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Vector Functions
A vector function is a function that takes one or more variables and returns a vector.
We say that F(x,y, z) is a vector function or vector field if
F(x,y,z) = F,(x,y,2)i + F,(x,y,2)j + F5(x,y,2)k.
For example F(x,y,z) = x%yzi+ 2xyj+ xysecz k

1. Gradient of a scalar field
A scalar field is a function that takes a point in space and assign a number to it , for
example f(x,y,z) = x? + cos2y + In(2z + 1)

]’(1E 0)—1+cosz+ln1—i
6’ 3 2

The gradient of a given scalar field f(x,y, z) is a vector field denoted by grad f
or Vf and it is defined as follows :

_of ~ of  Of
V=52 ey T a2
Example 1: Find Vf for f =2x2siny —xytanz
Solution :
af—4 i t L]
5y = 4xsiny —ytanz
0 = 2x? tan z[J
5y = x2cosy —xtanz
of , -
5, = xysectz
af of  of
=~ i+ 4+ kO
Vf 6xl+6y]+6zk

Vf = (4xsiny —ytanz) i+ (2x%cosy —xtanz) j — xy sec? z kO
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2. Laplace operator
The differential operator V2 is called Laplace operator and it is defined as follows
Zf 62]: aZf
dx? ay 622
Example 2: Find Vf and V2f for f = x3e¥ + xy?z3%at (3,0,2)

V2f =

Solution :
of 0% f
Fi 3x%e¥ +y?z3 o= Fr i 6xe” O
d 02
% =x3e¥ +2xyz® o a—y]; = x3e¥ + 2xz30
of 0*f
37 = 3xy?z? = 377 = 6xy%z O
of of of  _ 2,3 3 2,2
Vf = —l+@]+a—k (3x2%e¥ + y2z3) i + (x3e¥ + 2xyz3) j + 3xy?z% kO

Vilatsoz = (3(3)%e° + (0)2(2)%) i + ((3)%e® + 2(3)(0)(2)%) j + 3(3)(0)?(2)* kO
Vilatzoz2) = 27i + 270

0%f 0%f O0*f
2 = = y 3,y 2 3 2
vVef 922 + 3y + 372 6xe”r + x°e¥ + 2xz° + 6xy“z

szlat(3,0,2) = 18 + 27 = 81 [

3. Divergence of a vector field
The divergence of a vector field F(x,y,z) = Fi(x,y,2)i + F,(x,y,2)j + F5(x,y,2)k
isascalar field div F = V.F and it is defined as follows
S TR
Example 3: Find div F if F(x,y,z) = xzi + e¥?j — In(xy) k

divF =V.F ==

Solution :

d a(e¥?) a(
divF =V.F = (x2) + () — (In(xy)) =z + ze¥V?[]
0x ay 0z

&)
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4. The curl of a vector field
The curl of a vector field F(x,y,z) = Fi(x,y,2)i + F,(x,y,z)j + F5(x,y,2)k

is another vector defined as the following determinant

ik
IFeyxp=|2 9 9 _<6F3 6F2>. (an 0F1>,+(6F2 6F1>kD
T “lox 9y az| \day oz ax  o0z)) " \ax " ay
F, F, F
Example 4: Find curl F if F(x,y,z) = xzsecyi + ysin2zj + ycos3x k
Solution :
[ j k
I[F=VXF= 0 9 9 _<6F3 6F2>_ <6F3 5F1>,+(0F2 aFl)kD
T “lox ay az| \ay az/)' \ax az/)) " \ax oy
B d(ycos3x) d(ysin2z)) . d(ycos3x) Od(xzsecy)) .
B ay aZ g ax aZ ]
d(y sin 2 0
+ (ysin2z) 0(xzsecy) .

= (cos3x — 2y cos 2z)i — (—3ysin3x — xsecy)j + (0 — xzsecy tany)k(
= (cos3x — 2y cos2z)i + (3ysin3x + xsecy)j — (xzsecytany)k O

Exercises
If f(x,y,z) =x3y?z and F(x,y,z) = yze™i+ xze*’j + (e*¥ + 3 cos 3z)k.
Then find
1) Vf at (=1,2,-2)0
2) V3f at (1,-32)00
(3) divF at (0,V6,m/6) O
(4) curlF O
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