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Definition 1  Joint cumulative distribution  function 

  Let             be     random  variables  all defined  on  the  same  

probability  space         ,or (            is  -dimensional random 

variable.   The joint  cumulative  distribution  function  of              

denoted by             , is  defined as: 

            
                          for all                 

Remark 

1) If             be     discrete random  variables, then  the joint  

probability  mass function j.p.m.f. of (           , denoted by 

           
        is  defined to  be 

                        
                                

            {
                               

           
 

That has the following properties: 

a)                             , 

b) ∑                        . 

For example   if     , then the joint  probability  mass function of 

(       is                         and the joint  cumulative  

distribution  function  of         is 

       
                        

2) If             be     continuous random  variables, or (            is 

 -dimensional continuous random variable, then  the joint  probability  

density function of (           , denoted by 

            
                  . Therefore 

           
        ∫ ∫   ∫                   

  

  

  

  

  

  
 for all  
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The joint  probability  density function of (            has the following 

properties: 

a)                             , 

b) ∫ ∫   ∫                      
 

  

 

  

 

  
. 

For example    

If     , then the joint  probability  density function  j.p.d.f. of (       is 

         and the joint  cumulative  distribution  function  of         is  

      
        ∫ ∫               

  

  

  

  
. 

If                                           then 

                    ∫ ∫               
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This  joint  cumulative  distribution  function  of         ,       
     is 

called bivariate cumulative  distribution  function. 

  

 

 

 

 

  

 

 

 

    That is     
           

       ∫ ∫               
 

  

  

  
 

 

Marginal probability  density(mass)  functions 

Let             be     c.r.v.′s (d.r.v.′s) that have j.p.d.f.  

           
         , then the marginal of  any  subset of the  jointly  

continuous  random  variables             as               can be 

defined as 

  

∫ ∫   ∫                                            
  

  

  

  

  

  

 

For example if             c.r.v.′s , then the marginal of        is 

defined as 
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∫ ∫ ∫                                    
  

  

  

  

  

  

 

Therefore the marginal of     is  

∫ ∫    ∫  (              )                  
  

  

  

  

  

  

 

Let    , then the marginal of     is  

∫ ∫ ∫ ∫                                    
  

  

  

  

  

  

  

  
  

Similarly if we have d.r.v.′s , that is  

                  ∑∑∑                 

         

 

 

 

and  

               ∑∑∑∑                 
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