Chapter three

continuity:

definition: let 6 be defined on a nbhd of z, then f is said to be continuous at z,
if lim,_;, £(2) = £ (z)

notice that in it ,we have

1. lim,,, f(2)exist
2. f(z,) exist
3. limz—>zo f(Z) = f(ZO)

so f is continnous at z, if for eache >03 6 =6 (€,2z,) > 0
suchthat |z — z,| < § =|f(2) — f(zy)| < €
If f is continuous at eachpoint of aregion C then we have say that f is continuc
on(C.
example:
1. suppose f(z) = x*—y?+ ixysinx
then f is continuous on C
2. suppose f(z) = e —e¥*/2 +isin(x? — 2y + 3)
then f is continuous on C
lemma : —

suppose f, g are contiuous functionon R thenf +g,f

f
g
are all continuous functions on R.

lemma : —

composite two continuous function is again a continuous function.

example:



e?? is continuous on C.

Note : —

suppose f is continuos on C

If (D], f(2),f(2) are continuos functiononC .
example
suppose f(z) = 2z* + iz then f is continuous on C,
because it is polynomial

example:

Z

z2+4’

suppose f(z) = it is continuous on C,except z = £2i

example:

f(z) = Z it is not continuous when z = 0

Z
since lim— is not exist.
z-0Z

DERIVATIVIES: —
let f be a function defined on adomain containing anbhd of apoint

Z, ,then the derivative of f at z, ,denoted by f(z,) is defined by

o) = tim @D =1

VAT Z —Zg

provided the limit exists .
f is said to be dif ferentiable at z, if the derivative f(z,) exists.

set , Az =z — z,

thenf(zo) _ Alir_{lof(zo + Aji — f(z0)

equavalently,



) - i [ETAD @)

Az—0 Az
here |Az| is so small that f(z, + Az)is defined.
example : —
f(z) =z>+2z+1i,forthederivative
fGz+02)— f(2) = (z4+A2)*+(z+Az) +i— (22 +z+1Q)
=z+A2)*+z+0z— (2°+2)
=z2+2z0z+ (A2)  +z+Az—2z% —z

=Az(2z+ Az + 1)

Az(2z+Az+1)

S0, f (z) =lim,,_, .

= lim (2z+Az+1)
Az—0

=2z+1

example(2): —

consider f(z) = |z|? ,if z=x + iy,then f(z) = |z|* = x* + y?

=x? +y?+0.i

=u(x,y) +iv(x,y)

where u(x,y) = x* + y?

v(x,y) =0

since u and v are continuous on Cit follows that f is continuous on C

for the dif ferentability observe that

f(z+4z) — f(z) _|z+Az|* —|z/|?
Az B Az

(24 82)(z+D2) —zz (z+D2)(Z+ D7) —zz
B Az B Az



_ zZ+zANZ+ ZAz + AzAZ — zZ
B Az

=z 8z +ZzZ+Az
Az
let Az be the corresponding increment in z for the increments (Ax, Ay),or
Az = Ax + iAy
for the limit we choose the paths

1. (Ax,Ay) - (Ax,0) — (0,0)
2. (Ax,Ay) - (0,Ay) - (0,0)

Along the part (1)asAz - 0

we get
f(z+Az) — f(z) _ 2z(Ax—iAy) ]
= Ax — iA
Az ZF ax tidy) TAx T AY)
=Z4+z+ Ax

as (Ax,Ay) — (Ax,0)

=Z+z

as (Ax,Ay) — (Ax,0) - (0,0)
simillarly ,alongs the path (2).

flz+Az) — f(z) _  z(Ax —iAy) ,
Ay =2t axtiny) AT

=Zz+z(-1)—iAy

as (Ax,Ay) — (0,Ay)

=Z—Z

as (Ax,Ay) — (0,Ay) - (0,0)

for the uniqueness of the limit

Z+z=72—z=z=0



S0

f(z) =|z|? isdif frentiable only at z = 0 where its dervative
f (2) =0 as z =0 this function is not dif ferentiable at any
pointz # 0

lemma: —

a dif ferentiable function is always continuos .

* dif ferentiation formulas: —

the definitionof derivative

)= m [ETAD @)

Az—0 Az

is identical in form to that of the derivative of arealvalue functionof area
variable .

in fact ,the basic dif ferentiation formulas given below can be derived from
that definition together with various theorems on limits ,by essentially

the same steps as the ones used in calculus. in these formulas.

the derivative of a function f at a point z is denoted by either

. d
f2) or —f(2)
let ¢ be a complex constant ,and let f be a funnction whose derivative

exists at a point z, it is easy to show that .

lemma:—
d d
16 (C) =0 ,E(Z) =1

d .
—(cf@)=cf@)



d
2.—(z") =nz"1
dz

d ;
3-@ [f(2) £ 9(@D]=f(2) £ 4(2)

4 (f@9@) = DG + 9 )

d <f (Z)) _ 9@ - (24

*2z\g@ 9D



