Stage:First.

Topic: Logic Design |

Lecture2: BOOLEAN ALGEBRA AND LOGIC C. .. .

General Objective:
The students will be able to deal with Boolean Algebra and logic gates.
Procedural Objective:

1- The students can work with Boolean algebra and making use of its
rules.

2- The students will be able to simplify any given expression.

3- The students can deal with logic gates and making use of it to build
any desired circuit.

Teaching aids: Lecture (presented by MS-power point program on the
laptop), discussion between lecturer and students, LCD monitor,
whiteboard.



BOOLEAN ALGEBRA AND LOGIC GATES

2.1 I ntroduction

Binary logic deals with variables that have twacdete values: 1 fofRUEand O for
FALSE A simple switching circuit containing active elents such as a diode and
transistor can demonstrate the binary logic, wicah either be ON (switch closed) or
OFF (switch open). Electrical signals such as gatand current exist in the digital
system in either one of the two recognized valagsept during transition.

The switching functions can be expressed with Baolequations. Complex Boolean
equations can be simplified by a new kind of algelwhich is popularly called
Switching Algebra or Boolean Algebra, invented bg mathematician George Boole
in 1854. Boolean Algebra deals with the rules byciwhogical operations are carried
out.

2.2 BASIC DEFINITIONS

Boolean algebra, like any other deductive matherabtiystem, may be defined with
a set of elements, a set of operators, and a nuaitessumptions and postulates. A
set of elements means any collection of objectangacommon properties. If S
denotes a set, and X and Y are certain objects, Xhe S denotes X is an object of
set S, whereas ¥ S denotes Y is not the object of set S. A bingrgrator defined on
a set S of elements is a rule that assigns to pachof elements from S a unique
element from S. As an example, consider this @a¥*Y = Z. This implies that * is

a binary operator if it specifies a rule for findi@ from the objects ( X, Y ) and also
if all X, Y, and Z are of the same set S. On thkeeothand, * can not be binary
operator if X and Y are of set S and Z is not fritia same set S.

The postulates of a mathematical system are basdbdeobasic assumptions, which
make possible to deduce the rules, theorems, amukgies of the system. Various
algebraic structures are formulated on the basiseoinost common postulates, which
are described as follows:

1. Closer: A set is closed with respect to a binary oper#itdor every pair of

elements of S, the binary operator specifies afarlebtaining a unique element of S.
For example, the set of natural numbers N = {13, 2, ...} is said to be closed with
respect to the binary operator plus ( +) by thesof arithmetic addition, since for
any X,Y €N we obtain a unique element&Z N by the operaXonY = Z.

However, note that the set of natural numbers i<losed with respect to the binary
operator minus (-) by the rules of arithmetic sattion because for 1 — 2 = -1, where
—1 is not of the set of naturals numbers.

2. Associative Law: A binary operator * on a set S is said to be aased whenever
(A*B)*C = A*(B*C) for all A,B,C €S.

3. Commutative Law: A binary operator * on a set S is said to be comatine
Whenever A*B = B*A for all ABES.



4. | dentity Element: A set S is to have an identity element with respea binary
operation * on S, if there exists an elemerfs with the property E*A = A*E = A.

Example: The element O is an identity element with resptihe binary operator +
on the set of integers 1 ={.... -4, -3,-2,-11(2, 3, 4, ....} as

A+0=0+A=A

Similarly, the element 1 is the identity elementhanespect to the binary operatgr
asAX 1=1X A=A

5. Inverse: If a set S has the identity element E with respet binary operator *,
there exists an element®8S, which is called the inverse, for everydA  Ststhat
A*B = E.

Example: In the set of integers | with E = 0, the inver$am element A is (-A) since
A+ (-A) =0.

6. Distributive Law: If * and (.) are two binary operators on a set 1S,said to be
distributive over (.), whenever

A*(B.C) = (A*B).(A*C).

If summarized, for the field of real numbers, tipe@tors and postulates have the
following meanings:

The binary operator + defines addition.

The additive identity is O.

The additive inverse defines subtraction.

The binary operator (.) defines multiplication.

The multiplication identity is 1.

The multiplication inverse of A is 1/A, defines diwni.e.,A. 1/A = 1.

The only distributive law applicable is that of ¢yer +
A.B+C)=(A.B)+(A.C)

2.3 DEFINITION OF BOOLEAN ALGEBRA

In 1854 George Boole introduced a systematic agrad logic and developed an
algebraic system to treat the logic functions, Wh&now called Boolean algebra. In
1938 C.E. Shannon developed a two-valued Boolegebed called Switching

algebra, and demonstrated that the properties ofvialued or bistable electrical

switching circuits can be represented by this algebhe postulates formulated by
E.V. Huntington in 1904 are employed for the forrdafinition of Boolean algebra.

However, Huntington postulates are not unique fefining Boolean algebra and
other postulates are also used. The following Hhgidin postulates are satisfied for
the definition of Boolean algebra on a set of eletmeS together with two binary

operators (+) and (.).

1. (@) Closer with respect to the operator (+).

(b) Closer with respect to the operator (.).

2. (@) An identity element with respect to + is desigubby Oi.,e, A+0=0+A=A.



(b) An identity element with respect to . is desiguaby li.e, A.1=1. A=A
3. @ Commutative with respect to (#)e, A+ B =B + A.

(b) Commutative with respect to (i)e., A.B = B.A.
4. @) (.) is distributive over (+),e., A. (B+C)=(A.B) + (A. C).

() (+) is distributive over (.),e., A+ (B.C)=(A+B).(A+C).
5. For every element & S, there exists an element@S (called the complement of
A) suchthat A+ A=1and A.A=0.
6. There exists at least two elements &,B, such that A is not equal to B.
Comparing Boolean algebra with arithmetic and aadiralgebra (the field of real
numbers), the following differences are observed:
1. Huntington postulates do not include the assed#av. However, Boolean algebra
follows the law and can be derived from the othastplates for both operations.
2. The distributive law of (+) over ( .i)e, A+ (B.C) = (A+B) . (A+C) is valid for
Boolean algebra, but not for ordinary algebra.
3. Boolean algebra does not have additive or nlidéifive inverses, so there are no
subtraction or division operations.
4. Postulate 5 defines an operator called Complegmehich is not available in
ordinary algebra.
5. Ordinary algebra deals with real numbers, whidmsist of an infinite set of
elements. Boolean algebra deals with the as yedfinadi set of elements S, but in the
two valued Boolean algebra, the set S consistalgftavo elements: 0 and 1.
Boolean algebra is very much similar to ordinargebra in some respects. The
symbols (+) and (.) are chosen intentionally toilitate Boolean algebraic
manipulations by persons already familiar to ordiralgebra. Although one can use
some knowledge from ordinary algebra to deal witlolBan algebra, beginners must
be careful not to substitute the rules of ordirelgebra where they are not applicable.

2.4 TWO-VALUED BOOLEAN ALGEBRA

Two-valued Boolean algebra is defined on a senbf two elements, S = {0,1}, with
rules for two binary operators (+) and (.) and msi@ or complement as shown in
the following operator tables at Figures 2.1, ar] 2.3 respectively.

A B |A+B A B AB A A
0 0 0 0 0 0 1
0 1 1 0 1 0 1 0
1 0 1 1 0 0
1 1 1 1 1 1

Figure 2-1 Figure 2-2 Figure 2-3

The rule for the complement operator is for verifiation of postulate 5.



These rules are exactly the same for as the lo@€&gl AND, and NOT operations,
respectively. It can be shown that the Huntingtoatplates are applicable for the set
S ={0,1} and the two binary operators defined abov
1. Closure is obviously valid, as form the tablésibbserved that the result of each
operation is either 0 or 1 and G1S.
2. From the tables, we can see that:
H0+0=0 0+1=1+0=1
@i)l1.1=1 0.1=1.0=0
which verifies the two identity elements O for @)d 1 for (.) as defined by postulate
2.
3. The commutative laws are confirmed by the symyrtbinary operator tables.
4. The distributive laws of (.) over (¥, A. (B+C)=(A.B) + (A. C), and (+) over
()i.e, A+ (B.C)=(A+B) . (A+C) can be shown to bgpticable with the help of
the truth tables considering all the possible valieA, B, and C as under.
From the complement table it can be observed that:

(a) Operator (.) over (+)

A | B C B+C | A.(B+C) A.B A.C (A.B)+(A.C)
0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 1 1 1 0 0 0 0
1 0 0 0 0 0 0 0
1 0 1 1 1 0 1 1
1 1 0 1 1 1 0 1
1 1 1 1 1 1 1 1
Figure 2-4
(b) Operator (+) over (.)
A | B | C B.C A+(B.C) A+B A+C (A+B).(A+C)
0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
0 1 1 1 1 1 1 1
1 0 0 0 1 1 1 1
1 0 1 0 1 1 1 1
1 1 0 0 1 1 1 1
1 1 1 1 1 1 1 1
Figure 2-5

(©A+A'=1,since0+0'=1and1+1'=1.
(d)A.A'=0,since0.0'=0and1.1'=0.

These confirm postulate 5.

5. Postulate 6 also satisfies two-valued Boolegelah that has two distinct elements
0 and 1 where 0 is not equal to 1.



25 BASIC PROPERTIES AND THEOREMS OF BOOLEAN

ALGEBRA

2.5.1 Principle of Duality

From Huntington postulates, it is evident that they grouped in pairs as)(@and p)
and every algebraic expression deductible from gbstulates of Boolean algebra
remains valid if the operators and identity elermeare interchanged. This means one
expression can be obtained from the other in eastby interchanging every element
i.e., every 0 with 1, every 1 with 0, as well as inteneging the operatois., every
(+) with (.) and every (.) with (+). This importaproperty of Boolean algebra is
called principle of duality.

2.5.2 DeMorgan's Theorem
Two theorems that were proposed by DeMorgan plgpntant parts in Boolean
algebra.
The first theorem states that the complement abduxt is equal to the sum of the
complements. That is, if the variables are A anthBn:
(A.BY=A"+B
The second theorem states that the complemensias equal to the product of the
complements. In equation form, this can be exprkase
(A+B)Y=A".B
The complements of Boolean logic function or a dogxpression may be simplified
or expanded by the following steps of DeMorgan&otiem.
(a) Replace the operator (+) with (.) and (.) with ¢iven in the expression.
(b) Complement each of the terms or variables irettpression.
DeMorgan’s theorems are applicable to any numbgaoébles. For three variables
A, B, and C, the equations are:
(A.B.Cy=A"+B +C and
(A+B+Cy=AB.C
2.5.3 Other Important Theorems
Theorem 1@): A+ A=A

A+A=(A+A).1 by postulate Bj
=(A+A).(A+A) by postulate 5
=A+AA
=A+0 by postulate 4
=A by postulate &)

Theorem 1p): A. A=A
A.A=(A.A+0 by postulate 2(a)
=(A.A)+(A.A) by postulate 5
=A (A + A’)
=A.1 by postulate 4
=A by postulate 2(b)

Theorem 2@): A+1=1
Theorem 20): A.0=0



Theorem 3@): A+ AB=A

A+AB=A.1+AB by postulate 2(b)
=A(1+B) by postulate 4(a)
=A.1 by postulate 2(a)
=A by postulate 2(b)
Theorem 3p): A(A+B)=A by duality

The following is the complete list of postulateslaheorems useful for two-valued
Boolean algebra.

Postulate 2 (@A+0=A (b)Al=A
Postulate 5 @A+A =1 (b)AA =0
Theorem 1 (@A+A=A (b)AA=A
Theorem 2 (@A+1=1 (b)A0 =0
Theorem 3, Involution (A') =A
Theorem 3, Commutative @A+B=B+A (b)AB =BA
Theorem 4, Associative (@A+B+C=(A+B)+C | (b)A(B.C)=(AB).C
Theorem 4, Distributive () AB +C)=AB +AC b)A+BC=(A+B).A+C)
Theorem 5, DeMorgan (@) (A+B) =A"B (b) (ABY=A"+B
Theorem 6, Absorption (@A+AB=A (b)A(A+B)=A
Figure 2-6

2.6 BOOLEAN FUNCTIONS

Binary variables have two values, either O or 1B@olean function is an expression
formed with binary variables, the two binary operatAND and OR, one unary
operator NOT, parentheses and equal sign. The \dlaefunction may be 0 or 1,
depending on the values of variables present irBtiidean function or expression.
For example, if a Boolean function is expresseeélaigically as:

F=ABC

then the value of F will be 1, when A =1, B = @daC = 1. For other values of A, B,
C the value of Fis 0.

Boolean functions can also be represented by taltles. Atruth tableis the tabular
form of the values of a Boolean function accordiaghe all possible values of its

variables. For am number of variables,2combinations of 1s and Os are listed and



one column represents function values accordintpéodifferent combinations. For
example, for three variables the Boolean functiosr BB + C truth table can be
written as below in Figure 2.7

A B C F
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1
Figure 2-7

A Boolean function from an algebraic expression barrealized to a logic diagram
composed of logic gates. Figure 2.8 is an exampéelogic diagram realized by the
basic gates like AND, OR, and NOT gates.

B c,w—o{\ O / ’/\‘r— +

Cow F=C+AB

Figure 2-8

2.7 SIMPLIFICATION OF BOOLEAN EXPRESSIONS

When a Boolean expression is implemented with lagates, each literal in the
function is designated as input to the gate. Ttegdl may be a primed or unprimed
variable. Minimization of the number of literalscathe number of terms leads to less
complex circuits as well as less number of gatdschvshould be a designer’s aim.
There are several methods to minimize the Booleantion. Here, simplification or
minimization of complex algebraic expressions Wk shown with the help of
postulates and theorems of Boolean algebra.

Example 2.1. Simplify the Boolean function F=AB+ BC +@
Solution. F=AB+BC + BC

=AB + C(B + B)

=AB +C



Example 2.2. Simplify the Boolean function F= A +B&
Solution. F=A+AB
=(A+A)(A+B)
=A+B
Example 2.3. Simplify the Boolean function F=BC + A'BC + AB.
Solution. F=AB'C + ABC + AB
= A'C (B+B) + AB'
=A'C + AB'
Example 2.4. Simplify the Boolean function F = AB + (AG)AB'C(AB + C).

Solution. F=AB + (AC) + AB'C(AB + C)
=AB + A"+ C+ AB'C.AB + ABC.C
=AB+A'+C+0+ABC (B.B=0and C.C=C)
=ABC + ABC + A'+ C + AB'C (AB = AB(C + C) = ABC + ABC)
=ACB+B)+C(AB+1)+A
=AC+C+A’'(B+B =1and AB+1=1)
=AC + (AC)
=1

2.8 CANONICAL AND STANDARD FORMS

Logical functions are generally expressed in tewhsdifferent combinations of
logical variables with their true forms as welltas complement forms. Binary logic
values obtained by the logical functions and logaciables are in binary form. An
arbitrary logic function can be expressed in tHe¥tang forms.

(i) Sum of the Products (SOP)

(ii) Product of the Sums (POS)
Product TermIn Boolean algebra, the logical product of seieagiables on which a
function depends is considered to be a product.ténmmother words, the AND
function is referred to as a product term or stathdaroduct. The variables in a
product term can be either in true form or in coenpénted form. For example, ABC
is a product term.
Sum TermAn OR function is referred to as a sum term. Tdggcal sum of several
variables on which a function depends is considérdee a sum term. Variables in a
sum term can also be either in true form or in clemented form. For example, A +
B+ Cis asumterm.
Sum of Product¢SOP). The logical sum of two or more logical prodterms is
referred to as a sum of products expression. bascally an OR operation on AND
operated variables. For example, Y = AB + BC + AXc= A'B + BC + AC are sum
of products expressions.
Product of Sum¢POS). Similarly, the logical product of two or reological sum
terms is called a product of sums expression. aniAND operation on OR operated
variables. For example, Y =(A+B+C)A+BC)A+B+C)orY=(A+B +
C)(A' + B' + C) are product of sums expressions.
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Standard formThe standard form of the Boolean function is wiida expressed in
sum of the products or product of the sums fashidre examples stated above, like
Y=AB+BC+ACorY=(A+B+C)A+B+C)A + B + C) are the standard
forms.
However, Boolean functions are also sometimes agpein nonstandard forms like
F = (AB + CD)(AB' + CD'), which is neither a sum of products form nor adorct
of sums form. However, the same expression canobgected to a standard form
with help of various Boolean properties, as:

F = (AB + CD)(AB' + CD') = AB'CD + ABCD'
2.8.1 Minterm
A product term containing alh variables of the function in either true or
complemented form is called the minterm. Each mmtés obtained by an AND
operation of the variables in their true form omgemented form. For a two-variable
function, four different combinations are possitldach as, B’, A'B, AB’, and AB.
These product terms are called the fundamentalugtedor standard products or
minterms. In the minterm, a variable will posselss value 1 if it is in true or
uncomplemented form, whereas, it contains the valifiét is in complemented form.
For three variables function, eight minterms aresgae as listed in the following
table in Figure 2.9.

A B C Minterm
0 0 0 A'B'C’
0 0 1 A'B’C

0 1 0 A'BC’
0 1 1 A’BC

1 0 0 AB'C’

1 0 1 ABC

1 1 0 ABC’

1 1 1 ABC

Figure 2-9

So, if the number of variables i then the possible number of minterms s Phe
main property of a minterm is that it possesses vhkie of 1 for only one

combination ofn input variables and the rest of thB 2 1 combinations have the
logic value of 0. This means, for the above thraeables example, if A=0,B=1,C
=1i.e., for input combination of 011, there is only orenbination ABC that has the
value 1, the rest of the seven combinations hazealue O.

Canonical Sum of Product Expressitvhen a Boolean function is expressed as the
logical sum of all the minterms from the rows afrath table, for which the value of
the function is 1, it is referred to as thanonical sum of product expressidrhe
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same can be expressed in a compact form by ligtiegcorresponding decimal-
equivalent codes of the minterms containing a fonctalue of 1. For example, if the
canonical sum of product form of a three-varialoigid function F has the minterms
A'BC, AB'C, and ABC, this can be expressed as the sum of the decioudsc
corresponding to these minterms as below.
F (A,B,C) =(3,5,6)

=m3 +m5 +m6

= ABC + ABC + ABC
where ¥ (3,5,6) represents the summation of minterms spmeding to decimal
codes 3, 5, and 6.
The canonical sum of products form of a logic fumttcan be obtained by using the
following procedure:
1. Check each term in the given logic function.gReff it is a minterm, continue to
examine the next term in the same manner.
2. Examine for the variables that are missing thgaroduct which is not a minterm.
If the missing variable in the minterm is X, mulyiphat minterm with (X+X).
3. Multiply all the products and discard the redamickerms.

Here are some examples to explain the above proeedu
Example 2.6. Obtain the canonical sum of product form of théofeing function:
F(A,B)=A+B
Solution. The given function contains two variables A and The variable B is
missing from the first term of the expression ane variable A is missing from the
second term of the expression. Therefore, thetérst is to be multiplied by (B +'B
and the second term is to be multiplied by (A '} @ demonstrated below.
F(A,B)=A+B
=Al+B.1
=AB+B)+B(A+A)
=AB + AB'+ AB + AB
=AB + AB'+ AB (as AB + AB = AB)
Hence the canonical sum of the product expresditimeagiven function is
F (A, B) =AB + AB + A'B.

Example 2.7.0btain the canonical sum of product form of théofeing function.
F(A,B,C)=A+BC

Solution. Here neither the first term nor the second ternmiaterm. The given

function contains three variables A, B, and C. Vagables B and C are missing from

the first term of the expression and the variablis Alissing from the second term of

the expression. Therefore, the first term is tarhadtiplied by (B + B) and (C + Q.

The second term is to be multiplied by (A 4.Arhis is demonstrated below.

F(A,B,C)=A+BC

=A(B+B)(C+C)+BC(A+A)

= (AB + AB’) (C+C) + ABC + ABC

= ABC + AB'C + ABC + AB'C' + ABC + ABC

11



= ABC + AB'C + ABC + AB'C' + A'BC (as ABC + ABC = ABC)
Hence the canonical sum of the product expresditimeagiven function is
F (A, B,C) = ABC + ABC + ABC + AB'C' + A'BC.

2.8.2 Maxterm
A sum term containing ah variables of the function in either true or compésed

form is called the maxterm. Each maxterm is obthibg an OR operation of the
variables in their true form or complemented foffour different combinations are
possible for a two-variable function, such as,+AB’, A’ + B, A + B, and A + B.
These sum terms are called the standard sums demrex Note that, in the maxterm,
a variable will possess the value 0, if it is inetor uncomplemented form, whereas, it
contains the value 1, if it is in complemented foroke minterms, for a three-
variable function, eight maxterms are also possisldisted in the following table in
Figure 2.10.

Maxterm
A+B+C
A+B+C
A+B +C
A+B +C
A”+B +C
A"+ B+ C
A"+ B +C
A"+ B + C

A
0
0
0
0
1
1
1
1

el =R =l = K= s,
= |l Ol =|O|l=|lO|=|O]| O

Figure 2-10

So, if the number of variables is then the possible number of maxtermsfishe
main property of a maxterm is that it possesses vidlee of O for only one

combination of input variables and the rest of theé-2L combinations have the logic
value of 1. This means, for the above three vambkample, if A=1,B=1,C=0
i.e., for input combination of 110, there is only or@mbination A + B' + C that has
the value 0, the rest of the seven combinations lta value 1.

Canonical Product of Sum Expressiaidhen a Boolean function is expressed as the
logical product of all the maxterms from the rowsadruth table, for which the value
of the function is 0, it is referred to as thenonical product of sum expressidrhe
same can be expressed in a compact form by lighegcorresponding decimal
equivalent codes of the maxterms containing a fanatalue of 0. For example, if the
canonical product of sums form of a three-varidbigc function F has the maxterms
A+B+C,A+B+C,and A+ B + C, this can be expressed as the product of the
decimal codes corresponding to these maxtermslaw be

12



F (A,B,C) =I1 (0,2,5)
= MO M2 M5
=(A+B+C)(A+B+C)(A+B+C)

wherell (0,2,5) represents the product of maxterms cooredipg to decimal codes
0, 2, and 5.

The canonical product of sums form of a logic fumtican be obtained by using the
following procedure.

1. Check each term in the given logic function.g&Rett if it is a maxterm, continue to
examine the next term in the same manner.

2. Examine for the variables that are missing rthesaum term that is not a maxterm.
If the missing variable in the maxterm is X, addttmaxterm with (X.X).

3. Expand the expression using the properties astlifates as described earlier and
discard the redundant terms.

Some examples are given here to explain the abmoegure.

Example 2.8. Obtain the canonical product of the sum form offtilwing function.
F(A,B,C)=(A+B)(B+C)(A+C)

Solution. In the above three-variable expression, C is misBom the first term, A
is missing from the second term, and B is missiognfthe third term. Therefore, CC
is to be added with first term, AAs to be added with the second, and' BBto be
added with the third term. This is shown below.
F(A,B,C)=(A+B)(B+C)(A+C)

=(A+B+0)(B+C+0)(A+C+0)

=(A+B +CC)(B+C+AA)(A+C +BB)
=(A+B+C)(A+B+C)(A+B+C)(A+B+C)(A+B+Q (A+B +QC)
[using the distributive property, as X + YZ = (X¥(X + Z)]
=(A+B+C)(A+B+C)(A+B+C)(A+B+C)(A+B+Q
[as(A+B+C)(A+B +C)=A+B + C]

Hence the canonical product of the sum expressiothé given function is
F(A,B,C)=(A+B+C)(A+B+C)(A+B+C)(A+B+C)(A+B+0Q
Example 2.9. Obtain the canonical product of the sum form offtilwing function.
F(A,B,C)=A+BC

Solution. In the above three-variable expression, the funasogiven at sum of the
product form. First, the function needs to be cleahtp product of the sum form by
applying the distributive law as shown below.

F(A, B,C)=A+BC

=(A+B)(A+C)

Now, in the above expression, C is missing fromfitts¢ term and B is missing from
the second term. Hence C€ to be added with the first term and 'B8to be added
with the second term as shown below.

F(A,B,C)=(A+B) (A+C)

=(A+B +CC)(A+C+BB)
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=(A+B+C)(A+B+C)(A+B+C)(A+B+0C)
[using the distributive property, as X + YZ = (X¥3 (X + Z)]
=(A+B+C)(A+B+C)(A+B+C)
[as(A+B+C)(A+B+C)=A+B+C]

Hence the canonical product of the sum expressiothé given function is
F(A,B,C)=(A+B+C)(A+B+C)(A+B+C).

2.8.3 Deriving a Sum of Products (SOP) Expression from a Truth Table
The sum of products (SOP) expression of a Booleaction can be obtained from its

truth table summing or performing OR operationle# product terms corresponding
to the combinations containing a function valueloin the product terms the input
variables appear either in true (uncomplementeath ibit contains the value 1, or in
complemented form if it possesses the value 0.

Now, consider the following truth table in Figurel2, for a three-input function Y.
Here the output Y value is 1 for the input condiscof 010, 100, 101, and 110, and
their corresponding product terms ar&&’, AB'C', AB'C, and ABCrespectively.

Inputs Output Product terms | Sum terms
A B C Y
0 0 0 0 A+B+C
0 0 1 0 A+B+(
0 | 0 | ABC
0 1 1 0 A+B +C
1 0 0 1 AB'CY
1 0 1 1 AB'C
1 | 0 1 ABC’
1 1 1 0 A+B +(
Figure 2-11

The final sum of products expression (SOP) foragput Y is derived by summing
or performing an OR operation of the four prodectrts as shown below.

Y =A'BC' + AB'C' + AB'C + ABC
In general, the procedure of deriving the outpyiregsion in SOP form from a truth
table can be summarized as below.
1. Form a product term for each input combinationthie table, containing an output
value of 1.
2. Each product term consists of its input varigbie either true form or
complemented form. If the input variable is 0,ppaars in complemented form and if
the input variable is 1, it appears in true form.
3. To obtain the final SOP expression of the oytplltthe product terms are OR
operated.
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2.8.4 Deriving a Product of Sums (POS) Expression from a Truth Table
As explained above, the product of sums (POS) esme of a Boolean function can

also be obtained from its truth table by a simgescedure. Here, an AND operation

is performed on the sum terms corresponding to dbmbinations containing a

function value of 0. In the sum terms the inputialles appear either in true

(uncomplemented) form if it contains the value ©,iro complemented form if it

possesses the value 1.

Now, consider the same truth table as shown inrEiguL1, for a three-input function

Y. Here the output Y value is O for the input cdrmahs of 000, 001, 011, and 111, and

their corresponding productterms are A+B+ G B+C,A+B +C,and A+ B

+ C' respectively.

So now, the final product of sums expression (PfoS}he output Y is derived by

performing an AND operation of the four sum terrashown below.
Y=A+B+C)(A+B+CQ(A+B'+C)(A'+B +C)

In general, the procedure of deriving the outpyiregsion in POS form from a truth

table can be summarized as below.

1. Form a sum term for each input combination i@ thble, containing an output

value of 0.

2. Each product term consists of its input varigbie either true form or

complemented

form. If the input variable is 1, it appears in qdemented form and if the input

variable is 0, it appears in true form.

3. To obtain the final POS expression of the oytallithe sum terms are AND

operated.

2.9.5 Conversion between Canonical Forms

From the above example, it may be noted that thgtement of a function expressed
as the sum of products (SOP) equals to the summoafupts or sum of the minterms
which are missing from the original function. Tiesbecause the original function is
expressed by those minterms that make the funetial to 1, while its complement
is 1 for those minterms whose values are 0. Acogrdo the truth table given in
Figure 2.11:

F (A,B,C) =X (2,4,5,6)

=m2 +m4 +m5 + m6

=A'BC'+ AB'C' + AB'C + ABC.

This has the complement that can be expressed as

F (A,B,C) =(0,1,3,7)

=m0 +ml +m3 +m7/

Now, if we take complement of By DeMorgan’s theorem, we obtain F as
F(AB,C)=M0 +ml +m3 +m7)

=m0'ml'm3'm'7

= MOM1M3M7

=T11(0,1,3,7)

=(A+B+C)A+B+Q(A+B' +C)(A'+B +C).
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The last conversion follows from the definitionmfnterms and maxterms as shown
in the tables in Figures 2.9 and 2.10. It can karty noted that the following relation
holds truemj = M;j.

That is, the maxterm with subscripts a complement of the minterm with the same
subscript, and vice versa.

This example demonstrates the conversion betwefemcion expressed in sum of
products (SOP) and its equivalent in product of tmem)s. A similar example can
show the conversion between the product of sumsSjRd its equivalent sum of
minterms. In general, to convert from one canorfieah to other canonical form, it is
required to interchange the symba&lsandxz, and list the numbers which are missing
from the original form.

Note that, to find the missing terms, the totBlrimber of minterms or maxterms
must be realized, whereis the number of variables in the function.

29DIGITAL LOGIC GATES

As Boolean functions are expressed in terms of ANR, and NOT operations, it is
easier to implement the Boolean functions with ¢hleasic types of gates. However,
for all practical purposes, it is possible to comst other types of logic gates. The
following factors are to be considered for condinrcof other types of gates.
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Name Graphic Symbol Algebraic Function Truth Table
A B F
i 0 0 0
AND 3 F = AB 0 1 0
8| 1 0 0
1 1 1
A B F
—— 0 0 0
OR ) i T F=A+B 0 1 1
- 1 0 1
1 1 1
A F
Inverter _Do_ F=A 0 1
or NOT 1 0
A F
Buffer 4[>_ F = A (o] o]
1 1
A B F
[3) o 1
NAND “Do_ F = (ABY o 1 1
= 1 o) 1
1 1 o
A B F
; : o o 1
NOR ) ) o F = (A + BY o 1 o)
q 1 o [
1 1 [
A B F
X 0 0 0
Exclusive-OR Y F =AB + A'B 4] 1 1
(XOR) Z g —A®B 1 0 1
1 1 (0]
Equivalence A B F
Or ) F = AB + A’B’ 0 0 1
Exclusive-NOR i o— : 0 1 0
(XNNOR) 1 0 0
1 1 1

Figure 2-12

1. The feasibility and economy of producing theegaith physical parameters.

2. The possibility of extending to more than twputs.

3. The basic properties of the binary operator sscbommutability and associability.
4. The ability of the gate to implement the Boolé&amctions alone or in conjunction
with other gates.
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There are eight functions—Transfer (or buffer), @tement, AND, OR, NAND,
NOR, Exclusive-OR (XOR), and Equivalence (XNOR)tthwy be considered to be
standard gates in digital design.

The transfer or buffer and complement or inverteN®T gates are unary gates,,
they have single input, while other logic gatesehavo or more inputs.

2.9.1 Extension to Multiple I nputs
A gate can be extended to have multiple inputssibinary operation is commutative
and associative. AND and OR gates are both comivetand associative.

For the AND function, AB = BA -commutative
and

(AB)C = A(BC) = ABC. -associative
For the OR function, A+ B=B + A -commutative
and

(A+B)+C=A+(B+C). -associative

These indicate that the gate inputs can be intaggwh and these functions can be
extended to three or more variables very simplhstaswvn in Figures 2.18) and
2.130).

AOHD'LS ool )
B oee| F = ABC s B 09— F =ABC
O |'

Figure 2-13(a)

A A

B "

; Fah+iB4C = B@”MB'C
c

Figure 2-13(b)

The NAND and NOR functions are the complements dfDAand OR functions
respectively. They are commutative, but not ass@eiaSo these functions can not be
extended to multiple input variables very simplyowéver, these gates can be
extended to multiple inputs with slightly modifiddnctions as shown in Figures
2.14@) and 2.14) below.
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For NAND function, (AB) = (BA)'. -commutative
But, ((AB)'C)' # (A(BC)')". -does not follow associative property.

As ((AB)' C) =(AB) + C and

(A(BC))' =A"+BC.

Similarly, for NOR function, ((A + B)+ C) # (A + (B + C))".
As, (A+B)Y+C)=(A+B)C=AC +BC.

And (A+(B+C))=A(B+C)=AB+AC.

A
‘ b—l A00—|
B ’ 4 ’ ’
F=AB+C' B 00— F=(ABC)=A"+B’+C
coed |

Figure 2-14(a)

A
F=(A+B)C’ B F=(A+B+C)=ABTC
C

Figure 2-14(b)

oo >

O

The Exclusive-OR gates and equivalence gates bo#sess commutative and
associative properties, and they can be extendedultple input variables. For a
multiple-input Ex-OR (XOR) gate output is low whewen numbers of 1s are applied
to the inputs, and when the number of 1s is odathput is logic 0. Equivalence gate
or XNOR gate is equivalent to XOR gate followed N T gate and hence its logic
behavior is opposite to the XOR gate. However, iplelinput exclusive-OR and
equivalence gates are uncommon in practice. Figuidsa) and 2.13§) describe the
extension to multiple-input exclusive-OR and egléunae gates.

A O-o—) A

B Oe— - .
F = ADBOC o D F=AD00G

C Oe y) c

Figure 2-15(a)

A A

B B OO—D F=AOBOC
D

C O - C

Figure 2-15(b)
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2.9.2 Universal Gates

NAND gates and NOR gates are calledversal gatesr universal building blocks
as any type of gates or logic functions can be éemganted by these gates. Figures
2.16(a)-(e) show how various logic functions canréealized by NAND gates and
Figures 2.17(a)-(d) show the realization of varitmgc gates by NOR gates.

(AB)
o e DD

B Oe——w
NOT function: F = A’ AND function: F = AB
Figure 2-16(a) Figure 2-16(b)
A A (ABY)'
A
AO"'E: F=(AR)=A+B :
BO-Q—{
B B AB)
OR function: F = A+ B Ex-OR function: F= ((AB’)(A’'B)’)’ =AB’ + A’'B
Figure 2-16(c) Figure 2-16(d)

A

OQ—L *}(C’Bl\_'
} F=AB +AB

S el Iy
B d (ABY)

Ex-OR gate with reduced number of NAND gates

Figure 2-16(e)

AO*E:D*F#‘ ’;Whm

NOT function: F = A’ OR function: F=A+B

Figure 2-17(a) Figure 2-17(b)
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F=(A +B)'=AB

AND function: F = AB

Figure 2-17(c)

A A’ (A" + B)'

B (A + B’
Ex—OR function: F = [((A” + B + (A + B")’] = AB’ + A’'B

Figure 2-17(d)
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