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Lecture Four

4-1 Properties of the wave Function:

To be an acceptable solution, ¥ and Z—l: must be satisfying the following the

restrictions for all values of x:

oW .
1- ¥ and o must be finite.
oW .
2- ¥ and . must be continuous.

4-2 Operator:

An operator, O (say), is a mathematical entity which transforms one function
into another: i.e.,

0 (f(x)) — g(x). 4-1
For instance, x is an operator, since x f (x) is a different function to f (x), and is

Fully specified once f (x) is given. Furthermore, d/dx is also an operator, since

4™ s a different function to f(x), and is fully specified once f (x) is given.
Now,
d + d (xf) 4 —2
x dx dx *f
This can also be written
d #* d 4 -3
xdx dx x
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Where the operators are assumed to act on everything to their right, and a final

f (x) is understood [where f (X) is a general function]. The above expression
illustrates an important point: i.e., in general, operators do not commute. Of
course, some operators do commute: e.g.,

X X2 =X2X
Finally, an operator, O, is termed linear if
0 (cf (x) = c 0 (f(x)) 4 —4

Where f (x) is a general function, and c a general complex number. All of the
operators employed in quantum mechanics are linear.

Now, from the following Egs:

(x)=J Y x Y dx, 4 -5
<)—joolp*( 'ha)lPd 4—6
p) = B o X

These expressions suggest a number of things. First, classical dynamical
variables, such as x and p, are represented in quantum mechanics by linear
operators which act on the wave-function. Second, displacement is
represented by the algebraic operator x, and momentum by the differential

.3 0 .
operator —lh&. ie.,
9,

p=—ih& 4—7

Finally, the Expectation value of some dynamical variable represented by the
operator O(x) is simply
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Clearly, if an operator is to represent a dynamical variable which has physical
significance then its expectation value must be real. In other words, if the
Operator O represents a physical variable then we require that < 0> = <0>*; or

e -
P (O] dx = (O™ dx,

— &0 —i

where O~ is the complex conjugate of O. An operator which satisfies the above
Constraint is called a Hermitian operator. It is easily demonstrated that x and

p are both Hermitian. The Hermitian conjugate, Of, of a general operator, O, is
defined as follows:

O S
W (O] dx = (O )% dx.

o= o —n

The Hermitian conjugate of an Hermitian operator is obviously the same as the

operator itself: i.e., p* = p. For a non-Hermitian operator, O (say), it is easily
demonstrated that (O7)" = O, and that the operator O + O7 is Hermitian. Finally,
if A and B are two operators, then (A B)" = BT A",

The properties of Hermitian operator are:

1- The eigenvalues of a Hermitian operator are all real. (Please Prof that).
2- The Eigen functions of a Hermitian operator are orthogonal if the
corresponding Eigen values are unequal. (Prove that).

Where the orthonormal is: f_oooo P*Pdx =0
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4-3 Commute operator and commutation relation:

The commutation relations of two operators are:
[0,R|¥ = ORY — ROY
If [0, ﬁ] = 0, this mean that the operator O is commute with the operator R.

Example: - prove that [X,p] = —ih
o= - se= (s(-n0) - (-0 2)9)
%,pl¥ = (3p —p)W = (X —ih o~ ih==)%
¥ v
= —ih (x— e x—) = +ihAY # 0 they do not commute
dx dx

Prove also: [9,p,]| = [2,p,] = ik

But [J?, ﬁy] = 0 this mean that operator X are commute with py
7., 8;] = ihs;
Where §;; =0 or1

Let's now briefly go over how to perform algebraic manipulations using operators and commu-
tators. These are straightforward to prove

5. [A,[B,C]] + [B,[C. Al + [C.[A, B]] = 0 (Jacobi Identity)

6. [A, B]' = [, B]
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Example 1  Write down the velocity operator @, and its
expectation value.

Solution We have p = —éﬁ.% and p = mv. Thus we define the
velocity operator

Thus

The expectation value would be

(W) = [11;“ (—Lﬁi)wr
' m ox

S / AR
m . adr
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xProblem a4-1 A particle of mass m is in the state
{p(‘x’ I) — Ae—d[[m:t‘z,"ﬁ)‘{"l'!]’

where 4 and a are positive real constants.

(a) Find 4.

(b) For what potential energy function ¥ (x) does ¥ satisfy the Schrodinger equa-
tion?

(c) Calculate the expectation values of x, x%, p, and p?.
(d) Find o, and o,,. Is their product consistent with the uncertainty principle?
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