e 3 oo L) S alall Ol ol — (AL (sl yoid Jumad — oy 3l @ — p glal) oo — by ol
e B e 358 — (1) = YA —YA aad 50l alad — AL A 1

Quasilinear PDE
A first-order quasilinear PDE with two independent variables has the general form
f&xy,wu, + glx, vy, wu, = hix, y,w)
The system of ordinary differential equations are

dx  dy  du
f,yv,u)  glx,y,u) hix,y,u)

The following examples explain how to find the solution u(x, t).

Example 1: Solve the initial value problem 1w, + xu, = u with u(x,0) = x?

Solution :
dt_dx_du
1 x  u
dt dx
—=— = t+(;, = Inx
1 X
x=Cet! = C=xet
dt du
—=— o t+(, =Inu
1 Uu
u=Ke*

u(x, t) = glxe et

u(x,0) =x? = gx)=x?

2t 2 -t

ulx, t) = (xe™H)%et = x%2e %t = x’%e

Example 2: Solve the initial value problem u, + xu, = —u* with u(x,0)=sinx

O

Solution :
dt dx du
1 x  —u?
dt dx

—=— = t+(; = Inx
1 x

x=Cet! = C=xet
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dt du

=
t+K

M0 = g

1
u(x,0) =sinx == ——=sinx = g(x)=cscx
g(x)

u(x, t) =
&0 t + csc(xet)

Example 3: Solve the initial value problem xu, — 2xtu, = 2tu with u(x,0) = x3

Solution :
dt_ dx _ du
x —2xt 2tu
dt dx
x  —2xt
t?+x=C
dx du dx du
And = =2 — =—
—2xt 2tu —Xx U
K
—Inx+InK=Inu = u=—
X
t2+x
Then  u(x,t) = M
x
ulx,0) =x* = £=x3 = gx)=x*
X
t?+x)*
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Example 4: Solve the initial value problem u, + 4u, = u?* with u(x,0) =

1+ x2
Solution :
dt dx du
1 4 w2
E:d_x = dx= 4dt
1 4
x=4t4+C = x—-4t=C
and E_® o ix-_1
1 u? U
—1
Y
Then  u(x,t) = !
t+g(x —4t)
w(x,0) = 1 -1 1

1+ x? = g(:l:f}:1+;i:2
glr)=—-(x*+1)
—1

u&ﬁ}:t—m—4ﬂl—1

H.W: Solve the initial value problems

-1
t —csc(x + 2t)

2

1. u,—2u, =u* u(x,0)=sinx Ans:ul(x,t)=

X
2. u,+ xu, = 74 with u(x,0) =x Ans:u(xt)= \/x + x%e M —xet
U




