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Infinite Series
An infinite series is given by the terms of an infinite sequence, added together.
For example, we could take the infinite sequence
1 1 1 1
ERIRR
Then the corresponding example of an infinite series would be given by all of these

terms added together

il Ly
2 4
S Id h il—l+1+1+
0O we wou ave 1211_2 4 3
n=

If Z a, isapositive series, then either z a, converges to a positive number,

or z a, diverges to infinity.
Divergence Test:

If lim a, # 0 then z a, diverges.

n—oo

Do not misuse this test. This test only says that a series is guaranteed to diverge if
the series terms don’t go to zero in the limit. If the series terms do happen to go to
zero the series may or may not converge!

Again, recall the following two series,

(ee)

Yo
— diverges

1

n=
oo
1
F converges
n=1

One of the more common mistakes that students make when they first get into series

is to assume that if lim a,, = 0 then Z a,, Will converges. There is just no way to

n—oo

guarantee this so be careful.

Let’s take a quick look at an example of how this test can be used.
Y.
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Example 1: Determine if the following series is convergent or divergent.

. i n+2 ) 3 402 — 3
' n ' 54 2n3
n=1 n=0
Solution
2
lim =1+#0
n—-oo n

The limit of the series terms isn’t zero and so by the Divergence Test the series

diverges.
5 4n2—n3_1_ 8n—3n2_l_ 8—6n_l_ —6 1;&0
. ng?o 5+2n3 nl—r>I<>10 6n2 nl—>rg> 12n nLrgoE T2

By the Divergence Test the series diverges.

Special Series
Geometric Series

A geometric series is any series that can be written in the form,

(00]
z ar"l'=a+ar+ar?+ard+--+ar™+--
n=1
L] . a
1. If |r| < 1 then the geometric series converges to the sum s, = .

2. If |r| =1 thenthe geometric series divergesto .
Example 2: Determine if the following series converge or diverge. If they converge

give the value of the series.

oo 1 oo 3 n oo
Sh a5 sSeee
= 2) (5) 3) o2
n=1 n=1 n=1

Solution
o1 1
1. The series z on Converges because r = > <1
n=1
. 1/2
a=-, thesumlssn=m=1

Y
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(ee)

3\" 3
2.The series Z (?) diverges to o because r = > > 1

n=1

N o 2nH 23 2t 28
3.The series 291‘"2"“:2 =4+ —+—+—+

n=1 n=1

gn-1 9 92 93
2
converges because r = 5 <1
_ 4 9 36
a = 4, thesumlssn=m=4x7=7
The p — series
fpi 1 h _ 1 1 1 1
If p is a real constant, the serlesz = =T + > + > +
n=1
1.convergesifp >1 . 2. divergesifp <1.

Example 3: Determine whether the series converges or diverges.

o

1 ! 2 i !
: 2 : Ny
n=1

n=1

o 1
1.2 ) converges becausep =2 > 1
n=1
2 Ny = 1 di b _ 1 1
: Z—n— an/z iverges to o because p —7<
n=1 n=1
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Tests for converges of series
1. Integral Test

Let the function f(x) = a,,(x) be continuous, positive and decreasing then the

series z a, and the integral f f (x) dx both converge or both diverge.
n=1 1

Example 4: Determine whether the series converges or diverges.

) i 1 , = 7 \ i 1
' nz+1 ' nz+1 ' nz—n-—2
n=1 n=1 =1
1j dx _ tan-t M MW
il an~ - x =3"171 converge
1 1
zj xdx 1 e di
. = — = OO0
71 an ) iverge
1
3 1 A + B 2 =2 A 1 d 1 B
. = : = = = — = — = = — —
x2—x—-2 x—-2 x+1 x 3 ana x
f dx _1j°(1 1>d_11|x—2
—x—2 3)\x—2 x+1/" T3 x+1
1 1 1
2 (0e]
1 1= 1
=—In =—In2 converge
3 i+t 3
X

Yy
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2. Ratio Test

(0.0]

: : : T
Let E a, be a series with non — negative terms and lim =1L.
n—oo an

n=1
If 1. L<1 then the series converges
2. L >1 thenthe series diverges

3. L=1 then this testis inconclusive
Example 5: Determine whether the series converges or diverges.

. i n3 ) i n! ] i 3 A i 5"
' 3n ' 2n ' 2n+5 "Lan 3"
n=1 n=1 n=1

n=1

L Qpyr . (+D 301 n+1\3
1 Jim =2 = lim e x = lim ()
1y (1+1)3—]'<1
=3 lim —) =3 converges
n+ 1) 2"
L Gt (D
n-o @, n-oo 2n+1 n!
- (n+1)xn! 2" . o n+1 _
= lim X = lim = o0 > 1 diverges
noo 2N X 2 n!  noow
. Qpyq _ 3 2n+5
3. 1 =1 X
noe @, noe2(n+ 1)+ 5 3
- 2n+5 o _
= lim = 1. The testis inconclusive.
n-ow 2n + 7
So we try another t tj~ 34X _ 3 2x + 5| di
= — = OO0
o we try another tes 2157 n|2x iverges
1 1
. OQnyr 5t n 3"
e T ARt D3 o
5n
= lim —————=—>1 diverges

no3(n+1) 3
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3. Root Test

(0.0]

Let z a, be a series with non — negative terms and lim %/a, = L.

n—-oo
n=1

If 1. L<1 then the series converges
2. L>1 then the series diverges
3. L =1 then this testis inconclusive

Example 6: Determine whether the series converges or diverges.

(0]

' ] 4n + 1 ' n ' n? ' n
n=

n=1 n=1 =1
o . 3n+2 3
11111_{1010  an —Ylll_r};lo ] —Z< 1 converges

1
2. lim Y/a, = lim—=0<1 converges

n—oo n-oo N
2 2 2
3. lim %/a, = lim = =—=2 >1 diverges
n—oo n nem?QnZ hn1?ﬁ€ 1 8
n—->0oo
4 lim "fa, = lim 2= = 1.The test is inconclusi
- im ya, = lim —— = 1.The testis inconclusive .
n— n _ n
So we try another test lim ( ) = lim (1 + —) =e 1 # 0 diverges
n—oo n n—-oo n

Yo
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Exercises
Find the sum of the following series:
L L Z'Z 32n 3'2 3T
n=1 n=1 n=1

O
Determine whether the series converges or diverges. Give reasons for your answers.
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