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1. Free Vibration of Single-Degree of- Freedom Systems 

Free Vibration occurs when the system oscillates on its own due to initial 

disturbance without any external forces. For instant a simple pendulum 

oscillation and the motion of a swing after an initial disturbance. 

A system shown in Figure.1 is a single-degree-of-freedom system, since one 

coordinate (x) is sufficient to specify the position of the mass at any time. 

 

𝐹 = 𝐾(𝑥 + 𝑙0) 

 

Figure1. A spring-mass system in horizontal position 

 

2. Free Vibration of an Undamped Translational System 

As the motion for the system in Figure.1 is linear therefore we can use 
Newton's second law to derive the equation of motion as follow; 
 

∑ 𝐹 = 𝑚𝑥̈ 

 



According to the free body diagram in Figure.1-(c) 

−𝑘𝑥 = 𝑚𝑥̈ 

𝑚𝑥̈ + 𝑘𝑥 = 0 

The solution of Equation of motion can be found as follow; 

𝑥(𝑡) = 𝐶𝑒𝑠𝑡 

𝑥̇(𝑡) = 𝐶𝑠𝑒𝑠𝑡 

𝑥̈(𝑡) = 𝐶𝑠2𝑒𝑠𝑡 

𝑚 𝐶𝑠2𝑒𝑠𝑡 + 𝑘𝐶𝑒𝑠𝑡 = 0 

𝑚 𝑠2 + 𝑘 = 0 

Where C, s are constants, 

 

𝑠 = ±√−
𝑘

𝑚
= ±𝑖𝜔𝑛 

𝜔𝑛 = √
𝑘

𝑚
 

𝑥(𝑡) = 𝐶1𝑒𝑖𝜔𝑛 + 𝐶2𝑒−𝑖𝜔𝑛  

where C1 and  C2 are constants. By using the identities 

𝑒±𝑖𝛼𝑡 = cos 𝛼𝑡 ± 𝒊 sin 𝛼𝑡 

𝑥(𝑡) = 𝐴1 cos 𝜔𝑛𝑡 + 𝐴2 sin 𝜔𝑛𝑡 

where A1 and A2 are constants.  

The constants C1 and C2 and A1 and A2 can be determined from the initial 

conditions of the system. Two conditions are to be specified to evaluate these 

constants uniquely. Note that the number of conditions to be specified is the 

same as the order of the governing differential equation. 

At  𝑡 = 0 

𝑥(𝑡 = 0) = 𝐴1 = 𝑥0 

𝑥̇(𝑡 = 0) = 𝜔𝑛𝐴2 = 𝑥̇0 

𝑥(𝑡) = 𝑥0 cos 𝜔𝑛𝑡 +
𝑥̇0

𝜔𝑛
sin 𝜔𝑛𝑡 

 

 

 



2.1 For vertical vibration  

𝜔𝑛 = √
𝑘

𝑚
 

𝑊 = 𝑚𝑔 = 𝑘𝛿𝑠𝑡 

𝑘 =
𝑊

𝛿𝑠𝑡
=

𝑚𝑔

𝛿𝑠𝑡
 

𝜔𝑛 = √
𝑔

𝛿𝑠𝑡
 

𝜔𝑛 = 2𝜋𝑓𝑛  

𝑓𝑛 =
1

2𝜋
√

𝑔

𝛿𝑠𝑡
 

𝜏𝑛 =
1

𝑓𝑛
= 2𝜋√

𝛿𝑠𝑡

𝑔
 

Thus, when the mass vibrates in a vertical direction, we can compute the 

natural frequency and the period of vibration by simply measuring the static 

deflection 𝛿𝑠𝑡 .We don't need to know the spring stiffness k and the mass m. 

Deflection in vertical direction can be calculated as follow; 

𝛿 =
𝑊𝐿

𝐴𝐸
 

 

2.2 For transverse vibration  

Deflection in transverse direction can be calculated as follow; 

a) For Cantilever beam 

𝛿 =
𝑊𝐿3

3𝐸𝐼
 

 

I= moment of inertia, 

E=Young's Modulus, 

L= beam length, 

W=weight, 

 

Moment of inertia  

W 

L 



1) for circular section; 

𝐼 =
𝜋𝑑4

64
 

2) for triangular section; 

𝐼 =
𝑏ℎ3

36
 

3) for rectangular section; 

𝐼 =
𝑏ℎ3

12
 

 

 

b) For Simply supported beam 

𝛿 =
𝑊𝑎2𝑏2

3𝐸𝐼𝐿
 

 

 

 

 

c) For fixed beam 

𝛿 =
𝑊𝑎3𝑏3

3𝐸𝐼𝐿3
 

 

 

 

 

3. Free Vibration of an Undamped Torsional System 

Torsional vibration occurs when a rigid body oscillates about a specific 

reference axis.  Displacement of the body is measured in terms of an angular 

coordinate. 

𝑀𝑡 =
𝐺𝐼0𝜃

𝑙
 

b a 
W 

L 

b a 
W 

L 



where 𝑀𝑡 is the torque that produces the twist 𝜃, G is the shear modulus, 𝑙  is 

the length of the shaft, 𝐼0 is the polar moment of inertia of the cross section of 

the shaft, given by 

𝐼0 =
𝜋𝑑4

32
 

where the units for I0 is (m4) 

If the disc is displaced by 𝜃  from its equilibrium position, the shaft provides a 

restoring torque of magnitude𝑀𝑡. Thus the shaft acts as a torsional spring 

with a torsional spring constant 

𝐾𝑡 =
𝑀𝑡

𝜃
=

𝐺𝐼0

𝑙

 

 

The equation of the angular motion of the disc about its axis can be derived 

by using Newton's second law; 

𝐽0𝜃̈ + 𝑘𝑡𝜃 = 0 

where 𝐽0 is the polar mass moment of inertia, 𝜃  is the angular displacement 

and 𝑘𝑡   is the torsional spring constant.   



𝜔𝑛 = √
𝑘𝑡

𝐽0
 

𝑓𝑛 =
1

2𝜋
√

𝑘𝑡

𝐽0
 

𝜏𝑛 =
1

𝑓𝑛
= 2𝜋√

𝐽0

𝑘𝑡
 

 

The solution for the torsional vibration equation of motion is as follow; 

𝜃(𝑡) = 𝐴1 cos 𝜔𝑛𝑡 + 𝐴2 sin 𝜔𝑛𝑡 

𝐴1 𝑎𝑛𝑑 𝐴2  can be determined from the initial conditions; 

At 𝑡 = 0 

𝜃(𝑡 = 0) = 𝐴1 = 𝜃0 

𝜃̇(𝑡 = 0) = 𝜔𝑛𝐴2 = 𝜃̇0 

𝜃(𝑡) = 𝜃0 cos 𝜔𝑛𝑡 +
𝜃̇0

𝜔𝑛
sin 𝜔𝑛𝑡 

where 𝐽0 for a cylinder with radius 𝑟 and mass 𝑚 can be calculated 

as follow; 

𝐽0 =
1

2
. 𝑚. 𝑟2 

and the units for 𝐽0 is (𝑘𝑔. 𝑚2) 


