Joint and Conditional Distributions

Definition 1 Joint cumulative distribution function

Let X;,X, ... , X, be k random variables all defined on the same
probability space (Q,A,P),or (X1, X, ... , X)) is k-dimensional random
variable. The joint cumulative distribution function of X;, X, ... , X

denoted by F(xq, ....,x;), is defined as:
Fx, x,.. x,Croers) = P[Xy S Xq, 0, X < xp] forall (xy, ..., %) € R¥
Remark

1) If X;,X,...,X, be k discrete random variables, then the joint
probability mass function j.p.m.f. of (X;, X, ... , X;), denoted by
fx, %,.. x,Cr ey ) is defined to be

fxo X 0 Xts s Xp) = f (X1, oo, 2X0) = P2, 000, Xp)

PlX; =xg, 0, Xe = ], (%4, .., %) ER¥
X1y ) Xp) = ]
fla ) { 0, otherwise

That has the following properties:

a) f(xqg, .., xx) =0 V(xq,....,x) €RF,

b) Zv(xl,....,xk)f(xlr v X)) = 1
For example if k = 2, then the joint probability mass function of
(X1, X5) is f(xq,x,) = P[X; = x4, X, = x,] and the joint cumulative
distribution function of (X, X,) is
Fx x, (x1,%2) = P[X; < x4, X5 < x5].

2) If X, X, ..., X, be k continuous random variables, or (X1, X, ... , Xy) is
k-dimensional continuous random variable, then the joint probability
density function of (X, X, ... , X), denoted by
fx %y %, Cooens) = f(xq, .0, xi). Therefore

Fy xyo o Coor) = L5 [72 [ Fuy, v wi)duy ... duy, for all
(X1, ..., X)) € RE
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The joint probability density function of (X;, X, ... , X;,) has the following
properties:

a) f(xq, ., %) =0 V(xq,....,x) € R,

b) f_oooo f_oooo ....ffooof(xl, s X )dxg o dxy = 1.

For example

If k = 2, then the joint probability density function j.p.d.f. of (X, X,) is
f (x4, x,) and the joint cumulative distribution function of (X, X,) is

Fx x, (x4, %) = f_x; f_xsof(upuz)d%duz-

If R == {(Xl,Xz): a1 < X1 S bl' az < Xz S bz},then

by b,
Pla; < X; <bj,a, <X, <b] = f f(xq, x5)dx dx,
a,

az

EXAMPLE 1 Consider the bivariate function
fx, ¥) = Kix +P}I[I:}.n[x}ﬂn.n{}’} = K(x + yMylx, y),

where U={(x, ¥y): 0<x<| and O<y <1}, a unit square. Can the
constant K be selected so that f(x, y) will be a joint probability density
function? If K is positive, f(x, v} = 0.

. L0

1 1
| I Kfix, yydx dy = L fu Kix +y)ydxdy

¥ Y=

1
=K | [{x+y]dxdy
0 Y0

.1
=K| G+pay
=K(i+h

-1
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Properties of bivariate camulative distribution function F-, -)
() Fl-c,p)= lim Fx,y)=0forall y, Flx, —c0) = lim Flx,y)=0

Eos— i P -

forall x, and lim Fx, y) = Fleo, @) =1,
Vi

(i) Ifx <x,and p, <y,, then Plx, < X < xp5 3 < Y <))

= F{x;,h} — Flxy, »i) = Hxy, ¥3) + Flxg, 1) 2 0.
(ili) F(x, y)is right continuous in each argument: that s,
lim F(x + h,y)= lim F(x,y + h)= F(x, ).
0 <h=i

D<h=+0

This joint cumulative distribution function of (X, X;) , Fx x,(.,.)is
called bivariate cumulative distribution function.

Definition 2 Marginal cumulative distribution function If Fy (-, -)is
the joint cumulative distribution function of X and ¥, then the cumulative
distribution functions Fy(-) and Fy{‘) are called marginal cumulative
distribution functions. il

Remark Fy(x) = Fy y(x, @), and Fy{y) = Fx ,(oc, »); that s, knowl-
edge of the joint cumulative distribution function of X and ¥ implies
knowledge of the two marginal cumulative distribution functions. i

Thatis Fx, (x;) = Fx, x,(x;, ) = f_x;, fao:f(ul,xz)dxzdul

Marginal probability density(mass) functions

Let X;,X, ... , X, be k c.r.v.s (d.r.v.'s) that have j.p.d.f.

fx, %,.. x, () o then the marginal of any subset of the jointly
continuous random variables X, X, ... , X;, as Xj1, X2 ... , Ximm Can be
defined as

X1 X2 XK
j j f Fg, ey X1y eeey Xigmy oo X )AXq e dXp = [ (Xiq1y eenr Ximm)
—o0 /-0 —o00

For example if X;,X, ... ,Xs c.r.v.'s, then the marginal of X, X, is
defined as
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X3 (X4 [Xsg
f j- j- f (%1, %2, X3, X4, X5)dx3dx4dxs = f(x1,%7)

Therefore the marginal of X; is

X1 X2 Xs
f f f f(xl,xz,xl-, ....,xs)dxldxz e dxs = f(x;)
Let i = 3, then the marginal of X; is

f_x; f_xjo f_x:o f_xjof(xp X2, X3, X4, X5)dX1dx,dx4dxs = f(x3)
Similarly if we have d.r.v.'s , that is

P(xy,x3) = f(xy,x5) = ZZZf(xpxz;x&xmxs)

Vx3 Vx4 sz

and

Pai) = frax) = )0 ) D e g5, %1, X)

sz VX3 VX4_ Vx5

Example 1. Let the joint p.d.f. of X; and X, be

flxy, ) = ?%1—253, x, =1,2,3, 2, =1, 2,

= ( elsewhere.

Then, for instance,

Pr(X; =3) = f(3,1) + f(3,2) =

<Al

and

Pr(X, =2) =f(1,2) + f(2.2) + f(3,2) = %

On the other hand, the marginal p.d.f. of X, is

2
Z x1+$2=2$12i*‘3, x, =123,
zero elsewhere, and the marginal p.d.f. of X, is
3
x + xy 6+ 3x
fol,) Z 1 2 = 51 2, z, = 1,2,

zero elsewhere. Thus the preceding probabilities may be computed as
Pr(X,=3)=fi(3) =2and Pr(X, =2) = f,2) = £
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Example 2. Let X, and X, have the joint p.d.f.

flzq, 25) = 2, O0<x, < a3 < 1,

= 0 elsewhere.
Then the marginal probability density functions are, respectively,
fw) = [ 2d =201 — =), O0<z <1,
Ly

= 0 elsewhere,

and

f2(x2) = ::Zdel - zxz, 0 < xz < 1,
= 0 elsewhere.

The conditional p.d.f. of X, given X, = xz,, is

flxy]z) = 2 _1

=5 = s D<o <2, 0 < x5 < 1,
2 2

= 0 elsewhere.

EXAMPLE  Consider the joint probability density

Se %, 1) = (% + o, (Mo, ().

¥ oax
Fy y(x, ¥} = I[u, l]{x}'r[ﬂ, IJU’} L ‘U{H + v} du dy

L ax
+ J{n, Xy, () ), jﬂ[u + v) du do

a ¥ |

+ Iy, (X0, 1y(¥) , Jﬂ (u +v)du dy

+ I, el XM (4, y()
= H(x*y +J'J“2}f[n. oMo, y(¥) + (x* + Mg, (XM, wi(y)
i+ .Fz}'r[l. m}{xu{ﬂ, il ¥} + f“_ m.](-"::'f[i, m]{.}l)‘
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Sl x) = r Sx v(x, y)dy

i

= Im,ni-’f]j (x+ y)dy
o

={x + i‘)f{u,n{:‘:}:

or,

OF x,¥(x, ®)
ox

_ 9F dx)

T Ax

a x*+
= Lo, 1(X)5— (-1' x]

Txx)=

dx 2
={x + 4 Mo, 1,{x).
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