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I1-Variation of parameters

The idea of variation of parameters is look for functions v, (x) and wv,(x) such
thaty, = v,y;, + v,y, satisfies ay” + by’ +cy = R(x) where y;and ), are
solutions of ay'’ + by’ + cy = 0.We will arbitrarily decide only for v, and v, which
(1)
If we substitution y, = v;3; + v,), into the differential equation, we get
- (2)

Then we solve (1) and (2) to find v; and v; then we get 1, and v,.

also satisfy vy, U, =

v1y1 + V335 = R(x)

Example 1: Solve y" 4y =cscx

Solution:
m*+1=0 =2m= Fi

Vi, =C,C05X + C,8Inx
v;(x)cosx + v;(x)sinx =0

—v;(x)sinx + v;(x)cosx = cscx

0 sinx| )
I (x) = JCSCX_cosx| _ T CSCXSIMX 4
1 COSX  Sin S'C| cos? x + sin? x
—sinx cosx
= 1;(x)=—x
COS X 0
ai COS X CSC X
vl (x) — —sinx_cscxl _ : — cotx
CoOsXx  Sin l’l cos?x +sin?x
—sinx cCosx
= v,(x) = In|sinx]|
Vp = V1); + V2¥, = —x cos X + sin x In|sin x|

Y =Yp +Y¥p, =€1€08X + C;5InX — xcosx + sinx In[sin x|
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Example 2:  Solve y'' —5y'+ 6y = x%e3*

Solution
m*—bm+6=0=>mm—-3)(m—-2)=0 = m;=3andm,=2
Vv, = c e** + ¢, e*
vi(x)e** + vy (x)e** =0
3vi(x)e* + 2vi(x)e** = x%e3*
[ 2o g
2.3 2
p’(x}— yledx 9g2x B —x<e** X =¥ _ 2
1 - |€3.x' sz| T p3% w Delx _ 3% y plx
363.94:' zezx
= v,(x)=x%/3
| g3~"f-" U | 3x 2, 3x 2 6x
2 (x) = 3e3*  x2e3*| _ e X x’e _x%e 2
| E,Bx e:‘.x | ezx % zezx _ 363.94:' X ezx _eﬁx
363.1:' zezx
—x%&D. e*&I.
—2% \ g%
_ x
2 \ e
0 ¥
v,(x) = —x%e* + 2xe* — 2e* = e*(—x* + 2x—2)

Vo = vy 1), = (x%/3)e®* + ¥ (—x7 + 2x — 2)e™ = eax((x3/3} —x? +2x— 2)

y=yp+y, =ce¥*+c,e”*+ ez‘"‘"((xafﬁ— x2+2x— 2)

Exercises
Solve the differential equations
(1) y"+9y=tan3x (2) y"+ 4y =sin2xsec’2x
(3) y"+2y"+2y=3e*secx (4) y" =2y +y=14x3/2¢*
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