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2-Nonhomogeneous linear equations with constant coefficients 

     A second order nonhomogeneous equation with constant coefficients is written as 

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 𝑅(𝑥)   ⋯ (1)   

   where 𝑎,  𝑏 and 𝑐 are constant 𝑎 ≠ 0 , 𝑅(𝑥) ≠ 0 . 

I- Undetermined Coefficients 

  We use the method of undetermined coefficients for finding particular solutions 𝑦𝑝 

when 𝑅(𝑥) is one of the forms shown in table. 

𝑦𝑝 Form of Notes 𝑅(𝑥) 

𝐴𝑛𝑥
𝑛 + 𝐴𝑛−1𝑥

𝑛−1 +⋯+ 𝐴2𝑥
2 + 𝐴1𝑥 + 𝐴0 𝑛 ≥ 0 𝑎𝑥𝑛 

𝐴𝑒𝑟𝑥 𝑟 ≠ 𝑚1 ≠ 𝑚2 

𝑎𝑒𝑟𝑥 𝐴𝑥𝑒𝑟𝑥 𝑟 = 𝑚1or 𝑟 = 𝑚2 

𝐴𝑥2𝑒𝑟𝑥  𝑟 = 𝑚1 = 𝑚2 

𝐴 sin 𝑘𝑥 + 𝐵 cos 𝑘𝑥 𝑘 ≠ 𝛽 𝑎 sin 𝑘𝑥 

or 

𝑎 cos 𝑘𝑥 

𝑥(𝐴 sin 𝑘𝑥 + 𝐵 cos𝑘𝑥) 𝑘 = 𝛽 

We write the general solution of (1) as the sum of the homogeneous 𝑦ℎ and particular 

solutions 𝑦𝑝.       𝑦 = 𝑦ℎ + 𝑦𝑝  

Example 1: Solve      𝑦′′ − 𝑦′ − 12𝑦 = 36𝑥 − 15 

Solution: First, we solve the homogeneous equation. The characteristic equation is 

𝑚2 −𝑚 − 12 = 0 ⇨ (𝑚 + 3)(𝑚 − 4) = 0      ⇨     𝑚1 = −3    , 𝑚2 = 4 

𝑦ℎ = 𝑐1𝑒
−3𝑥 + 𝑐2𝑒

4𝑥
 

     Second, let  𝑦𝑝 = 𝐴𝑥 + 𝐵     then     𝑦𝑝
′ = 𝐴     and      𝑦𝑝

′′ = 0   

Upon substitution into the differential equation, we have 

0 − 𝐴 − 12(𝐴𝑥 + 𝐵) = 36𝑥 − 15     ⇨      −12𝐴𝑥⏟    −𝐴 − 12𝐵⏟      ⏟      = 36𝑥⏟ −15⏟⏟      

−12𝐴 = 36 ⇨ 𝐴 = −3    and  − 𝐴 − 12𝐵 = −15  ⇨    𝐵 = 1 

So        𝑦𝑝 = −3𝑥 + 1      

  Then          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒
−3𝑥 + 𝑐2𝑒

4𝑥 − 3𝑥 + 1 
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    Example 2: Solve       𝑦′′ − 2𝑦′ + 5𝑦 = 10𝑥2 + 7𝑥     

Solution: First, we solve the homogeneous equation. The characteristic equation is 

𝑚2 − 2𝑚 + 5 = 0                                                                          

𝑚 =
−𝑏 ∓ √𝑏2 − 4𝑎𝑐

2𝑎
=
−(−2) ∓ √(2)2 − 4 × 1 × 5

2 × 1
= 1 ∓ 2𝑖 

                    𝑦ℎ = 𝑒
𝑥(𝑐1 sin 2𝑥 + 𝑐2 cos 2𝑥) 

Second, let  𝑦𝑝 = 𝐴𝑥
2 + 𝐵𝑥 + 𝐶 then     𝑦𝑝

′ = 2𝐴𝑥 + 𝐵     and      𝑦𝑝
′′ = 2𝐴   

Upon substitution into the differential equation, we have 

2𝐴 − 4𝐴𝑥 − 2𝐵 + 5𝐴𝑥2 + 5𝐵𝑥 + 5𝐶 = 10𝑥2 + 7𝑥 

5𝐴𝑥2 + (−4𝐴 + 5𝐵)𝑥 + (2𝐴 − 2𝐵 + 5𝐶) = 10𝑥2 + 7𝑥 + 0 

Equating coefficient 𝑥2on the left side with the coefficient 𝑥2 in the right side we get 

5𝐴 = 10    ⇨   𝐴 = 2   

By the same way equate coefficient 𝑥 :  − 4𝐴 + 5𝐵 = 7  ⇨   𝐵 = 3  

And      2𝐴 − 2𝐵 + 5𝐶 = 0   ⇨     𝐶 = 2 5⁄   

  So     𝑦𝑝 = 2𝑥
2 − 3𝑥 + 2 5⁄     

∴    𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑒
𝑥(𝑐1 sin 2𝑥 + 𝑐2 cos 2𝑥) + 2𝑥

2 + 3𝑥 + 2 5⁄  

Example 3:  Solve      𝑦′′ − 𝑦′ − 6𝑦 = 8𝑒2𝑥 

Solution: First, we solve the homogeneous equation. The characteristic equation is 

𝑚2 −𝑚 − 6 = 0  ⇨ (𝑚 − 3)(𝑚 + 2) = 0      ⇨     𝑚1 = 3    , 𝑚2 = −2 

𝑦ℎ = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

−2𝑥 

Second, we find a particular solution of the nonhomogeneous equation. The form of the 

particular solution is chosen such that the exponential will cancel out of both sides of 

the differential equation. We choose  

𝑦𝑝 = 𝐴𝑒
2𝑥  ⇨   𝑦𝑝

′ = 2𝐴𝑒2𝑥     ⇨    𝑦𝑝
′′ = 4𝐴𝑒2𝑥     

4𝐴 − 2𝐴 − 6𝐴 = 8 ⇨     𝐴 = −2 

        So       𝑦𝑝 = −2𝑒
2𝑥     

      Then          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

−2𝑥 − 2𝑒2𝑥 
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Example 4:  Solve      𝑦′′ − 5𝑦′ + 6𝑦 = 2𝑒3𝑥 

Solution:    𝑚2 − 5𝑚 + 6 = 0 ⇨ (𝑚 − 3)(𝑚 − 2) = 0      ⇨  𝑚1 = 3    , 𝑚2 = 2  

𝑦ℎ = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

2𝑥
 

              𝑚1 = 𝑟 = 3    so   𝑦𝑝 = 𝐴𝑥𝑒
3𝑥  

  𝑦𝑝
′ = 3𝐴𝑥𝑒3𝑥 + 𝐴𝑒3𝑥                              

                              𝑦𝑝
′′ = 9𝐴𝑥𝑒3𝑥 + 3𝐴𝑒3𝑥 + 3𝐴𝑒3𝑥  = 9𝐴𝑥𝑒3𝑥 + 6𝐴𝑒3𝑥  

9𝐴𝑥𝑒3𝑥 + 6𝐴𝑒3𝑥 − 15𝐴𝑥𝑒3𝑥 − 5𝐴𝑒3𝑥 + 6𝐴𝑥𝑒3𝑥 = 2𝑒3𝑥 

𝐴 = 2 

        So       𝑦𝑝 = 2𝑒
3𝑥     

      Then          𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

2𝑥 + 2𝑒3𝑥 

Example 5: Solve  𝑦′′ − 3𝑦′ − 4𝑦 = 2 sin 2𝑥 

Solution: The characteristic equation is    𝑚2 − 3𝑚 − 4 = 0 ⇨  𝑚1 = 4    , 𝑚2 = −1  

𝑦ℎ = 𝑐1𝑒
4𝑥 + 𝑐2𝑒

−𝑥
 

                 Now let     𝑦𝑝 = 𝐴 sin 2𝑥 + 𝐵 cos 2𝑥                                                   

𝑦𝑝
′ = 2𝐴 cos 2𝑥 − 2𝐵 sin 2𝑥        and         𝑦𝑝

′′ = −4𝐴 sin 2𝑥 − 4𝐵 cos2𝑥 

Upon substitution into the differential equation, we obtain 

  −4𝐴 sin 2𝑥 −4𝐵 cos 2𝑥 − 6𝐴 cos 2𝑥⏟                + 6𝐵 sin 2𝑥 − 4𝐴 sin 2𝑥−4𝐵 cos 2𝑥⏟      = 2 sin 2𝑥 

−8𝐴 + 6𝐵 = 2  ⇨     −4𝐴 + 3𝐵 = 1   

−6𝐴 − 8𝐵 = 0    ⇨     −3𝐴 − 4𝐵 = 0    

𝐴 =
|
1 3
0 −4

|

|
−4 3
−3 −4

|
= −

 4 

25
      and    𝐵 =

|
−4 1
−3 0

|

|
−4 3
−3 −4

|
=
 3 

25
 

𝑦𝑝 = −
 4 

25
sin 2𝑥 +

 3 

25
cos 2𝑥   

So that    𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1𝑒
4𝑥 + 𝑐2𝑒

−𝑥 −
 4 

25
sin 2𝑥 +

 3 

25
cos 2𝑥 
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Example 6: Solve  𝑦′′ − 8𝑦′ + 16𝑦 = 23 cos 𝑥 − 7 sin 𝑥 

Solution: The characteristic equation is    𝑚2 − 8𝑚 + 16 = 0 ⇨  𝑚1 = 𝑚2 = 4   

𝑦ℎ = (𝑐1𝑥 + 𝑐2)𝑒
4𝑥

 

                 Now let     𝑦𝑝 = 𝐴 sin 𝑥 + 𝐵 cos 𝑥                                                   

𝑦𝑝
′ = 𝐴 cos 𝑥 − 𝐵 sin 𝑥        and         𝑦𝑝

′′ = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 

−𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 8𝐴 cos 𝑥 + 8𝐵 sin 𝑥 + 16𝐴 sin 𝑥 + 16𝐵 cos 𝑥

= 23 cos 𝑥 − 7 sin 𝑥 

15𝐴 + 8𝐵 = −7     and     − 8𝐴 + 15𝐵 = 23 

  

𝐴 =
|
−7 8
23 15

|

|
15 8
−8 15

|
=
−289 

289
= −1      and    𝐵 =

|
15 −7
−8 23

|

|
15 8
−8 15

|
=
289 

289
= 1 

𝑦𝑝 = −sin 𝑥 + cos 𝑥 

𝑦 = 𝑦ℎ + 𝑦𝑝 = (𝑐1𝑥 + 𝑐2)𝑒
4𝑥 − sin 𝑥 + cos 𝑥 

Example 7: Solve       𝑦′′ − 6𝑦′ + 13𝑦 = 2 sin 𝑥 − 3 cos 𝑥     

Solution:       𝑚2 − 6𝑚 + 13 = 0                                                                          

𝑚 =
−𝑏 ∓ √𝑏2 − 4𝑎𝑐

2𝑎
=
−(−6) ∓ √(−6)2 − 4 × 1 × 13

2 × 1
= 3 ∓ 4𝑖 

                    𝑦ℎ = 𝑒
3𝑥(𝑐1 sin 4𝑥 + 𝑐2 cos 4𝑥) 

         Now let     𝑦𝑝 = 𝐴 sin 𝑥 + 𝐵 cos 𝑥                                                   

𝑦𝑝
′ = 𝐴 cos 𝑥 − 𝐵 sin 𝑥        and         𝑦𝑝

′′ = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 

−𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 6𝐴 cos 𝑥 + 6𝐵 sin 𝑥 + 13𝐴 sin 𝑥 + 13𝐵 cos 𝑥 = 2 sin 𝑥 − 3 cos 𝑥 

12𝐴 + 6𝐵 = 2 ⇨  6𝐴 + 3𝐵 = 1   

−6𝐴 + 12𝐵 = −3   ⇨  −2𝐴 + 4𝐵 = −1 

𝐴 =
|
1 3
−1 4

|

|
6 3
−2 4

|
=
7 

30
      and    𝐵 =

|
6 1
−2 −1

|

|
6 3
−2 4

|
=
−4 

30
= −

2 

15
 

𝑦𝑝 = (7 30⁄ ) sin 𝑥 − (2 15⁄ ) cos 𝑥 

𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑒
3𝑥(𝑐1 sin 4𝑥 + 𝑐2 cos 4𝑥) + (7 30⁄ ) sin 𝑥 − (2 15⁄ ) cos 𝑥 
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Example 8: Solve      𝑦′′ + 𝑦 = 4sin 𝑥      

Solution:   𝑚2 + 1 = 0    →        𝑚 = ±𝑖                    

𝑦ℎ = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 

𝑘 = 𝛽 = 1 

𝑦𝑝 = 𝑥(𝐴 sin 𝑥 + 𝐵 cos 𝑥) 

𝑦𝑝
′ = 𝑥(𝐴 cos 𝑥 − 𝐵 sin 𝑥) + 𝐴 sin 𝑥 + 𝐵 cos 𝑥 

𝑦𝑝
′′ = 𝑥(−𝐴 sin 𝑥 − 𝐵 cos 𝑥) + 𝐴 cos 𝑥 − 𝐵 sin 𝑥 + 𝐴 cos 𝑥 − 𝐵 sin 𝑥 

      = −𝑥(𝐴 sin 𝑥 + 𝐵 cos 𝑥) + 2𝐴 cos 𝑥 − 2𝐵 sin 𝑥 

Upon substitution into the differential equation, we obtain 

−𝑥(𝐴 sin 𝑥 + 𝐵 cos𝑥) + 2𝐴 cos 𝑥 − 2𝐵 sin 𝑥 + 𝑥(𝐴 sin 𝑥 + 𝐵 cos 𝑥) = 4sin 𝑥  

2𝐴 cos 𝑥 − 2𝐵 sin 𝑥 = 4sin 𝑥      ⇨    𝐴 = 0   𝑎𝑛𝑑         − 2𝐵 = 4    ⇨    𝐵 = −2 

𝑦𝑝 = −2𝑥 cos 𝑥 

𝑦 = 𝑦ℎ + 𝑦𝑝 = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 − 2𝑥 cos 𝑥 

 

 
    For each of the following problem solve  the differential equation  

     (1)    𝑦′′ − 2𝑦′ + 𝑦 = 𝑥2 − 𝑥 − 3                     

    (2)    𝑦′′ + 7𝑦′ + 12𝑦 = 4𝑒2𝑥                  

    (3)    𝑦′′ + 8𝑦′ + 12𝑦 = 3 cos 𝑥                  

    (4)    𝑦′′ − 2𝑦′ + 10𝑦 = 54𝑒−2𝑥                  

    (5)    𝑦′′ + 2𝑦′ + 2𝑦 = sin 2𝑥 + 5 cos 2𝑥                 

    (6)    𝑦′′ − 6𝑦′ + 9𝑦 = 4 sin 𝑥 − 3 cos 𝑥 

     (7)     𝑦′′ + 4𝑦′ + 3𝑦 = 4𝑒−𝑥  

     (8)       𝑦′′ + 4𝑦 = 2 cos 2𝑥 

 

 


