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Matrices

a1 0 Qin
A rectangular array of numbers of the form ( : 5 5 )
Am1 " Amn
is called m x n matrix, with m rows and n columns. We count rows from the

top and columns from the left.

Matrices addition: Suppose that the two matrices

aij; 0 Qin by - bin
A= ( : : : ) and B = ( : : : )
Am1 " Amn b, -

bmn
both have m rows and n columns. Then we write

a1+ b1 0 aip + by
A+ B = : : :

Am1 + bml o Qmn + bmn
and call this the sum of the two matrices 4 and B.

1 -2 2 3
Example 1: Suppose that A = ( 3 0 ) and B = (—1 6 )

-5 7 5 -4

1+2 —2+3 3 1
Then A+B=(3+(—1) 0+6 >=<2 6)5

545 7+4+(=4/) \o 3

Remark: Two matrices of different sizes cannot be added.

Example 2: We do not have a definition for adding the matrices

A=<:)L i _31> and B=(—2 3 O)U

6 -2 3 =15
A1 0 Qin
Multiplication by scalar : Suppose that the matrix A = ( : : : )
Am1 " Amn
has m rows and n columns, and that ¢ € R. Then we write

Call eee Caln
cA= : : :
CAmr - CAmn

Example 3: Suppose that

4=(3 2 ) wen 3= ¢ )
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Matrix multiplication: Suppose that

ai;; ot Qin by - blp
A =( Poor ) and B=| { i i
bui by

are respectively m x n matrixand n X p matrix. Then the product AB will

Am1 " Qmn

make sense and it will be m X p matrix.

11 " Gip
AB = ( : : : ) ,
Adm1 " 9mp

where foreveryi =1,2,---,m and j = 1,2,---,p, we defined
n

qij = z Ajbyj = ai1byj + aipbyj + -+ Qi by
k=1

Example 4: Find AB and BA if[
2 1
1 -1 2
A=( ) and B=(4 —3)
3 0 -2 1 0
Solution: AB is going to make sense. It is the product of 2 x 3 by 3 X 2 and

the result is going to be 2 x 2.
_ (11 Y12
4B = (CIz1 qu)
g1 =1%x2+(-1)x4+2x(—-1)=-4

g =1x1+ (1) x(-3)+2x0=4
g1 =3%X2+0x4+(-2)x(—-1) =8

G =3%X14+0x(-3)+(-2)x0=3
-6 3 A )6
sa=(5 )6 2)

-1 0

2xXx1+1x3 2x(-1)+1x0 2X2+1x%x(—2)
=(4%x1+(-3)%x3 4X(1D)+(-3)x0 4x2+(—3)x(-2)
(-D)x14+0x3 (-D)X(-1)+0x0 (-1)x2+0x(-2)

5 -2 2
= (—5 —4 12)
-1 1 =2

)
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Transpse of a Matrix:
Let A be m X n matrix. Then AT the transpse of A is the matrix obtained by

interchanging the rows and columns of A.

For example:
1 0
(1 2 -1 T _
IfA—(O 3 5) then A —(_21 g)

Determinants:

If Ais n X n square matrix is called a matrix of order n.With such a matrix
we associate a number called the determinant of A and written det A.

For n = 2 we have this definition:

a a a a
If A= (ai alz) then detA = |ai a;zl = Qq1 X Ayy — Ayq X Qg9
For n = 3 we have this definition:(we will choose first row)
+ - +
a;; Q2 4g3
Az1 Qa2 Q33

a;1 Aqz Qg3
IfA=1|0a21 Qaz2 0az3 | then detAd =
az1 Az dAzz

az1 dzpy Azz

az; a23|

azq a23|
as; dassz

a1 Ay
detA = all | |
asz; 0assz

ass |
BBlaz; as;

—a12|

Remark : we can choose any row or any column of A.
Example 6: Find det A for

2 1 3
A= (3 -1 —2)
2 3 1

az; a23|_
asz; 0Qassz

Solution:
detA = all |

-1 =21 3 -2 3 -1
detA_2|3 1| 1|2 1|+3|2 3|
det A =2{(—1) x1 =3 x (=2} = 1{3x 1 —2x (=2)} +3(3x 3 — 2 x (1)}
detA=2x5—7+3x11 =36

A
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Minors and Cofactors

Suppose we are given a matrix A of order n, and a;; is one of its entries. The
minor M;; is defined to be the determinant of the matrix obtained by deleting the
row i and the column j from the matrix.
The cofactor 4;; = (—1)"*/ M;;

2 1 3
Example 7: Find the cofactor of a,; if A= (3 -1 —2)
2 3 1

Ay = (-1 My = = |2 1| =—(6-2) = —40
Adjoint of Matrix
The adjoint of a matrix A of order n is obtained by taking the transpose of the
cofactor matrix A and we write adj(A).
To find the adjoint of a matrix, first find the cofactor matrix of the given matrix.

Then find the transpose of the cofactor matrix.

2 1 3
Example 8: Find adj(A4) for A= (3 -1 —2)

2 3 1
Solution:O
Ay = (-0t T =5 Ay = (™23 T =7
A =05 Tl =1 Ay =01 % =8
Ay = (-1272]7 3| = -4 Ay = (137 | = -4
A=l Pl=1 0 anp=cof Pl=13

Agz = (=1)3*3 |§ _11| = —50

5 =7 11

1 13 -5

5 8 1
adj(A)=AiTj=(—7 —4 13>D
11 -4 -5
\RE
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Identity matrix
The identity matrix of order n denoted I,, is a diagonal matrix with all ones on

the diagonal

1 0 1 0 O
0 0 1

oScocor

o or o

oroo

=A==
(I

If A isan m x n matrix, then
I,LA= A and A=AIl,
If A is a square matrix of order n , then
LLA=AL, = A
Inversion of matrices

If A is a square matrix of order n , then its inverse is given by

1
1= A4) ; .0
A det () adj(A) ; det(A) #0

The inverse has the special property that
AATL=A"1A=1

5 2 1
Example 9:FindA 1 for A={|0 6 3
8 4 7
Solution:
det(A) = 5(42 — 12) — 2(0 — 24) + 1(0 — 48) = 150
6 0 3|_
8 7

=48, Ay =D |2 0| =107

Ay = (=Dt =30 , Ay = (_1)1+2 240

Az = (=Dt
5 2

Ay, = (—1)%*2 =27, Ays = (—1)2+3 |8 4| — 4/

Az = (—1)3+1

WKk R, &0 YW

-0 , Agy = (—1)3+2 |(5) §| — 1577

CUl v U1 0O

Azz = (_1)3+3 |

o N
Il
w
=
O

Ye



Slesaly 31 O pusloms — J ¥ ol yoldf Jucnall — s Lo S @ — pglall ucln — by rnols
e By 588 —(4) = YN —YOIA ol aladl — AL A L

30 24 —48

0 —15 30
30 —-10 0
adj(A) = 24 27 -15|0
_48 —4 30
Attt dj(A)
~ det(d) Y
1 (30 ~10 0 )
At=—1| 24 27 -15|0
150\ 48 —4 30
Exercises

If O

2 0 -1 1 -1 2
A= (1 -1 3 ) and B = <3 0 —1>
0 2 1 2 1 =2

1.Find AB and BA
2.FindA™! and B!

Yo



