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I1- Power series method
We consider the second-order linear homogeneous differential equation for y = y(x)

P(x)y" +Q(x)y"+R(x)y=0

where P(x), Q(x) and R(x) are polynomials
The idea of power series method is to assume that the unknown function y can be

expanded into a power series:

[=a]
— E n _ 2 3 4 5
n=0

y' =a;+ 2a,x + 3a;x* + 4a,x* + Sazx* + 6a,x° + -
y'" =2a,+ 6azx+ 12a,x* + 20a-x* + 30a.,x* + 42a,x> + ---
Substituting in the differential equation and requiring that the coefficients of each power
of x sum to zero, we can find all the constants a,, ¥ n = 2,3,4,--- in terms of a, or a,.

Example 1: Solve y"" + 2xy’' + 2y = 0 by power series method

Solution :
y=ap+ax+ax* +a;x* +ax* +asx®+ -

y' =a; +2a,x + 3a;x* + 4a,x® + bax* + 6a x® + -

y" =2a,+ 6a;x+ 12a,x* + 20a;x* + 30a,x* + 42a,x> + ---

Now
y"' = 2a, + 6azx + 12a,x* + 20a-x3 x* +42a,x° + -
2xy' =0 +2a,x+ 4a,x* + 6a,x3 x* +12asx + -

2y = 2a, + 2a,x+ 2a,x* + 2a,;x? x*  +2a;x° + -
2a,+2ap=0 = [a;=—ay| and 6a;+2a;+2a,=0 = |a;=—(2/3)a,
12a, +4a,+2a,=0 = a,=—(1/2)a, = |a,=(1/2)a,
20a; +6a;+2a; =0 = a.=—(2/5)a;, = as=(4/15)a
y=ag+a,x—agx®*—(2/3)a,x® + (1/2)apgx* + (4/15)a, x> + -

;}r:ao(l—xz—I—ix“+---)+a1(x—ix3+ix5+---)
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Example 2: Solve y"" —xy'+ 4y =0 by using power series method
Solution :
Yy=ay+a,x+a, x>+ a;x* + ax* +agx + -
y' =a; +2a,x + 3a;x* + 4a,x® + bax* + 6a x® + -
y"' =2a,+ 6a;x+ 12a,x* + 20a:x® + 30a,x* + 42a,x> + -
Now
y" = 2a, +6a; x+ 12a, x* + 20as x* + 30a, x*+42a, x>+ -

2

—xy'=0 —a, x—2a,x* —3a, x* —4a, x* —bas x> —--

4y = da, +4a, x +4a,x* +4a; x* +4a, x* +4a; x°+--

2a,+4a,=0= |a, =—2a, ,6a;—a,+4a,=0= |a;=—(1/2)a,

12a, —2a,+4a,=0 = a,=—(1/6)a, = |a,=(1/3)a,

20a; —3a;+4a; =0 =a;=—(1/20)a;, = |as=(1/40)a,

30a, —4a,+4a,=0 = |a,=0| and az;=a,,=--=0

y=a,+a,x—2a,x* — (1/2)a,x* + (1/3)ax* + (1/40)a, x> + -

x* x¥ x°
y=au(1—2xz+?)+a1(x—?+ﬁ+--- )

Exercises
Solve the differential equations by using power series method
(1) xy"4+y"4+xy=0
(2) x*y"+y' +x%y=0
3) y'+3xy'—y=0
(4) (x—1)y"+2y'=0
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