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" A
Introduction

m The definition of a set explicitly disregards the order
of the set elements, all that matters Is who’s In, not
who’s In first. However, sometimes the order Is
Important.

m This leads to the notion of an ordered pair of two
elements x and y, denoted (X, y).

m The crucial property Is:
(X,y)=(u,v)ifandonlyifx=uandy =v.
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" J
Binary Relation

Definition Given sets A and B, a binary
relation between Aand Bisa  subset of
A x B.

mwhere A Is the domain and B Is the

codomain (or range) of R. For x € Aand y
€ B, the notation xRy means (x, )) € R.
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" A
Example

Let P be the set of people {Bill, Sue, Pat}, and let A be
the set of animals {dog, cat}. The relation /1as .. P xA
describes which person has which kind of animal, as the
following relational expressions:

Bill has dog Sue has cat
Sue has dog Pat has cat

but the statement ¢ Bi/l has cat’1s false. Written out In
full, the relation is

has = {(BIll, dog), (Sue, dog), (Sue, cal), (Pat, cal)}
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= I
Example

mletA=B={]1,2,3,4,5, 6} and

R={(a 0): adivides 6}. Since A s a small finite
set we can list the elements of the relation:

R={(1,1),(1 2),(1,3), (1, 4),(15), (1 6),(22),
(2,4), (2,6), (3,3), (3,6), (4,4), (5 5), (6, 6)}.
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" A
|_aws

mAxB#=B xA.
m 1(A xB)=n(A) xn(B).
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" A
Product Sets

m Glve two sets A and B, their cartesian product
AxB is the set of all ordered pairs (X, y), such
that x e Aand y € B:

AxB={(x,y):xeA,y e B}
m Here Is a useful special case:
A=A xA={(x,y): X, y€EA}
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Product Sets (Cont.)

m Example

Let A = {1.2} and B = {a.b.c}. Then

A x B={(1,a},(1,b),(1,¢), (2,a),(2,b), (2,¢)}
Bx A={(a,1),(a2),(b,1), (b,2), (e, 1), (¢,2)}

Ax A={(1,1),(1,2),(2,1),(2,2)}
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" A
Inverse Relation

m The inverse of R, denoted by R, is the relation from
B to A which consists of those ordered pairs which,
when reversed, belong to R; that is,

R1={(b,a)| (a,b) € R}
Example

Gy = {(1,0), (2,0), 2, 1), 3,0), (3, 1), (3,2), 4,0, .. .}
Gty' = {{0,1),(0,2), (1,2), (©,3),(1,3),(2,3), (0,4),.. .}

m Another example is on page 25 from the book.
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Pictorial Representative of Relations

m The pictorial representation
of the relation iIs sometimes
called the graph of the relation.
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R=1{(1,¥), (1,2), (3, )}
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" S
Pictorial Representative of Relations
(Cont.)

m Directed Graphs of Relations on Sets

R=1{(1,2), (2,2), (2,4), (3,2), (3,4), (4,1), (4,3)}
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Composition of Relations

m This section IS a homework.
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" A
Kinds of relations

m A relation R on a set A 1s called

 Reflexive If for all a € A, aRa.

« Symmetric If for all a, b € A, aRb implies bRa.

« Antisymmetric If for all a, beA, aRb and bRa implies a = b.
 Transitive if for all a, b, c € A, aRb and bRc implies aRc.
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"
Examples on kinds of relations

m Reflexive If for all a € A, aRa.
m Which one is Reflexive if A={1,2,3,4}?
Ry ={(1,1), (1,2), (2,3), (1,3), (4,4)}
Ry ={(1,1), (1,2), (2,1), (2,2), (3,3), (4,4)}
Rs = {(1,3), (2,1)}
R, = (7, the empty relation
R; = A x A, the universal relation
m R, and R; are reflexive

Department of Software 14



Examples on kinds of relations (Cont.)

m \Which one Is Reflexive?

1) Relation < (less than or equal) on the set Z of integers
2)  Set inclusion € on a collection C of sets

3) Relation | (perpendicular) on the set L of lines in the plane.
4) Relation || (parallel) on the set L of lines in the plane.

m R; and R, are reflexive.
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" S
Examples on kinds of relations (Cont.)

m Example

Let R:: A x Abe arelation, where A= {1, 2,
3rand R={(1,1), (2, 2) }. Ris not reflexive,
but if we added (3, 3) to Rthen it would be
reflexive.
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" S
Examples on kinds of relations (Cont.)

m Symmetric If for all a, b € A, aRb implies bRa.
m Which one is Symmetric?

Ry =1{(1,1), (1,2), (2,3), (1,3), (4.4)}
Ry={(1,1), (1,2), (2,1), (2,2), (3,3), (4,4)}
R, = (7, the empty relation

R; = A x A, the universal relation
m R2, R4, and R5 are Symmetric.
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Examples on kinds of relations (Cont.)

m \WWhich one I1s Symmetric?

1) Relation < (less than or equal) on the set Z of integers
2)  Set inclusion € on a collection C of sets

3) Relation | (perpendicular) on the set L of lines in the plane.
4) Relation || (parallel) on the set L of lines in the plane.

m R, and R, are Symmetric.
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" S
Examples on kinds of relations (Cont.)

m A is antisymmetric if (y, X) ¢ K whenever (X,y) eR and x #.
m  Which one is Antisymmetric?

Ry ={(1,1), (1,2), (2,3), (1,3), (4,4)}
Ry = {(1,1), (1,2), (2,1), (2,2), (3,3), (4,4)}
R; = {(1,3), (2,1)}
R, = (1, the empty relation
R: = A x A, the umiversal relation
m R, R; and R, are Antisymmetric.
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" S
Examples on kinds of relations (Cont.)

m Transitive if for all a, b, c € A, aRb and bRc implies aRc.
m  Which one is transitive?

{(1 1) J:(E-
= {(1.3). ( 13'}

H4 = (71, the empty relation

3), (1,3), (4.4)}
)s (2. J' (3.3), (4.4)}

R: = A x A, the umiversal relation

m R, R, R, and R are transitive.
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" A
Closure

m Let A be aset and R be a relation on set A. The
reflexive / symmetric / transitive closure of R Is
a relation R* such that:

— R* Is a reflexive / symmetric / transitive relation
on A.

- R c R*

m Intuitively, a closure of R Is the smallest

extension of R to achieve a certain property
(e.q., being reflexive / symmetric / transitive).
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Closure example

m Suppose A={1,2,3}. Suppose R={(1,2), (2,3)} is a relation
on A.
— The reflexive closure of R is
{(1,2),(2,3),(1,1),(2,2),(3,3)}-
— The symmetric closure of R IS
{(1,2),(2,3),(2,1),(3,2)}.

— The transitive closure of R IS

1(1,2), (2,3), (1.3)}-
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Calculating Closure

m Given a set A and a relation R on A, how can we calculate
the reflexive / symmetric / transitive closure of R?

— The reflexive closure of R can be calculated by adding
(a,a) to R for every a €A (unless (a,a) Is already In R).

— The symmetric closure of R can be calculated by adding
(b,a) to R for every (a,b) € R (unless (b,a) is already In R).

Let R be a relation on a set 4. Then:

(1) RUA 415 the reflexive closure of R.

(i) RUR ' isthe symmetric closure of K.
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Calculating Closure

— But calculating the transitive closure is more
challenging. Refer to page 31 on the book for
more detalls.
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Equivalence Relations

m A relation R on a set A Is an equivalence
relation If R 1s reflexive, symmetric and
transitive.

m More examples are in page 31 of the book.
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Other Subsections...

m Equivalence Relations & Partitions: This
subsection is now discarded.

m Partial Ordering Relations: This subsection
will be considered later in more details.

m /-Ary relation: This subsection Is out the scope
of this chapter.
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Be ready for the
exam on the next
lecture
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Thank You for
Listening.



