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Sequences
A sequence of real numbers is a function a: N - R.
The sequence is denoted by {a,,a,,as, -, a,,} or {a,}
For example, the expression {2n} denotes the sequence {2,4,6,-}
The number a,, is called the general term of the sequence { a,,}.

Example 1: Write down the first few terms of each of the following sequences.

{n + 1} 5 { 2n }
n? " n+3
(_1)n+1
3. {2—"} 4. { c,} where c,, = nth digitof

Solution

n+1
{nz }=< \%

{Zn} 1 4 1 8
<—_ J—
n+3 &)i):)ll

\n

Z ’

n=1 n=

=1
(1)”+1 1 -1 ~1 1
4

N

4. {c,}=1{3,1415,-

convergent and divergent sequence:
If rlllngo a, exists and is finite we say that the sequence is convergent. If lim a,
- n—oo
doesn’t exist or is infinite we say the sequence diverges. Note that sometimes we

will say the sequence diverges to oo if lim a,, = oo and if 11m ap = —%  we will
n—-oo

sometimes say that the sequence diverges to —oo .
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Example 2: Determine whether the sequence converges or diverges.

{n +1} 5 {n+17} 3 {e“}
(n+1)? " W2nZ+3n B GE
4{Vn+4 —Vn'} 5.{\/n2+5n—n}
Solution
L n?+1 I 2n
"o+ 12 nsw2(n+ 1)
2
= lim—=1 convergesto 1
n—>002
1 n+17 _ 1+—
. = lim ————
"—>°°\/2n2+3n n—oo 2+—
. 1
= —— convergesto ——
ﬁ 8 77
el e e
30 lim o5 = lim e = im e
eTl
= lim — = oo diverges
n—->oo
VAT E+ V)
4, lim(¥Vn+4 —n —hm Vn+4 —n) x (
n—>oo( ) ( ) (\/n+4+\/ﬁ)
n+4—n —0 to 0
= lim = 0 converges to
oo (Vnt 4 +n) &
Vn2+5n+n n? + 5n — n?
5. lim (\/n2+5n—n) = lim
n—o Vn?2+5n+n n°®Vn2+4+5n+n
Y 5n y 5
= |llm = 11m
noynZ2 +5n+n o 5
1+W+1
5 5

= — converges to —
2 & 2
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Limits that arise frequently

Inn

1. im—= 0 2.lim Yn=1
n—-oco N n—-oo
3. limx"=1; (x>0) 4, limx"=0 V |x| <1
n—oo n—-oo
xX\" x"
5.1im(1+—) =e* 6.llm—=20
n—oo n n-o n!
Calculation of the limits
1 1
nn P
1. lim — = lim =0
n—-oco N n—oo 1
2.Let a=lim %/n then Ina =Inlim Yn
n—-oo n—-oo
Ina = In lim (n)'/"
n—>00
Ina = lim In(n)/"
n—-oo
Inn
Ina = lim — =
n—-oco N
a=¢e’=1
So lim Yn=1
n—->oo
X\ X\
5. Let a = lim (1 +—) then Ina = lim In (1 +—)
n—oo n n—-oo n
X In (1 +%)
Ina = lim nln(l +—) = lim ————=~
n—-oo n n—-oo i
n
1 —X
()
Ina = lim n =x
n-oo -1
n2
a=e*
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Example 3: Determine whether the sequence converges or diverges.

L s o) )]

4 {Vnz+n 5, {m (n;Z)n} 6. {n!}

10m
Solution
. 1+Inn 1 - Inn
1. lim = lim —+ lim—= 0 convergesto 0
n—oo n n-o N n-o N
2 1 1 1 1 di
. = = — =00
nbe (0.6)"  Lim (0.6)" 0 HVErges
n—oo
2m A\ Mm 2
3. i <—> = lim —=2 to 2
lim {— lim T converges to
4. lim Yn24+n=lim Yn(n+1) = lim ¥Yn x lim Yn+1 =1 converges tol
n—oo n—oo n—-oco n—oo
. n—2\" . —2\" _
5. lim ln( ) = In lim <1 + —> =Ine 2 = -2 convergesto — 2
n—-oo n n—-oo n
g 1 1 N
. lim = —=—=o00 diverges
n-oo M.

Exercises

Determine whether the sequence converges or diverges.
3+ Inn" 3\ n+5\"
1 2. 4(=) 3 (=)
n n n
N n® + 2n gntl
4. {V4nn} 5. {—} 6. { }
e™ + n? gn \1/n

10 3n? —Inn »
" (n2 4+ 3n3/2 '




