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D’Alembert’s Solution for Wave Equation 

   In this lecture we discuss the one dimensional wave equation. We review some of the 

physical situations in which the wave equations describe the dynamics of the physical 

system. 

   Suppose we have the wave equation   𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 = 0  and we wish to solve it given 

the conditions  𝑢(𝑥, 0) = 𝐹(𝑥) and   𝑢𝑡(𝑥, 0) = 𝐺(𝑥).  

   We change variables to  𝑟 = 𝑥 + 𝑐𝑡 and 𝑠 = 𝑥 − 𝑐𝑡. The general solution of this PDE 

is  𝑢(𝑥, 𝑡) = 𝐹(𝑥 + 𝑐𝑡 ) + 𝐺(𝑥 − 𝑐𝑡) 

Example 1: Solve the initial value problem   𝑢𝑡𝑡 − 4𝑢𝑥𝑥 = 0 

                                            with   𝑢(𝑥, 0) = 0 and  𝑢𝑡(𝑥, 0) = tan 𝑥 

Solution :                 𝑢(𝑥, 𝑡) = 𝐹(𝑥 + 2𝑡 ) + 𝐺(𝑥 − 2𝑡) 

𝑢(𝑥, 0) = 0      ⇨  0 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

𝐹(𝑥 ) + 𝐺(𝑥) = 0                             ⋯ (1) 

𝑢𝑡(𝑥, 𝑡) = 2 𝐹′(𝑥 + 2𝑡 ) − 2𝐺′(𝑥 − 2𝑡)   

𝑢𝑡(𝑥, 0) = tan 𝑥  ⇨  2 𝐹′(𝑥) − 2𝐺′(𝑥) = tan 𝑥 

2 𝐹(𝑥) − 2𝐺(𝑥) = − ln cos(𝑥)    ⋯ (2) 

  2 × 𝑒𝑞𝑢(1) + 𝑒𝑞𝑢(2)  ⇨    4 𝐹(𝑥) = − ln cos(𝑥)  

𝐹(𝑥) = −
 1 

 4 
ln cos(𝑥)        and  𝐺(𝑥) =

 1 

 4 
ln cos(𝑥)  

So   𝐹(𝑥 + 2𝑡 ) = −
 1 

 4 
ln cos(𝑥 + 2𝑡 )   and   𝐺(𝑥 − 2𝑡 ) =

 1 

 4 
ln cos(𝑥 − 2𝑡 )   

Then     𝑢(𝑥, 𝑡) =
 1 

 4 
ln cos(𝑥 − 2𝑡 ) −

 1 

 4 
ln cos(𝑥 + 2𝑡 ) 

 Or         𝑢(𝑥, 𝑡) =
 1 

 4 
ln

cos(𝑥 − 2𝑡 )

cos(𝑥 + 2𝑡 )
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Example 2: Solve the initial value problem   𝑢𝑡𝑡 − 𝑎2𝑢𝑥𝑥 = 0  

                                               with   𝑢(𝑥, 0) = 0 and  𝑢𝑡(𝑥, 0) =
 1 

1 + 𝑥2
 

Solution : 

 𝑢(𝑥, 𝑡) = 𝐹(𝑥 + 𝑎𝑡 ) + 𝐺(𝑥 − 𝑎𝑡) 

𝑢(𝑥, 0) = 0      ⇨  0 = 𝐹(𝑥 + 0 ) + 𝐺(𝑥 − 0)     

𝐹(𝑥 ) + 𝐺(𝑥) = 0                             ⋯ (1) 

𝑢𝑡(𝑥, 𝑡) = 𝑎 𝐹′(𝑥 + 𝑎𝑡 ) − 𝑎𝐺′(𝑥 − 𝑎𝑡)   

𝑢𝑡(𝑥, 0) =
 1 

1 + 𝑥2
 ⇨  𝑎𝐹′(𝑥) − 𝑎𝐺′(𝑥) =

 1 

1 + 𝑥2
 

𝑎𝐹(𝑥) − 𝑎𝐺(𝑥) = tan−1 𝑥            ⋯ (2) 

𝑎 × 𝑒𝑞𝑢(1) + 𝑒𝑞𝑢(2)  ⇨    2𝑎 𝐹(𝑥) = tan−1 𝑥      

𝐹(𝑥) =
 1 

 2𝑎 
tan−1 𝑥            and  𝐺(𝑥) = −

 1 

 2𝑎 
tan−1 𝑥      

So   𝐹(𝑥 + 𝑎𝑡 ) =
 1 

 2𝑎 
tan−1(𝑥 + 𝑎𝑡 )       and   𝐺(𝑥 − 𝑎𝑡 ) =

 1 

 2𝑎 
tan−1(𝑥 − 𝑎𝑡 )       

Then     𝑢(𝑥, 𝑡) =
 1 

 2𝑎 
tan−1(𝑥 + 𝑎𝑡 ) −

 1 

 2𝑎 
tan−1(𝑥 − 𝑎𝑡 )     

 

 

H.W:  Solve the initial value problems  

1.    𝑢𝑡𝑡 − 𝑎2𝑢𝑥𝑥 = 0     with   𝑢(𝑥, 0) = 0 and  𝑢𝑡(𝑥, 0) = sin 𝑥  

2.    𝑢𝑡𝑡 − 9𝑢𝑥𝑥 = 0     with   𝑢(𝑥, 0) = 0 and  𝑢𝑡(𝑥, 0) = 𝑒2𝑥  

 


