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Gamma and Beta functions
The Gamma function is defined by the integral

I'(n) = f x"le *dx >0

The Gamma function satisfies the recursive properties:
1. I'(n+1)=nl(n) Vn+x0 nel”

2. I'n+1)=n! nem

-
4. r@jr[:t—;:-):ﬁm . 0<p<1
Example 1:Find 1. F(%) 2. F(%) 3.1‘“(—%) 4F(%)F(%)
) rlhen)- ()b
()3t o(d) 2
3. In+1)=nl() = I =@
f(D)-"CE ()
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o G)r()-rGIrli-3) - - -
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Example 2: Evaluate each of the following integrals

oo oo

3

3 3 3 1 3
1. J‘xv‘?e‘xdﬂr::fxz e *dx =F(?—|— 1)=?X?ﬁ=zﬁ

0
0

Let x = :}fz = dx = Zydy = d}f —
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dx

dt
Let x =3/t = dx= = dt = 3x%dx
Ve 3V t2
J‘re f 23”“31:0!1:—3']’ 2 e xdx=3f(?)
0
7 5 3 1 315
=3Xg XX XVT =T
4.f xZe¥dx
3
Let u=x—3 then du=dx, x=3 = u=>0

f (u+ 3)?e ¥ 3du= f[u + 6u+9)e “du

o0

= f wre ¥du + f 6w e “du + f 9 e *du
o 0

0
=TI (3)+6Ir(2)+9r()
=21+6X11+9x0'=2+6+9 =17
Y
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Beta function

The Beta function is defined by the integral
1

B(m,nj=fxm‘1(1—xj“‘1dx - n=0, m>=>0
0
The Beta function satisfies the recursive properties:

1. The Beta function is symmetric that is : B(m,n) = B(n,m)

rm)rn)
1 5
Example 3:Evaluate 1. B34)  2.B(-,~)
r3)ri4) 20x3! 2 % 31 1
1 B34 = r(7) 6 6x5x4x3 60
1 5 3 1
gg(ii):r(T)r(g):ﬁxixjﬁZB_n
\272 1.5 r@3) 8
r(z+3)

Example 4: Evaluate each of the following integrals

1

1. f x*(1—x)*dx = B(4,5) =

0

r(4)re) 3'x4l 6 X 4! 1
r(9) 8  8x7x6x5x4 280

2 xz
2.f dx
V2—x
0
let x =2y = dx=2dy , rxr=0=y=0andx=2=y=1

1
2

2 1
xZ 472 8 ¥
LKZ—xdx:sz-z 2= =Y
0 o J 0 }
1

= *h’ffyz(l —y) 2 dy
o

rer(3) ez

G

— 42 B (3%) — 47


https://en.wikipedia.org/wiki/Symmetric_function
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2

3. | t*J4—t2dt

Let t2=4x = 2tdt =4dx , t=0=x=0andt=2=2x=1
1

2
t* 4—t2dt=ft2 X tyf4 — t2 xrdtzfclxxzﬁxfcl—clx X 2dx
0

1]

2

1]
1

5 3
= 32fx3fﬂm dx = 32B (?,?)

0

20(3)r(3)_saxdxhiixhim
- r'(4) N 3!

=27

Many integrals can be expressed through beta and gamma functions. Two of

special interest are:

xP-1 T
1. dx=T(p)[(1—p) = - D<p<l
f1+x x=T{@P)(1-p) snpr p

w2
1
2. f sin®™ 1 @ cos?™1 9 do =?B(m,n]
1]

Example 5 : Evaluate each of the following integrals

= x—2/3 s x{lfaj—l T T
1. d = —d ] _—
f 1+x " f 1+x sink 3

0 0 3

w2
2. f sin® @ cos® 6 d6
0
2Zm—1=9 = m=5 and 2n—1=5 = n=3

/2

_ _ 1 rs)yr(3) 4'x2! 1
g & = - == == ==
f Sin” 6 cos™ 6 db = 2 B(5,3) 2r(s+3) 2x7!' 210

0
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w2
3. j sin® x dx
o
1
2Zm—1=5 == m=3 and 2n—-1=0 = an
w2 1
| 1 1\ Ter(s) 20T 8
sin xdx =5 B(3,5)=—— 2 = —g— 35— =
0 21“(?) ZX?X?X?ﬁ
Exercises
Evaluate each of the following integrals
1. jxﬁ e 3*dx
]
2. j 3t eVt de
]

1
3.jx5(1—x}5dx

0

/2
4.f cos* x dx

0

/2
5. j sin® x cos® x dx

ﬁjﬂ;dx
'u Yx(1+x)

1

?.jx“(l —Vx) dx

0



