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The general 2" order linear PDE

The general second order linear PDE has the following form
Au,, + Bu,, + Cu,, + Du, + Eu, + Fu=G

where the coefficients A,B,C,D,E,F and G are in general functions of the

independent variables x, y, but do not depend on the unknown function .
In this lecture we discuss only four cases as follows:

(1) When B=C =E =F =0 the PDE becomes Au,, + Du, =G

(2) When A=C=E =F =0 the PDE becomes Bu,, + Du, =G

(3) When A=(C=D=F =0 thePDEbecomes Bu,, + Eu, =G

(4) When A=B =D =F =0 the PDE becomes Cu,, + Eu, =G
We can solve the PDE by assuming that v = u,, in cases (1)& (2)

and v =u, in cases (3)& (4). Then the PDE becomes linear ODE. The

following examples explain how to solve the PDE.

Example 1: Solve u,., — yu, = 2y with u(1,y) = =2 and ©,(0,y) = y — 2

. dv
Solution ¢ Put Uy =T =D Uy, =——
dx
o W 2
° ax YT

Which is a linear ODE with P(x) = —y and Q(x) =2y
I.F = el PWax _ of-vdx _ o= g5 the integrating factor is

1
Then v ILF Q(x)dx = v= __MJ’E_FX 2y dx
e v

I.F
v=e"(—2"+f(y) = v=-2+e"*f(y)

U, =0V = U, =—2+e¥f(y)

u,(0,Y)=y—2 = y-2==2+f@) = fO)=y
u, = —2+ yer™

u(x,y) = f(—z +ye¥)dx = —2x + e¥* + g(y)
wu(l,y)=-2 = -2==-2+e"+g(y) = gly)=¢"

Then wul(x,y)=—-2x+e¥ +¢e¥
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Example 2: Solve w,,, +u, = 1 with u(0,y) =0and w,(x,0) = sinx[]

, dv dv
Solution : Put U, =v = U,=— == —+rv=1
< ody dy

Whichis a linear ODE with P(y) =1 and Q(y)=1

I.F = el PWdy — ol dy — o¥ S0 the integrating factor is

1
Then wv= IF ILF Q(y)dy = 1?=€‘PJ‘33’ dy

=e‘3’(63’—|—f’(x]) = v=1+4+e7f(x) = u,=1+e?f(x)
U, (x,0)=sinx = sinx=1+f(x) = f(x)=—-1+sinx

Then u(x,y) = f(l +e¥(—1+sin x)) dx = f[l —e Y+eVsinx)dx

-y

H(l’,}’] =x—xe ¥ —e™¥ cosx—kg(}:]
u(0,y)=0 = gy)=e7?
ulx,y) =x—xe ¥ —e Ycosx+e¥

Example 3: Solve  xuy,, + 2u, = 9y?x with u,(1,y) = 0 and u(x,0) = 10

. dv
Solution ¢ Put Uy, =V = Uy, =——
y / dx

XU, + 2u,=y> = xdF—FZI}—Qf?x = dv+212—91

xy y=1> dx =) i x )

I.F = ef P{x:]dx _ fidx — 82 Inx _ elnxz xz

1
vV=— 9x? y dx——(ngyg—kf[}r) = U, = 3xy? —|— f[};

X
u,(L,y) =0 = f(y)=-3y°
3y?

x?

u, = 3xy?* —

5 3}12 5 },3
“(-XJJ’)=J’ 3xy”— 2 dy = xy -I-x—z—l-g(x)

u(x,0)=1 = gx)=1

,3
u(x,y) = xy? —I—i—2+ 1
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Example 4:Solve w,,, + 2u, = 2sin x with u(x,0) = 0 and w,(x,0) = 3 sinx[]
Solution : Put —v = _4v
olution : Pu Uy, =7V u”’_dy

v
— 4 2v = 2si
d}" v Sl x

ILF=¢l PWidy _ pl2dy _ p2y

V= e‘zﬁ"j 2e?Y sinx dy

u, = e_zy(ezf sin x + f(x}) =sinx+e 2 f(x)
u,(x,0) =3sinx = 3sinx=sinx+ f(x) = f(x)=2sinx

u, = sinx + 2sinxe™?
Then ul(x,y) = f(sinx + 2sinx e *¥) dy

u(x,y) = ysinx — sinxe™ %Y + g(x)
u(x,0) =0= g(x)=sinx

u(x,y) =ysinx —sinxe ?’ +sinx =sinx(y—e ?¥ + 1)

H.W: Solve the PDE
) 2
1. u,,+ 3u, =3e¥ with u(l,y) = ?e?_a and u,(0,y) = 2e¥
2. Uy, —u,=2 with u(0,y)=tany and u,(x,0) = sec?x — 2

_ T
3. Xuy, +u, =0 with u,(1,y)=cosy and u(x,?)zﬂm

4. u,, —u, =tan"'x  with u(x,0) =0 and u,(x,0)=0
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