The Method of Distribution Functions

We will illusirate the method of disiribution funclions with 2 simple univariate ex-
ample, If ¥ has probahility density funciion f(v) and if / is some funciion of I,
then we can find Fiy(u) = PV < w)directly by inlegrating [{ v} over ihe region for
which I < w, The probability densily funciion for U is found by dilferentiaiing
Fouwh, The following example illustraies the method,

Summary of the Distribution Function Method

Let [F be o function of the random varables ¥, ¥, ... F,.
|. Find the region &7 = & inthe (v, ¥, ..., ¥, ] space.
2. Fimal the region ¥ < &
3. Find Fiw) = P/ = ) by integrating F{y,, ¥;,.... %] tver the

region [} < u
4. Final the density function (i (@) by differentiating Fp (). Thuos,
Tl = d Fy (w) .

Discrete Random variable

First, if X is a discrete random wvariable with mass points x,, Xz, ...,
then the distribution of ¥ = g(X) is determined directly by the laws of prob-
ability. If X takes on the values x;, x5, ... with probabilities fy(x, ). fx(xa} ...
then the possible values of Y are determined by substituting the successive
values of X in g(+). It may be that several values of X give rise to the same
value of ¥, The probability that ¥ takes on a given value, say y,;, is

fr[.'l-"j] = E Falx)

[Feglxgy=p sl

EXAMPLE 15 Suppose X takes on the values 0, I, 2, 3, 4, 5 with prob-
abilities f(0), f(1), f(2), fx(3), fx(4), and f(5). If Y = g(X) = (X = 2)%,
note that Y can take on values O, I, 4, and 9; then f,(0)=/f,(2),

Sl = £l 1) + F 30 fy(8) = f(0) + f(4), and fy(5) = fx(5). I

EXAMPLE1 Letthere be only one given random variable, say X, which has a
standard normal distribution. Suppose the distribution of ¥ = g(X) = X?

is desired.

Fy(y) .

=P[Y <y]=PIX?* < y]=P[—/y < X < /y] = (/) - ®(— /)
~1_[ ¢(u}du—2ju ;—Ee'*“’du

_i * 1 ¥r sy = :r_!_ 1 “¥ 4y fi 0
“J;—ﬂjﬂz\/;’ 4 Ll‘({r}\fz_ze e

which can be recognized as the cumulative distribution function of a
gamma distribution with parameters r = 4 and i = . il



EXAMPLE A process for refiming sugar vields up to | ton of pure sugar per day, but the actual
amount produced, Y, is a random variakle because of machine breakdowns and other
slowdowns, Suppose that ¥ has density function given by

2y, D=y,

fivi=
i}, elsewhere,

Solution  The company is paid at the rate of $300 per ton for the refined sugar, but it also has a
fixed overhead cost of 5100 per day. Thus the daily profit, in hundreds of dollars, is
U/ = 3F = 1. Find the probability density function for V.

To employ the distribution function approach, we must ind

w+
Fplnp= MU <@)= M3iIF¥ -1 <m)= P{F-C 3 )

IWa == =1, then (& + 113 « () and, therefore, Fyiju)l = P (Y < {u+ 1)/3] = 0.
Slage, ifTee == 2, them (e = L1738 == 1 amel Frolwd = #0F = (a + 11/3) = 1. Hirwever,
if =01 = & = 2, the probability can be written as an integral of fi(v]), and

i+ 1 L 118 [T N5 u+1 1
o) [ s [ s (13)
- - J

|

[Motice that, as ¥ ranges from O to 1, & ranges from — 1 10 2.) Thus, the distrnbution

function of the random vamable L7 is given by

[, a o= —1,
w1
Fr.'["]=|{ } . =1 =y =< X
3
l 1, T
and the density function for L' is
& Fpleh (2700 + 11, —1=<u <2,
folnl = ——— =
du i1, elsewhere. [



Second, if X is a continuous random variable, then the cumulative dis-

tribution function of ¥ = g{ X') can be found by integrating f,(x) over the appro-
priate region; that is,

RO =PY<yl=PleX)syl=[  fuxde (36

[e:gix)= ¥l
This is just the cumulative-distribution-function technique.

EXAMPLE [6 Let X bearandom variable with uniform distribution over the

interval (0, 1) and let ¥ =g(X)= X* The density of ¥ is desired.
Mow

FO)=AY A=A <= [ feyde= [ de=y

{x:xiy

forO0<y<1;s0

Fy(¥) = Mo (0 + Ly, (), -
and therefore

11
f]"(]’r} = iﬁ Im_,}(y). -H_”

MOMENT-GENERATING-FUNCTION TECHNIQUE

The moment-generating function method for finding the probability distribation of

a function of random varables ¥, Y., ..., ¥, 15 based on the following uniqueness
theorem.

Let m x (i) and my{f) denote the moment-generating funchons of andom van-
ables X and Y, respectively. If both moment-generating funciions exist and
my(#) = mp (i) for all values of ¢, then X and ¥ have the same probability
distribution.



EXAMPLE 6 Suppose X has a normal distribution with mean 0and variancel.
Let ¥ = X7, and find the distribution of ¥.

my(t) = 81" = [ &% = e dx

o

1 J‘IDECI E-ixiil—zrldx

-7

_ 1 . (1 - :"..t]_i b = gx3{1— T
_‘JE;I- (1-2n"*% I—mE dx
- 1 )* 1
== — i: — —
(1—20) (!—r for <3,

which we recognize as the moment generating function of a gamma with
parameters r =4 and A =4. (It is also called a chi-square distribution
with one degree of freedom. See Subsec. 4.3 of Chap. VI.) i

EXAMPLE  Let X, and X, be two independent standard normal random
X, - X,. Find the joint distribution of ¥, and Y,.

My, y (g, t2)

J[E.;.rlrl 'l"l"zl'a]

é’[e{r"" .:':':;]n.ri+l[x:—x.}rz]
g[ex.-r:,_ —wzhF X alry + e_;g'h]
&L -:rn—fz}:lgl[el'.t:n+r=}]

= mix (0 — tadmrex (f, + £2)
(2, — £2)7 (ty + 1237
—eXpT—5  °%P 2
27 2r3
= expif] + 13) = exp 21 c:xp—-l—z

= ey (8 drray (23],

We note that ¥, and Y, are independent random variablesand each has a normal distribution with mean 0 ;



and variance

EXAMPLE B Let X, and X, be two independent standard normal randon
variables. Let ¥ = (X, — X,)%/2, and find the distribution of ¥.

my(t) = &exp ¥i) = J[nxp (.'.5{—1—1.1'_,}3 t]

_ = 1 (xz — x,)% xi + xi
I—WJ—MZﬂ “P[ 3 = ] dx, dx;

o sl 1 1
= f_m f_ 3 exp{— 5 (xil — &+ 2xyx, ¢+ x¥1 — :HJ dx, dxs

L |
- [ groo] - 1m0
o 1_
K[r_mﬁxp[*— zl(xf Eirrxz:)de.{dxz
_r" 1 o [ xi(l—t]] x3e*
~m /21 2 21 — 1)

o1 Vo Ji-2 J--w 11— 2¢
Vit J1—2t JS1 -t /2 -mﬂp(_

¥
Z(]_lt)_*:(;i—_t) ,fore < 12,

which is the moment generating function of a istributi .
dist
parameters r = § and ] = 1; hence, gamma distribution with

KO = EHTWy  *e214 (). I

EXAMPFPLE  Suppose that ¥ is @ normally distribated random varighle with mean g snd variance
a”. Show that

I =
a

has a siorderd normal disinbaiion, a normal disinbution with mean § and vanance |



Solution  We have seen in Example 4.16 that ¥ — x has mement-generating function PLERE
Hence.

. ' H ENE] 4
,|||;,:1|':| — E“'f.?':l — .El-l"“'.ﬂ ik -ul-l — -'-'-'.r-...(—) — ‘_'II_-n. w2k o E'I 2
T

Chy coomparring e g () with the moment-generating funclion of a ngrmal randem vari-
able, we see thutl & musl be normally distribuled with E{E) = 0 aml ¥(Z] = [.

Distribution of Sums of Independent Random Variables

In this subsection we employ the moment-generating-function technique to find
the distribution of the sum of independent random variables.

Theorem @ If X, ..., X, are independent random wvariables and the
moment generating function of each exists for all —h <t < & for some

=0, let F=i X;: then
1
my(t) = &fexp ¥ X;1] = [E_Imn(t) for —h<it<h.
i=1

PROOE
my(t) = &lexp ¥ X,1] = ff[f[er"]
=1

- .i‘l:ll{g{ex"] - ‘I-'—‘Iime(I}

EXAMPLE 9 Suppose that X, ..., X, arc independent Bernoulli random
variables; that is, P[X, =] =p, and P[X;=0]=1—p. Now

m:l_{l} FPE; + Ii"-_

50 My x'[t] = [lf! m,‘n{ﬂ = (pﬂ’ + q}”l'

EXAMPLE 10 Suppose that X,, ..., X, are independent Poisson distributed
random variables, X, having parameter ;. Then

my (1) = E[e'*'] = exp 4(e' — 1),

and hence

mg x (1) = ‘]jlm‘.:'{r} = ]:[e:-:p ife' — 1) =exp ) A{e — 1)

i=1



EXAMPLE 11 Assume that X,, ..., X, are independent and identically dis-
tributed exponential random wariables; then

ﬂ!xi{l} = m .
S0

My x (1) = ‘lf['mx;{f} = (}l_i;) ,

which is the moment generating function of a gamma distribution with
parameters # and 4; hence,

m]"_',#ixi{” = !l:[lmi.l:xn.{') = "ﬂP['[Z EI'FI':"E + ﬂz ﬂfgf}_rl],
which is the moment generating function of a normal random wvariable; so

EXAMPLE 12 Assume that X,, ..., X, are independent random variables

and
X~ N, ol

then
aX; ~ N(a; j;, aje?),

and

Mo (1) = exp (@, t + dalalt®).

X ~ N{py.ox), Y ~ N(py.of),
and X and ¥ are independent, then
X+ Y~ N(px + py, o + o3
and
X — ¥~ Ny — iy, 05 + o3

If X,. ..., X, are independent and identically distributed random wari-
ables distributed N(u, o®), then

f-—'z:r N "2)-
!-_” F (1“:- n ES



THE TRANSFORMATION Y = g(X)

A random wvariable X may be transformed by some Munction g(-) to define a
new random variable ¥. The density of ¥, fi(y), will be determined by the
transformation g{-) together with the density fx(x) of X.

Theorem 11 Suppose X is a continuous random variable with prob-
ability density function fy(+). Set ¥ = {x:f,(x) > 0}. Assume that:

(i) y = g(x) defines a one-to-one transformation of X onto 9.
(i) The derivative of x = g7 '(y) with respect to y is continuous and
nonzero for y€ 9), where g~ '(y) is the inverse function of g(x); that is,

g~ '(y) is that x for which g(x) = y.

Then Y = g(X) is a continuous random variable with density

Filg™ (y)Mg(y).

d
iy = ‘E’ g (v

EXAMPLE Suppose X has a beta distribution,  'What is the distribution of
Y= —log X? X={x:f{x)>0={x0=<x=1}. y=g(x)= —log.x
defines a one-to-one transformation of X onto PD={y: y>0}. =x=
g (y)=e’, 50 (dldy)g”'(y) = —e *, which is continuous and nonzero
for ye 9. By Theorem [I,

Slg™ ()

d
fely) = ‘ Iyﬁ' ()

=g 7 E[{: b} [E—:u}a—l“ — e r]b—l!'“l m}{},}

— -4 —-mb—1
_B{I'J, b}ﬂ I{I —E }I] Iqﬂ.m}{}r}-

In particular, if & =1, then B(a, &) = lja; so fy(y) = ae”*" Iy (¥}, an
exponential distribution with parameter a. i



Theorem Let X, and X, be jointly continuous random variables
with density function fy, x(x;. x2). Set X ={(xy, x2): Sy, x.(%1, X2) > 0}.

Assume that:

(1) ¥ =gi(xy, x;) and ¥, = ga(x;, x;) defines a one-to-one transformation

(i)

of X onto 9).

The first partial derivatives of x, = gy '(yy, ¥2) and x; =g; (¥, ¥2)

are continuous over 9.

(iii} The Jacobian of the transformation is nonzero for (y,, y,) & 9.
Then the joint density of ¥, = g,(X,, X;) and Y, = g,(X,, X;) is given
by
Sro ¥ ¥2) = [ Sy, 2097 ' (010 ¥2)s 92 (015 2D (¥ 15 p2)-
EXAMPLE . Suppose that X; and X, are independent random wvariable
each uniformly distributed over the interval (0, 1). Then fy, x,(x,, Xx3)
Fo, 1Mo, 1)(x2). X ={{x;, x3): O<x; <l and O<x, <1} L
» =%y, x3)=2x,+x; and y; =gi(x;, x;)=x; — x,; then Xy
W —ryi)=g; ]{}'1: ¥2), and x; = ¥y, + y;) = g2 "(¥1s Y2
ﬂx. a.II
7= dy, @&y, =* * _=1
dx,; dx 2°
ﬂ_: a—i 3 4
¥ ¥z
X
Xz
1
0

Xy

FIGURE 3



X and YY) are sketched in Fig, 3. Note that the boundary x, = 0 of X goes
into the boundary ${y, — y,) = 0 of 9), the boundary x, = 0 of X goes into
the boundary 4(y;, + ;) = 0 of ¥), the boundary x, = | of X goes into the
boundary ¥(y; — y;) = I of 9, and the boundary x; = | of X goes into
the boundary 4(y, + y,) = lof 9}. Now the transformation is one-to-one,
the first partial derivatives of g; ! and g; ' are continuous, and the Jacobian
15 NONZero; 50

Fyy. w2l ¥1s ¥2) = |J|fx,.x;{§1_ lU’J:- ¥ak ﬂ'z_]{}’:: ¥al)

¥ — ¥a2 ¥+ ¥
= '&I{ﬂ, i :(¢2—) fm-. 1}(_‘_2__5)

_ li for (y,, ¥;)eD
0 otherwise.

EXAMPLE Let X, and X, be two independent standard normal rando
variables. Let ¥, =X, + X, and ¥, = X, /X,. Then

-1 ¥i¥2 =1 3
= . == and X3 = ' = .
gy (¥is ¥a) 1+, 2 =91 (¥1: ¥2) 1+,
¥z F¥i
e T4y A4y _ b+l N
- 3 2
1y (1+y2) (14 y2)
L4+y, (1+y)
fr.,n':yn.l-’z]

_ |31 { [{.Fjl’z:l ¥i ]}
(1+y,)* zn 201 +x)  (1+y)
Lyl [ (I
2“’“"‘]"1] 2 “+.!-’z]'3




To find the marginal distribution of, say, ¥,, we must integrate out y;;
that is

Frr = | fror iy dys

1 1 - 1{1+,v§}.vf]
e — —_—— = |y
zﬂ(1+y=}’-[_m|“|“p[ 2 (1 +y)* ] 7"

Let
I (1+ y3) z,
W= 2':' -+-_]-":}3 .}rl:l
then
_ (I +yd ¥
(1 + y2)* P
and so
1 1 (1 4+ y2)* = o 1 1
- _ . . = 2 w = —" *
fr;f.‘-’l} .2!'[ {l + },2)2 1 + F; {' :'Iﬂ € du T 1 "I"'_P:

a Cauchy density. That is, the ratio of twe independent standard normal
random variables has a Cauchy distribution, it

EXAMPLE Let X; have a gamma density with parameters n;, and i for
i=1,2 Assume that X, and X, are independent. Again, we seek the
joint distribution of ¥, = X, + X, and ¥, = X,/X,.

- iy - y
Xy =gl I{yliyz)=1':';z ﬂﬂd x2=yzlt-}'l'}|2}=l +I'JI':-
¥

fri_n{}’u ¥2)

oy ,.,ﬂ,(hh)""‘( ¥, )-:—- .
(1+y2) Tiny) l"iﬂ:)'l 1+ y,; 1+y e g(ys, y2)

ll|11!|_-|-|11 my— 1

— phaz=1_=adwm .!"II'
=Tt ¢ Ty e e.wfya)

Ali"'l.j

N I'(n, + ﬂz]‘ﬂ”.!-lg-”ilm. m){yll]

X [B{H:f n:)(1 :3:;'!": I, m]{}'z}}




We see that fy, y.(yi, ¥2) =Sy (¥ fy(¥2); 50 ¥, and ¥, are independent.
Also, we see that the distribution of ¥, = X, + X, is a gamma distribu-
tion with parameters #, + #n, and 4. If n; = n; = 1, then ¥; is the ratio
of two independent exponentially distributed random variables and has

density
Sy y2) = A Io,oc)(¥2)
a density which has an infinite mean.
Theorem Let X;, X,...., X, be jointly continuous random variables
with density function fy, . x(%;....x,). Let X=1{0x,...,x):

fI.,m,Il:xi LR 1

Il’ TR .I., S'I.I.Ch t]llﬂt W =g|{11, ey x.u]# ¥z =.?1er: -"‘xra}l L

%x,) >0}, Assume that X can be decomposed into sets

2 ¥ =

g%y, ..., x,) is a one-to-one transformation of X, onto 9, /=1, ..., m.
Let x; =g, (¥is oo Foh ooos =g (¥, ..., y,) denote the inverse
transfornfation of O onto X,, i=1, ..., m. Define
dgu' dgy’ gy
dyy By, ay,
dgn' dga’ 892"
Ji=| dn dy, ay,
ag;l ﬂg.—,’ ag"—ii
dy,  dy, v,

fori=1,..., m.

Assume that all the partial derivatives in J, are continuous over
P and the determinant J; is nonzero, i= 1, ..., m. Then

f}'j,.,.. .'l'..{.p]: “a -y J‘rn:!

== IZI IJilfx:..,.,I“{gl_ll{ylv B 8 T 'I:j.r,, )

for (¥, ..., ¥,)in 9.

(42)
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