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2-Nonhomogeneous linear equations with constant coefficients
A second order nonhomogeneous equation with constant coefficients is written as
ay" +by'+cy=R(x) ---(1)
wherea, band care constanta =0 ,R(x) = 0.
I- Undetermined Coefficients

We use the method of undetermined coefficients for finding particular solutions y,
when R(x) is one of the forms shown in table.

R(x) Notes Form of y,
ax" nz=0 Ax™+ A, x4+ AT+ A+ A,
r+Em, £m, Ae™
ae™ T =m,orr=nm, Axe™
r=1m; =m, Ax*e™
asionrkx k+p Asinkx + B coskx
acoskx k=F x(Asinkx + B coskx)

We write the general solution of (1) as the sum of the homogeneous y;, and particular
solutions y,. ¥y =y + ¥,
Example 1: Solve y"—y'—12y=36x— 12
Solution: First, we solve the homogeneous equation. The characteristic equation is
m*—m—-—12=0 =2>(m+3)(m—-4)=0 = m,=-3 , m, =4
V= c 73 + c,e?*

Second,let y, =Ax+B then y,=4 and Y,/ =0
Upon substitution into the differential equation, we have
0—-A—-12(Ax+B)=36x—12 = T12Ax—A—12B = 36x 12

—— e —
—124A=36 2 A=—-3 and —A—-12B=-12 = B=1
So  y,=-3x+1

Then Y=Vn+¥,=cie 3 +ce**—-3x+1
\
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Example 2: Solve  y"'— 2y"+ 5y =10x% + 7x
Solution: First, we solve the homogeneous equation. The characteristic equation is

m?—2m+5=0

__bjrm__(_z)i\/(zjz—zLxle_1¢
= 2a - 2% 1 B

vy, = e*(c,sin2x + ¢, cos 2x)

21

m

Second,let y, = Ax* + Bx+ Cthen y, =24Ax+B and y,/ =24

Upon substitution into the differential equation, we have
24— 4Ax— 2B + 5Ax* +5Bx+ 5C = 10x2 + 7x

bAx* + (—4A+5B)x+ (2A—2B+5C)=10x*+7x+0

Equating coefficient xZon the left side with the coefficient x? in the right side we get
bA=10 = A=2
By the same way equate coefficientx : —44+5B=7 = B =3
And 24-2B+5C=0 = (C=2/5
So y,=2x*—-3x+2/5
Yy =yn +¥, = e*(cysin 2x + ¢, cos 2x) + 2x* + 3x + 2/5
Example 3: Solve y" —y' —6y = 8e?*
Solution: First, we solve the homogeneous equation. The characteristic equation is
m*—m—-6=0 =(mMm-3)(m+2)=0 = m,=3 , m, = —2
V= ;8% + e ¥

Second, we find a particular solution of the nonhomogeneous equation. The form of the
particular solution is chosen such that the exponential will cancel out of both sides of
the differential equation. We choose

y, = Ae*™ = yl =24e* =y =44e*

4A—2A—6A=8=> A=-2

So y,=-—2e%*

Then V=Vp+¥, =ce?*+ce”? —2e**
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Example 4: Solve y"' — 5y'+ 6y = 2e3**
Solution: m* —bm+6=0=(mMm—-3)(m—2)=0 =m;=3 ,m,=2
Vv, = c e  + ¢ e
my=r=3 so y, =Axe®*
yp, = 3Axe3* + Ae3*
V' = 9Axe®* + 34e3* + 34e3* = 9Axe®* + 64e3*

9Axe** + 6Ae* — 15Axe®* — 5Ae** + 6Axe’* = 2e3*
A=72
So y,=2e*
Then V=Ypt+¥, =ce’*+c,e’*+2e%
Example 5: Solve y'" — 3y’ — 4y = 2sin 2x
Solution: The characteristic equationis m* —3m—4=0=m; =4 , m, =—1
Vv, = ;e + e
Now let 1y, = Asin2x+ B cos2x
Vp = 2Acos2x—2Bsin2x  and Yy = —4Asin2x — 4B cos2x
Upon substitution into the differential equation, we obtain
—4Asin 2x —4F cos 2xr— 6Acos2x + 6B8sin2x —4Asin2x—4Bcos2x = 2sin2x

—8A+6B=2 = —4A+3B=1
—6A—-8B8=0 = -3A—-48=10

—_— ; 1 2 2
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Example 6: Solve y" — 8y’ + 16y = 23cosx — 7sinx
Solution: The characteristic equationis m* —8m+ 16=0 = m;=m, =4
vy = (c;x+ ¢cy)e*™*
Nowlet 3y, = Asinx + Bcosx
Yp =Acosx—Bsinx and y,'=-—Asinx—Bcosx

—Asinx— Bcosx—8Acosx +8Bsinx+ 164Asinx + 168 cos x
=23cosx —7sinx

15A+8B=-7 and -84+ 15B=23

|_T 8| 289 S P
23 15l _— -8 23
|15 8| 289 an 15 8| 289
—g 15 —8 15
¥, = —sinx + cosx

Yy =yn +¥, = (c1x+c,)e* —sinx + cosx
Example 7: Solve  y"—6y' 4+ 13y =2sinx —3cosx
Solution:  m?*—6m+13=0

 —bFVb? —dac —(—6)F(-6)?—4x1 ><13_3
B 2a - 2 %1 B

v, = e>*(c¢y sin4x + ¢, cos 4x)

+ 4i

m

Nowlet 1y, =Asinx+ Bcosx
Yy =Acosx—Bsinx and )y, =—Asinx —Bcosx
—Asinx— Bcosx—6Acosx +6B6sinx+ 134sinx +136cosx = 2sinx — 3 cosx
12ZA+6B=2 = 6A+3B=1

—6A+12B=-3 = —24+4B=—1
A:‘ll ilz?— and B=|_62 _11|=_4=—2—
|_62 i| 30 _62 il 30 15

Yy = (7/30)sinx — (2/15) cosx

Yy =Yn +, =e*(cysindx + ¢, cos4x) + (7/30) sinx — (2/15) cosx
¢
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Example 8: Solve y""+ y = 4sinx
Solution: m*+1=0 —» m==i
Vi, = €, 5INX + €, COS X
k=B=1
¥, = X(Asinx + B cos x)
¥y = X(Acosx — Bsinx) + Asinx+ Bcosx

Yy = x(—Asinx —Bcosx)+ Acosx —Bsinx + Acosx —Bsinx

= —x(Asinx + Bcosx) + 2Acosx — 2Bsinx

Upon substitution into the differential equation, we obtain

—x(Asinx +Bcosx)+ 2Acosx —2Bsinx + x(Asinx + Bcosx) = 4sinx
2Acosx —2Bsinx =4sinx = A=0 and —2B=4 = B=-2
Vp = —2XCOSX

Yy=Ypt+)¥,=c;5inx+c,c08x — 2xCO5X

Exercises
For each of the following problem solve the differential equation
(1) y"—2y+y=x*—x-3
(2) y"+7y' +12y = 4e**
(3) y"+8y"+12y=3cosx
(4) y"—2y" +10y = 54e™%*
(5) yv'"+2y"+2y=sin2x+ 5cos2x
(6) y'—6y" +9y=4sinx —3cosx
(7) y'+4y'+3y=4e™™
(8) y"+4y=2cos2x




