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3.8.1Sudden enlargement

When the cross-section of a pipe enlarges graduthiéystreamlinefollow
closely the contours of thduct and virtuallyno extra frictionalosses are
incurred. On the other hand, whenever the change is sudden, additieses
arise due to the eddies formed as the fluid enters the enlargss-section.
The resulting head loss for laminfow can be evaluately applying the
mechanicaknergy balance conjunctionwith the integraimomentum
balanceConsider the flow configuration shown in Figure 3.23vimich the
section ‘2’ is locatedmmediatelyafterthe end of the smallgipe. By suitable
choiceof plane ‘1’, the frictionalpressure loss may be assumed to be negligible
between planed’ and ‘2’ and hence p~ po; the latteracts over the whole
cross-section (73. Also, immediatelyfollowing the expansion at section ‘2,
the streamlinewill be nearly paralleto the axis andhe velocityprofile at
section'2’ will be similar to thefully developedprofile at section ‘1'. If section
‘3’ is sufficiently far down-stream, the velociyrofile againbe fully
establishedOn applyingthe integraimomentumbalanceover the control
:volume as shown ifrigure 3.3

Ry R>
YF, = (p>— pg)nRg = — . 271r,0V§ dr + . 271r,oV§ dr (3.92)
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Figure 3.23 Schematics of laminar flow through a sudden expansion in a
tube

The integration in equation (3.92) can be carried out after insertion of the
velocity profiles for the appropriate viscosity model to obtain the pressure
loss (p2 — p3). For power-law fluids, this procedure leads to:

P2-P3_<3n+1 0 (A1 2 A

= (= — 3.93
p 2n+1 A7 \A Az (399

where A; = 7R? and A, = 7R3. Applying the mechanical energy balance
equation between points ‘1’ and ‘3"

V2 %5
P o =B 23 et S
P 2o 0 2x
p1— D3 vi-v3
or YFexp= +(z1 —z3)g + o (3.94)

For a horizontal systeny; = z3, putting p1 = p, and substituting forr from
equation (3.16), equations (3.93) and (3.94) yield the following expression for
the head losge:

_ SFep 1[0 ?(3n+1
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he

(3.95)

If n were equal to zero, the velocity would be uniform across the pipe cross-
section & = 1) and equation (3.95) would reduce to

V2 Ay 2
he = 2—81 ( - A—; (3.96)
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This agrees with the expression for turbulent Newtonian flow when the velocity
profile is assumed to be approximately flat.

3.8.2 Entrance effects for flow in tubes

The previous discussion on flow in pipes has been restricted to fully-developed
flow where the velocity at any position in the cross-section is independent of
distance along the pipe. In the entrance and exit sections of the pipe this will
no longer be true. Since exit effects are much less significant than entrance
effects, only the latter are dealt with in detail here.

For all fluids entering a small pipe from either a very much larger one or
from a reservoir, the initial velocity profile will be approximately flat, and will
then undergo a progressive change until fully developed flow is established,
as shown schematically in Figure 3.24.

Entrance velocity is V /-Tube
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Figure 3.24 Developmenbf the boundarylayer and velocity profile for
laminar flow in the entranceregionof a pipe

The thicknessof the boundarylayer is theoretically zero at the entrance
andincreasegprogressivelyalongthe tube. The retardationof the fluid in the
wall regionmustbe accompaniedby a concomitantacceleratiorin the central
regionin orderto maintaincontinuity. Whenthe velocity profile hasreached
its final shape the flow is fully developedand the boundarylayersmay be
consideredo haveconvegedat the centreline. It is customaryto definean
entrylength, L., asthe distancefrom the inlet at which the centrelinevelocity
is 99% of thatfor the fully-developedflow. The pressuregradientin this entry
regionis differentfrom thatfor fully developedilow andis a function of the
initial velocity profile. Therearetwo factorsinfluencingthe pressuregradient
in the entry region: firstly, some pressureenegy is convertedinto kinetic
enepgy asthe fluid in the central core acceleratesand secondly,the higher
velocity gradientsin the wall region resultin greaterfrictional losses.It is
importantto estimateboth the pressuredrop occurringin the region before
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flow has been fully developed and the extent of this entrance length. This
situation is amenable to analysis by repeated use of the mechanical energy
balance equation. Consider the schematics of the flow shown in Figure 3.25.
The stations ‘1’ and ‘3’ are well removed from the tube entrance, ‘2’ is in
the plane of entrance while ‘3’ is situated in the fully developed region. The
frictional pressure loss between points ‘1’ and ‘3’ can be expressed as:

PEF = Apraa-2)+ Apra@-3) + APexa-2) + APex2-3) (3.97)
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Figure 3.25 Schematicgor calculationof entranceeffects

wherethe subscripts fd’ and‘ex’ respectivelydenotethe pressuralropsover

the regionsof fully-developedflow and the additional pressuredrop due to

the acceleratiorof the fluid. BecauseV; <« V3, the fully developedpressure
lossbetweenpoints‘l’ and‘2’ is assumedo be negligible andthat between
2" and‘3’ canbe expressedn termsof the wall shearstressin the smaller
tubeas:

L
Aprie-3 = 21, (— (3.98)

R
where L is the length of the pipe between‘2’ and ‘3’. Thus, the extra
frictional lossbetween1l’ and‘3’ arisingfrom thefactthatflow is developing,
A pentrance Canbe written as:

L
A pentrance= (P1 — P3) — APra-3 = P1— P3— 27, <E (3.99
Applying the mechanicalenegy balancebetweenpoints ‘1’ and‘3’, noting
71 = zz and V; « V3, and substitutingfor pXF from equations(3.97) and
(3.98):

pV3
20[3

2

pV
(pL—ps) = 52 + pEF =
o3

L
+2‘L—w - +A ex(1— +A ex(2—
2 <R Pex(1-3) Pex(2-3)
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or

L ,on
A Pentrance= P1 — P3 — 2Ty (_ =3

R 2063 + Apex(l—Z) + Ape)c(2—3)

(3.100

Noting (1/2)pV§ =1,/ f and thatf = 16/Reyr in laminar region, it is custo-
mary to re-arrange equation (3.100) as:

A Ppent Reyr
— NGk 101
20, Ci(n) 32 + Co(n) (3.101)
1 Ape)c(273)
where Ci(n) = [ = + 2Pe@=d 3.10
1(n) (Ols 1/2)p?2 ( 2
and cmF% (3.103)
Tw

For laminar flow of power-law fluids, it has been found that b6thand C,

(also known as Couette correction) are functionsrofalone. Obviously,

C, representing the loss between points ‘1’ and ‘2’ would be strongly
dependent on the geometrical details of the system, more gradual or smooth
the entrance, smaller will be the value 6%. However, to date, its values
have been computed only for an abrupt change. Table 3.4 summarises the
predicted values ofC; and C, for a range of values of:.. It should be
noted thatCi(n) decreases with the increasing degree of shear-thinning
behaviour whileC,(n) shows the exactly opposite type of dependence on
n. That is, the contribution of the excess pressure drop between points ‘1’
and ‘2’ increases with decreasing valuenofBased on extensive comparisons

Table 3.4 Values ofCy(n) and
C»(n) [Boger, 1987]

n Ci(n) Ca(n)
1 2.33 0.58
0.9 2.25 0.64
0.8 2.17 0.70
0.7 2.08 0.79
0.6 1.97 0.89
0.5 1.85 0.99
0.4 1.70 1.15

0.3 1.53 1.33
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Figure 3.26 Entrancelengthfor power-lawfluids

betweenpredictionsandexperimentabtlata,this approacthasbeenfoundto be
reliable for estimatingthe value of A p,, for linear contractionratios greater
than 2 and downstreamReynoldsnumber(pV?~"D" /m) > 5 [Boger, 1987].
Figure 3.26 shaws the entry length L., requiredto attainfully developediow
in tubes;excellentagreements seento exist betweenpredictionsandlimited
experimentaldata. From a practical standpoint,the currently availablebody
of information suggestghat the entrancelength, L., is of the order of forty
pipe diameterdor inelasticfluids andabout110D for visco-elastidluids [Cho
andHartnett,1982]in streamlineflow. The literatureon this subjecthasbeen
critically reviewedby Boger[1987].

Thereis little information on either the entrancelength or the additional
pressuradrop for fully developedurbulentflow. Dodgeand Metzner[1959]
indicatedthat both the entrancdengthandthe extrapressurdossfor inelastic
fluids were similar tahose for Newtonian fluids.





