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Trigonometric functions

Definitions of trigonometric functions for a right triangle

Aright triangle is a triangle with a right angle (90°)

opposite

adjacent

For every angle @ in the triangle, there is the side of the triangle adjacent to it, the side
opposite of it and the hypotenuse such that a® + b* = ¢?.

For angle &, the trigonometric functions are defined as follows:

opp b adj a
sinf = —=— , c0sf=—=—
hyp ¢ hyp ¢
sinf o b cos@ adj a
tan @ = = pl_Jz— , cotf =— _ a4
cosf8 adj a sind opp b
1 h C 1 h C
secl = _YP_° , csch = —ﬂ:_

cosd adj a sind opp b
Trigonometric functions of negative angles

sin(—f8) = —sin8 , cos(—08)=cosf and tan(—F)=—tanf
Some useful relationships among trigonometric functions

1. sin?x+cos?x=1 , sec’x—tan’x=1 , «csc?x—cot’x=1

2. sin2x =2sinxcosx, cos2x = cos’x—sin’x =1— 2sin®x = 2cos?x—1

- 1—cos2x 5 1+ cos2x
3. sin x=# , CoS I=T
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Graphs of Trigonometric Functions
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Domain: —= < x < « Domain: - < x <
Range: -l=y=1 Range: -l=y=1
Period: 2= Period: 2@
y y y
4+ y=8SCCX 3 y = CSC X y-co(x
|\~j lU 1
| L > X 1 1 | > X
m-w_ 0| & = % w0 = % 32 - _a0| m\#% 3AZr
Domain:x;eig.i%.... Domain: x # 0, +ar, +2m,... Domain: x # 0, 7, 2=, ...
Range: y<-landy= | ';;"ﬁ ’2':"““"’2' gﬁ ;°°<"<°°

Period: 2«
Derivatives of trigonometric functions
If u is a function x, the chain rule version of this differentiation rule is

1 (sinw) du
Tx sinu —cusu.dx

9 d[ ) = ) du
I cosu) = smu.dx
d du
3.5 (tanu) = seczu.a
d du
4.— (cotu) = —cscu.—
dx(m u) cscou o
du
5.— = tanu.—
(secu) = secutanu I
6 d( )= . du
: CSCU) = — CSCUCO u'dx
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Example 1: Find derivatives of the functions

dv
1. y=sin’x = y=(sinx)? = d—}=25inxcosx=sin2x
X

dv
2. y=cos(x?) = —}=—2xsin(x2]
dx

dy 1 sec?yx
3. y=tanyx = — =sec?yxX =
) v dx VSR o
dv
4. y=x*sec3x = d_} = 3x%sec3xtan3x + 2xsec3x = x sec3x (2 + 3xtan 3x)
X
- . 1/2 dy L . -1/2
5. y=+/sin2x = y=(sin2x)'* = az;(sm 2x) X cos2x X 2
_ cos 2x
~ Jsin2x
dv
Example 2: If y=tan2t and x = sec2t showthat d—} = csc 2t
X
dy dx
— =12sec?2t , — =2sec2ttan?2t
dt dt
dy dy dt 1 sec 2t
— =—X—=2sec” 2t X =
dx dt dx Sec 2sec2ttan 2t tan2t
1
_ cosl2t _
- sin2t gin 2t = csc 2t
cos 2t
[ dy
Example3: Ify =6 —cos@ and x = 6 + coséb ; (D =60 E) show that a = (secd + tan G)?
Y _ 1 ysing and E—1_sine
20 sin an a0 sin

dy dy df 1+siné

dx d0 dx 1—sin@

dy 1—|—sin9>{ 1+sing 1+Zsin9+sin2€_ 1+ 2sinf +sin*@

dx 1—sin@ 1+sinf 1 —sin? @ cos? @

dy 1 25in3+sin29

dx cos?@ cos?8 cos?@
dv

& (sec + tan 8)?
dx

=sec’f +2secftan P 4+ tan® 4
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Inverse trigonometric functions
The inverse trigonometric functions are defined to be the inverses of particular parts

of the trigonometric functions; parts that do have inverses.

The inverse sine function, denoted by sin~* x (or arcsin x), is defined to be the
inverse of the restricted sine function. A similar idea holds for all the other inverse
trigonometric functions. It is important here to note that in this case the “-1” is not an

exponent and so,
1

sinx
In inverse trigonometric functions the “-1” looks like an exponent but it isn’t, it is

sin~!x #

simply a notation that we use to denote the fact that we’re dealing with an inverse
trigonometric function. It is a notation that we use in this case to denote inverse
trigonometric functions. If we had really wanted exponentiation to denote 1 over sine

we would use the following.

) 1
(sinx)™! = —
S x
Domain: -1 =x=1 Domain: -1=x=1 Domain: —oo << x < oo
. m mw .
Range: -3 =y=73 Range: O=y=w Range: —%«:‘:}J{%
¥ ¥ ¥

Domain: x=-lorx=1 Domamn: x=-lorx=1 Domain: —co < x << oo
T
Range: 05}'57&}';&5 Range: —%Eyﬂ%,viﬂ Range: D=y<w
¥ y ¥
3 3 L
T T
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Derivatives of inverse trigonometric functions//

Let u be a function x, the derivatives of inverse trigonometric functions are:

1d(--1]_ 1 du Zd( 1) = -1 du
7, (sin H_W'dx mC u—m.dx
d 1 du d -1 du
3.—(tantuw) = — 4. — (cot™tu) = —
d:lr:E ) 1+u? dx dem w) 1+u? dx
d 1 du d -1 du
5.— (sec™tu) = : 6.—(csc™iu) =———.—
d:'r:E ) lulvu? —1 dx de ) lulvu? —1 dx
Example 4: Find the derivative for
1 in~12x = ay = X -
.y =sin™* 2x — = =
) dx /1 —(2x)2 V1 —4x2
2.y =3xcos™13x—4/1—9x?
Y X X3+3cos3x— —
— =3k X — Cos™ 13X — ———
dx Jv1—(3x)? 24/1 —9x?
O 3cos~i3x 4+~ 3cost3
=———+3cos '3x+———==3cos" " 3x
V1 —9x? 1—9x?
3.y = 2¢/xtan " /x
dy 1 1 1 1 tan~14/x
2 ovxx = X + 2tan™ty/x X = + Vx
dx 1+ (V) 24/x 2vx 1+x Vx
Exercises
Find derivative in each of the following problems(1 — 4)
1. y=sec?2x 2. y=x?sinx + 2xcosx — 2sinx
3. y=4/x2—1—secix 4. y = 2xcos tyx +sin7tx — 2/x —x?
: e Ay
5. If y=1—sinf and x =6 —sinf find ax
X

dv
6. If y=sec™'t and x=+/t?—1 find d_i



