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4.0 – Gaussian Quadrature Method  
 The integration of a function can be approximately calculated using 
Gaussian Quadrature Method as follows: 
ݔ = 1

2 (ܾ + ܽ) + 1
2 (ܾ −  ݐ(ܽ

ݔ݀ = 1
2 (ܾ −  ݐ݀(ܽ

ࡵ =  ࢞ࢊ(࢞)ࢌ ࢈=
ࢇ  ࢚ࢊ(࢚)ࢌ

ି = (࢚)ࢌ + (࢚)ࢌ    (࢚)ࢌ  +
Then this can be solved as follows:  
࢚  = ି

√ 
࢚  =  
࢚  = 

√ 
1. For two points quadrature, 
  =  

  =  
  =  

2. For three points quadrature, 
  = .  

  = . ૡૡૡ 
  = .  
 
Ex1: Calculate the value of the given integration. 
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න ݔ300
1 + ݁௫ dx

ଵ


 

Use two points and three points quadrature. 
Compare your solution with the exact solution (I = 246.59). 
 
Solution: 
ܽ = 0  ܾ = 10 

ݔ = 1
2 (ܾ + ܽ) + 1

2 (ܾ − ݐ(ܽ = 1
2 (10 + 0) + 1

2 (10 − ݐ(0 = 5 +  ݐ5

ݔ݀ = 1
2 (ܾ − ݐ݀(ܽ = 1

2 (10 − ݐ݀(0 =  ݐ5݀
Sub. ݔ݀ ݀݊ܽ ݔ into ݂(ݔ) 
ܫ =  ݔ300

ݔ݁+1 dx10
0 =  (ݐ5+5)×300

(ݐ5+5)݁+1 1ݐ5݀
−1    

Then this can be solved as follows:  

ܫ = න 300 × (5 + (ݐ5
1 + ݁(ହାହ௧) ݐ5݀

ଵ

ିଵ
= (ଵݐ)ଵ݂ܥ + (ଶݐ)ଶ݂ܥ +  (ଷݐ)ଷ݂ܥ  

ଵݐ  = ିଵ
√ଷ → (ଵݐ)݂ = ଷ×(ହାହ×(షభ

√య))
ଵା(ఱశఱ×(షభ

√య)) × 5 = 341.8 

ଶݐ  = 0 → (ଶݐ)݂ = ଷ×(ହାହ×())
ଵା(ఱశఱ×(బ)) × 5 = 50.2 

ଷݐ  = ଵ
√ଷ → (ଷݐ)݂ = ଷ×(ହାହ×( భ

√య))
ଵା(ఱశఱ×( భ

√య)) × 5 = 4.4 

1. For two points quadrature, 
ଵܥ  = 1 
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ଶܥ  = 0 
ଷܥ  = 1 

ܫ = න 300 × (5 + (ݐ5
1 + ݁(ହାହ௧) ݐ5݀

ଵ

ିଵ
= 1 × (341.8) + 0 × 50.2 +   1 × 4.4 = 346.2 

Compare with the true value: 
∈= ฬܶ݁ݑ݈ܸܽ ݁ݑݎ − ݁ݑ݈ܸܽ ݁ݐܽ݉݅ݔݎܣ

݁ݑ݈ܸܽ ݁ݑݎܶ ฬ × 100% = ቤ246.59 − 346.2
246.59 ቤ × 100% = 40.4% 

 
2. For three points quadrature, 
ଵܥ  = 0.555 

ଶܥ  = 0.888 
ଷܥ  = 0.555 

ܫ = න 300 × (5 + (ݐ5
1 + ݁(ହାହ௧) ݐ5݀

ଵ

ିଵ
= 0.555 × (341.8) + 0.888 × 50.2 +   0.555 × 4.4 = 236.71 

Compare with the true value: 
∈= ฬܶ݁ݑ݈ܸܽ ݁ݑݎ − ݁ݑ݈ܸܽ ݁ݐܽ݉݅ݔݎܣ

݁ݑ݈ܸܽ ݁ݑݎܶ ฬ × 100% = ቤ246.59 − 236.71
246.59 ቤ × 100% = 4% 

 
 
Ex2: Calculate the value of the given integration. 

න ݔ
sin ݔ dx

ଵ


 

Use two points and three points quadrature. 
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Solution: 
ܽ = 0  ܾ = 1 

ݔ = 1
2 (ܾ + ܽ) + 1

2 (ܾ − ݐ(ܽ = 1
2 (1 + 0) + 1

2 (1 − ݐ(0 = 1
2 + ݐ

2 

ݔ݀ = 1
2 (ܾ − ݐ݀(ܽ = 1

2 (1 − ݐ݀(0 = ݐ݀
2  

Sub. ݔ݀ ݀݊ܽ ݔ into ݂(ݔ) 

ܫ =  ௫
ୱ୧୬ ௫ dxଵ

 = 
భ
మା

మ
ୱ୧୬(భ

మା
మ)

ௗ௧
ଶ

ଵ
ିଵ    

Then this can be solved as follows:  

ܫ = න
12 + 2ݐ

sin(12 + (2ݐ
ݐ݀
2

ଵ

ିଵ
= (ଵݐ)ଵ݂ܥ + (ଶݐ)ଶ݂ܥ +  (ଷݐ)ଷ݂ܥ  

ଵݐ  = ିଵ
√ଷ → (ଵݐ)݂ = భ

మା(షభ
√య)
మ

ୱ୧୬(భ
మା(షభ

√య)
మ )

ଵ
ଶ = 0.50 

ଶݐ  = 0 → (ଶݐ)݂ = భ
మା(బ)

మ
ୱ୧୬(భ

మା(బ)
మ )

ଵ
ଶ = 0.52 

ଷݐ  = ଵ
√ଷ =→ (ଷݐ)݂ = భ

మା( భ
√య)
మ

ୱ୧୬(భ
మା( భ

√య)
మ )

ଵ
ଶ 0.56 

3. For two points quadrature, 
ଵܥ  = 1 

ଶܥ  = 0 
ଷܥ  = 1 
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ܫ = න
12 + 2ݐ

sin(12 + (2ݐ
ݐ݀
2

ଵ

ିଵ
= 1 × 0.50 + 0 × 0.52 +   1 × 0.56 = 1.06 

 
4. For three points quadrature, 
ଵܥ  = 0.555 

ଶܥ  = 0.888 
ଷܥ  = 0.555 

ܫ = න
12 + 2ݐ

sin(12 + (2ݐ
ݐ݀
2

ଵ

ିଵ
= 0.555 × 0.50 + 0.888 × 0.52 +   0.555 × 0.56 = 1.05 

 
Ex3: Calculate the value of the given integration. 

න ඥ1 + ଶdxݔ
ହ

ଵ
 

Use two points and three points quadrature. 
 
Solution: 
ܽ = 1  ܾ = 5 

ݔ = 1
2 (ܾ + ܽ) + 1

2 (ܾ − ݐ(ܽ = 1
2 (1 + 5) + 1

2 (5 − ݐ(1 = 3 +  ݐ2

ݔ݀ = 1
2 (ܾ − ݐ݀(ܽ = 1

2 (5 − ݐ݀(1 =  ݐ2݀
Sub. ݔ݀ ݀݊ܽ ݔ into ݂(ݔ) 
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ܫ =  √1 + 2dx5ݔ
1 =  ඥ1 + (3 + 2(ݐ2 × 2dt1

−1    
Then this can be solved as follows:  

ܫ = න ඥ1 + (3 + ଶ(ݐ2 × 2dt
ଵ

ିଵ
= (ଵݐ)ଵ݂ܥ + (ଶݐ)ଶ݂ܥ  (ଷݐ)ଷ݂ܥ  +

ଵݐ  = ିଵ
√ଷ → (ଵݐ)݂ = ට1 + (3 + 2(ିଵ

√ଷ)ଶ × 2 = 4.2 

ଶݐ  = 0 → (ଶݐ)݂ = ඥ1 + (3 + 2(0))ଶ × 2 = 6.3 
ଷݐ  = ଵ

√ଷ → (ଷݐ)݂ = ට1 + (3 + 2( ଵ
√ଷ))ଶ × 2 = 8.5 

1. For two points quadrature, 
ଵܥ  = 1 

ଶܥ  = 0 
ଷܥ  = 1 

ܫ = න ඥ1 + (3 + ଶ(ݐ2 × 2
ଵ

ିଵ
= 1 × 4.2 + 0 × 6.3 +   1 × 8.5 = 12.7 

 
2. For three points quadrature, 
ଵܥ  = 0.555 

ଶܥ  = 0.888 
ଷܥ  = 0.555 

ܫ = න 300 × (5 + (ݐ5
1 + ݁(ହାହ௧) ݐ5

ଵ

ିଵ
= 0.555 × 4.2 + 0.888 × 6.3 +   0.555 × 8.5 = 12.6 
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Homework 15 
Use Gaussian Quadrature method to estimate the value of the following 
integration. 

න ݔଶ௫݀݁ݔ
ସ


 

Use two points and three points quadrature. 
Compare your solution with the exact solution (ܫ = 5216.92). 

  


