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EXAMPLE 20 Let the three-dimensional random variable (X;, X;, X;) have
the density
Txo, 22,205 X2, X3) = 8x, %5 %3 Lo, 1)(x1 Mo, 1y(x2) (0, 1)(%3)-

Suppose we want to find (i) £[3X, + 2X, + 6X,], (ii) F[X,X,X,], and
{iii} JIX]XE]. Fﬂf {i) we h&’k’t g’{xh -xg.. I]}=311 +2x= +ﬁ.‘-|.'3, Eﬂd
obtain

Elg(Xy, Xz, Xa)] = EB3X, + 2X, + 6X,]
=3 18 18 Gy + 2x; + 6x3)8x,x; x; dx, dx; dxy =32,
For (ii), we get
ELX X1 X5] =3 [0 §o Bxy®xy? x3? dxy dxy dxy =S5,
and for (iii) we get £LX, X;] = . I

The following remark, the proof of which is left to the reader, displays a
property of joint expectation. It is a generalization of (ii) in Theorem 3 of
Chap. 11.

Remark J[z gl Xy s Xﬂ] =3 ¢, €[g{X,. ..., X))] for constants
1 1
chﬂlu'”!cm- .F".IIIIU

4.2 Covariance and Correlation Coefficient

Definition 19 Covariance Let X and Y be any two random variables
defined on the same probability space. The covariance of X and Y,
denoted by cov [X, Y] or gy, y, is defined as

cov [X, Y] = &[(X — ux)(Y—py)] @1
provided that the indicated expectation exists. I

Definition 20 Correlation coefficient The correlation coefficient, de-
noted by p[X, Y] or px y, of random variables X and Y is defined to be

_ cov [X, Y]

Ox 0Ty

(22)

Px,y

provided that cov [X, Y], 6x, and oy exist,and oy >0and oy > 0. [///



Generated by Foxit PDF Creator © Foxit Software
http://www.foxitsoftware.com For evaluation only.

Mathematical Statistics / Fourth Stage/ Dr. Kareema Abed AL-Kadim

((21))

Remark cov [X, ¥Y]=&[(X — w)(Y = )] = E[X Y] — pypy .
PROOF  &[(X — px)(Y — py)]l = E[XY — px Y—pty X + py uy)
=8[XY] = ux 6[Y] = puy E[X] + pxpy
=E[XY] - pypy. i

EXAMPLE 21 Find py, y for X, the number on the first, and Y, the larger of
the two numbers, in the experiment of tossing two tetrahedra. We would
expect that py y is positive since when X is large, Y tends to be large too.
We calculated [XY], 6[X], and &£[Y] in Example 18 and obtained
CIXY]='3,6[X] =4, and §[ Y] =33. Thus cov [X,Y] = 135 5. 50
=1¢- Now &[X’]=22 and &[Y?]=2122; hence var[X]= 4 and
var[Y]=25. So,

10

B2
px,}'*'\/%\/%—%_\/l—l‘ ”.l'.)"

EXAMPLE 22 Find py 4 for X and Yif fy y(x, ¥) = (x + Wi, 1Mo, 1H(¥)-
We saw that £[XY]=§ and &[X]=&[Y]=+% in Example 19. Now
§[X?) = 8[Y?] = 1%; hence var [X] = var [¥] = %4. Finally

4.3 Conditional Expectations

In the following chapters we shall have occasion to find the expected value
of random variables in conditional distributions, or the expected value of one
random variable given the value of another.

Definition 21 Conditional expectation Let(X, ¥)be a two-dimensional
random variable and g(+,-), a function of two variables. The conditional
expectation of g(X,Y) given X =x, denoted by &[g(X,}V)| X =x], is
defined to be

X ) X=x1=] e Nfiurlndy  (@3)

if (X, Y) are jointly continuous, and
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SlgX,Y)|X=x]= Z g(x, J’j)fnx{}’ﬂx) (24)

if (X, Y) are jointly discrete, where the summation is over all possible

values of Y. /]

In particular, if g(x, y) =y, we have defined &[Y|X = x]=&[Y|x].
é[Y|x] and &[g(X, Y)|x] are functions of x. Note that this deﬁmtmn can be
generalized to more than two dimensions. For example, let (X, ..., X,,
Y, ..., Y,) be a (k + m)-dimensional continuous random variable with density
Sty Yoo Yoo YnX15 <<+ Xy D1s ++-5 Y); then

Elg(Xys ooty Xes Yoy ooy Yo% ov ey %]
—f 'I g{xls---sxk!yls---:ym)

-

xfl’l.....l'ml.l'nm,Xk(yl! veey ymlxls tety xk) d."‘l dym' lﬁj

EXAMPLE 23 In the experiment of tossing two tetrahedra with X, the
number on the first, and Y, the larger of the two numbers, we found that

+ fory=2
x| ={+ fory=3
3 fory=4

inExample9. Hence€[Y|X =2]=) yfyx(y|X=2)=2-1+3-} +4-}
EXAMPLE 24 For fy, y(x, ¥) = (x + y)o, 1)(x) 0, 1)(y‘), we found that

x| x) = .L. {u,uU’)

for 0 <x < 1in Example 12. Hence

1 1 1
J[Yix=x]=joyx+i _x+}()2£+§)

for0<x<]1. 1

As we stated above, &[g(Y)|x] is, in general, a function of x, Let us
denote it by h(x); that is, i(x) = &[g(Y)|x]. Now we can evaluate the expecta-
tion of A(X), a function of X, and will have &[h(X)] = &[€[g(Y)]| X]).

This gives us
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This gives us
ELEL(N)IX1] = STC0 = [ HOfi() dx
= |7 et 1x1f dx
= J: Ulg(y)fnx(y |x) a‘y]fx(x) dx

- J'-"” J.f IO yix(¥ 1) x(x) dy dx

=Jm Jm g00)fx.y(x; y) dy dx

= &[g(Y))

Thus we have proved for jointly continuous random variables X and Y
(the proof for X and Y jointly discrete is similar) the following simple yet very
useful theorem.

Theorem 6 Let (X, Y) be a two-dimensional random variable; then

Elg(V)]=[8lgN|XT,  (29)

and in particular
éY)=¢le(y|X]. ()
I

Definition 22 Regression curve &[Y|X =x] is called the regression
curce of Y on x. It is also denoted by pryx=y=py(x- ik



