at x=3 = ©6A=6+5 = A=16—1
aa x=-3 => -6B=-6+5 = B=%

J-2x+5d _J'[ 1/ /]dx_ In(x - 3)+ éln(x+3)+C

X" =9 —3" x+3

X dx X dx
) -[x2+4x+3=-[(x+3)(x+1)

X A B
(x+3)(x+1) x+3 X+1 = X—A(X+1)+B(x+3)

at x=-3 = A—3 and at x=-1 = B=—E

J- X dx J'[ / /]dX— n(x+3)- ;| (x+1)+c

X2 +4x+3 x+3 X+1

'Y



- X(x=1)x+1) X%+ X
3 d ;
)Ix+1Xx1 XIX+1XX1 ij+1XX1
X* + X Ax+B C
(x2+1XX—1)= x2+1 +X—1 = X2+X=(AX+B)(X—1)+C(X2+1)
X2+X=(A+C)X2+(—A+B)X+(_B+C)
A+C=1 ...(1)

, B=1,C=1

X" —X dX=I( 1 + L )dx=tan‘1x+|n(X—l)+C
x°+1 x-1

4) let y=cosx =  dy=-sinxdx

J~ sin X dx __J~ dy __J- dy
cos’x—5cosx+4 Jy*—5y+4 I (y-4)y-1)
ay A L B 1o A(y-1)+B(y-4)

(y-2Xy-10 " y-4"y-1
y=4 = A=% and at y=1 = B=

sin x dx I[y/ /]

J‘cos X — 5cosx+4

1

at

= —%In(y—4)+%ln(y— 1)+c= —%In(cos x—4)+%ln(cos x—-1)+c

5) 2X% —3X+2 __A . B . C
(x—1P(x-2) x-1 (x-1f x-2
2x%=3x+2=A(x-1)x-2)+B(x-2)+C(x-1)

A+C =2 oo, (1)
-3A+B-2C=-3 ... (2)) = A=-2 , B=-1,C=4
2A—2B+C =2 . (3)
J~2X —3X+2 _J‘ N 4 dx
(x-1)*(x x—1" (X — 1) X—2
=-2In(x-1)+ +4In(x-2)+C

VY



3 2 X
)2( TAXT 3X x2+4x+3> x° +4x?
X°+4x+3 (x+3)(x+1)

Fx3F4x*F3x
- 3X

3X A B

(x+3)x+1) x+3 x+1 3x = A(x+1)+B(x+3)

at X =-3 :>A=% and at x=—1:>B=_g

I X" +4x7 dx=j X — % + % dx

X+3 x+1

X2

9 3
=53 In(x+3)—EIn(x+1)+c

Rational functions of sinx and cosx, and other trigonometric
integrals:

X 2
We assume that z= tan~ then x=2tan™z and dx= 1272 dz

+7
Since
coszg=l+c% = cosx=20032§—1= 2 X—l
sec? =
2
2
=#—1= 22 -1 = cosx=1 22
tan? > +1 z°+1 1+z
Since
. X
2sIn—
) . X X X 1
smx:ZSlnz-cos—:—XZ-coszgz2tanE- -
CoS— sec’ —
2 2
X 1 ) 27
2 2 X 1+72

tan +1

A



EX - Evaluate:

1) . _ dx 4 j 3 d)_(
Y 1+ sIin X+ CoS X 2+4sin X
2) [— o 5)jsecxdx
J sin x +tan x
e dXx cos X dx
3) : 6) |
9 2+sinX 1-cosx
Sol.-
2 dz
1).[ dx =J‘ 1+ 72 =J~ dz
1+ sin X + COs X 27 1-2z° 1+ 7z
1+ >+ 5
1+z2 1+z2
=In\1+z\+c=|n1+tan§+c
2
dz
2
2)_[ , ax = 1+2 =£J' 1—z dz
sin X + tan x 21 N 21 27\ z

1+2° 1-2°

1 z° 1 x 1.  ,X
=—|Inz——|+c=—|Intan———tan“ — |+¢C
2 2 2 2 2 2

2 dz
3)I dx =I 1+ 72 =I dz =J‘ dz
2+ sin X 5, 22 2 +27+1 (2+1y24+3
1+ z° 2 4
let z+%=§tan0 = dz=£seczed0
dx gseczede 5 5
— = = dé=—6+c
J‘2+smx Stan20+3 J3 J3
4
2tan5+1

-1

2 2
+C=—tan ——F— |+ C
o= G| =2

—itan-l(z”l
V3

Yo



2

dz
4)1& _.[— _J‘ 2*+1 =3J~ 2 dz
2 +4sin x 1+2sinXx 149 217 2°+4z7+1
72 +1
dz dz
=3 =
I(Z+2)2—3 I(Z+2) -1
J3
let %=sec€ = dz=\/§sec¢9-tan0d0
2
,[ 3 dx _I\/gsece-taneda_\/—jsecede o
2 +4sinx sec’ 6 -1 tan @ 9 2 +4z+1
J3

- ﬁjcse@ d6 =—/3In|csc @ +cot 4]+ ¢

tan§+2+\/§

=-+/31In 2+ 2 + V3 ‘+C=—\/§|n

Jz2+4z7+1 \/22+4z+1‘

\/tan2§+4tan§+1
2 2

1+z 2

5) Isecxdx j

1 A N B
(1—2)(1+z)_1—z 1+7

= All+2)+B(1-2)=1

at z=1 = A=% and at z=-1 = B=%

1-z 1+z2

Isecxdx=zj[ % + % ]dz=—|n(1—z)+|n(1+z)+c

1—tan§
2

. X 1—cos x ..
By substituting  tan—= 1/— implies
2 1+ cos x

.[secx dx = In|sec X + tan x|+ ¢

X
X X 1+tan5
= In(1+tan5]—ln(1—tan5]+c= In———={+¢c

+C



) |

J

1—z

1-cos x

1

1

z

+1

E

-[(1+z )z

B=1,C=0,D=

cos X dx ,[ 1472
1-cos X 1 z 1+z
1+
1- 22 A B Cz+D
T1a2v2 -, T2 2
(1+2°)z° 1z z 1+z
Az+ Az*+B+Bz?+Cz°+Dz? =1- 22
A+C=0 ... (D]
B+D=-1 ..(2)
= A=0
A=0 ............ (3)
B=1...... (4) ]
cos X dx 2

1

1
=——=2tan""z+cC

z

X X
=———2-—+c=—cot7—x+c

tan =
2

\RY%

-2



