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Second -order differential equations
1-Homogeneous linear equations with constant coefficients

A second order homogeneous equation with constant coefficients is written as
ay'” + by’ +cy =0 wherea, band c are constant.

Let us summarize the steps to follow in order to find the general solution:
1. Write down the characteristic equation am? +bm+c =0
2. Find the roots of the characteristic equation m; and m,
Here we have three cases
l. If m; and m, are distinct real numbers (m,; = m,) (this happens if b* — 4ac > 0 ),

then the general solution is

Yp = cie™* 4 ¢ e™2X
Il. If m;y =m, (this happens if b?> — 4ac = 0 ), then the general solution is
Y = (c1x + ¢z)e™*

I1I. If m; and m, are conjugate complex numbers (m; =m, = a + Bi)

(this happens if b2 — 4ac < 0 ), then the general solution is

Yn = e (c; sin fx + ¢, cos Bx)
Example 1: Find the general solutionof  y”" —6y"'+8y =0
Solution
Characteristic equation and its roots

m?—6m+8=0 =2 (m—-2)(m—4)=0 = my=2 and m, =4 0O

The general solution is
yn = cie?* + c,e** [
Example 2: Find the general solutionof  y”" +y' =20y =0
Solution
m?+m—20=0 (Characteristic equation)
(m+4)(m—-5)=0 = my=—-4andm, =5 (Theroots)[

= ce " + c,e%* (General solution)
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Example 3: Find the general solution of y” —6y"'+9y =0

Solution
m>—6m+9=0 0

(m-3)(m—-3)=0 = m;=m,=30
yn = (c1x + ¢)e?*
Example 4: Find the general solution of y"—=2y"+5y=0

Solution

m?2—2m+5=0

_ —bFVb2—4ac —(-2)F(-2)2-4x1x5 _
B 2a B 2x1 B

Y = e*(c; sin 2x + ¢, cos 2x)

m 1+ 2i

Example 5: Solve  y" +2y"'4+ 10y =0 with y'(0) =9and y(0) =3
Solution m2+2m+10=0

_ —bFVb?—4dac —2F,/(2)2-4x1x10
B 2a B 2x1

Yn = e *[c;y sin3x + ¢, cos 3x] (General solution)]

= —17F3il

m

y(0)=3 =3=¢e%¢;sin0+c,cos0] = ¢, =3
yn = e ¥[cy sin3x + 3 cos 3x]
yp, = e *[3¢; cos 3x — 9sin 3x] — e *[c; sin3x + 3 cos 3x]
y'(0) =9 =9 =¢e%3c;cos0—9sin0] —e®[c; sin0 + 3 cos 0]
9=3¢;—3= ¢, =4

yn = e *[4sin3x + 3cos3x] (Particular solution)O

[\

Example 6: Solve y" +9y =10 with y'(r/6) = 3 and y(m/6) =
Solution  m?4+9=0 = m=F3i
Yn = ¢; 8in3x + ¢, cos3x  (General solution)[
y(mr/6) =2 = 2=c;sin(n/2)+c,cos(n/2) = ¢, =20
yp = 3¢; cos 3x — 3¢, sin 3x0
y'(@/6)=3 = c=-10
Yp = 2sin3x —cos3x  (Particular solution)O

Y
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Example 7: Solve  y" +9y"4+ 14y =0 with y'(5m) = 2 and y(5m) = 4
m?>+9m+14=0 O
(m+2)(m+7)=0 = m;y=-2andm,=-7 0O

7x

yh = e + cye” (General solution)d

y(51) =4 = 4=ce 10" 4,357 o eq(1)O
yp, = —2c,e"** — 7c,e”7*0
y'(5m) =2 o 2=-2c,e/19% —7c,e35" o eq(2)
eq(1) x 2 =  8=2¢e "+ 2c,e735"0
Then 10 = —5c,e™35™
c, = —2e357 - eq(3)0

Foreq(3) and eq(1) weget 4 = c,e 1" —2 o= | ¢, = 6107

yn, = 6e10mp—2x _ D o35m o —7x

yp, = 6e10772% — 23577 (Particular solution)

Exercises
For each of the following problem (1 through 10), find the general solution of the

differential equation

1) y'+y' -2y=0 (2) y'—-4y' +4y=0
3) y'+2y"+2y=0 4) y"+2y'=0
(5) y"+6y ' +5y=0 (6) y'"+2y" +4y =00
(7) y"+9y'+8y=0 8) y" -6y + 25y =00
9 y"'—-6y'+9y=0 (10) y" —4y'+13y =00
For each of the following problem (11 through 14),solve the initial-value problem
(11) y"+5y'+4y=0 ; '(0)=-7 and y(0) =10
(12) y"+y' —12y=0 ; y'(m) =-20 and y(m) = —-20
(13) 9y" +y=0 ; y'(0) =2 and y(0) = —20
(14) y"+2y'=4y=0 ; '(0)=-6 and y(0) = 60




