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The differential equations variant coefficients

A second order nonhomogeneous equation with variant coefficients is written as
P(x)y" +Q(x)y'+ R(x)y = F(x)
I- Euler's differential equation
We want to look for solutions to the differential equation in the form

ax?y" + bxy' +cy = f(x)

These type of differential equations are called Euler equations.
This differential equation can be transformed into a second order homogeneous

equation with constant coefficients by use of the substitution: x = e®.

Differentiating with respect to t gives:

dx . dx
dt =€ 50 dt =X
In the Euler equation we see the term xy"which we need to substitute for, so we will
multiply both sides of ? — by v
t
dy " dx dy
dx " dt  dx
dy ,
This simplifiesto — =XV -
. F.) . . dF - d d-}I rr r
Differentiating this with respect to x gives: dedt xy ' +y.

In the Euler equation we see the term xy’which we need to substitute for, so we will
multiply the left side of the above equation by % and the right hand side by  x
(Remember they are equal) gives:
_Ly_dy

dt? dt
So under this substitution the Euler equation becomes:

20T

-y

d?y
adtz

This is a second order linear equation with constant coefficients.

dv
+(b—a]d—1—|—cy=f(etj

)
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Example 1: Solve x?y" +xy' +y =2
Solution : The given differential equation is Euler equation

Put =x=¢et

d’y dy
Th t +(1-1)—+y=2
enweget — ( jdt 3
0 Y.
' a2 Y
m*+1=0 = m=+i
Vi = Cy8Int + ¢, cost
Let 4 then X _%V_, A=2 2
L—— —_— = = — = — L—
o Y 4 T de Yo

Y =Ypt+Y, =cysint+c,cost+ 2
Wehave x=¢e* = t=Inx

Then y=c,;sin(lnx)+ ¢, cos(lnx) + 2
Example 2: Solve  x%y" — 2xy'+ 2y = 43

Solution : The given differential equation is Euler equation
Put x=et

£,

) dy d’y _dy
+(—2—1)—42y=4e?*" =& — 33— +2y=4e%
dt? ( )dt ) ¢ dt? dt ) €

m?*—3m+2=0=>(m—-1)(m—-2)=0 = my;=1andm, =2

Then we get

v, = c;et + c,e?t

Zar

dy d
Let y, = Ae®" then d—i = 34e* and dti = 94e3t

94Ae’" — 94e* + 24e* =4e*" = A=2 = y,=2e*

So y =y, +y, =ce’" +cet +2e%
Wehave x=e"
Then y=c;x?+cx+ 2x°

‘l
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Example 3:  Solve  x?y" + 6xy'+ 6y =Inx

Solution : The given differential equation is Euler equation

Put =x=¢et

Then we get %+[6—1}%+6y=t = g+5%+6}r=t
m*+5m+6=0=(mM+3)(m+2)=0 = m=-3 , m,=-2
Vv, = cie 3t + et
Let y,=At+B thengzﬁl andiir:(}
dt dt
5A+6At+6B =t
6A=1= A=(1/6)
BA+6B=0 = B=-(5/36)
Y, = (1/6)t —(5/36)
Yy=Vp ty, =ce +ce? +(1/6)t—(5/36)

y=cx *+ec,x*+(1/6)Inx — (5/36)

Exercises
Solve the differential equations
(1) x%*y" —bxy'+ 8y =2x?
(2) x%y" —xy'—3y=x°

1
(3) x*y"+5xy ' +4y= e

(4) x*y"+3xy'+5y=Inx




