Engineering Mechanics Dynamics Mushrek A. Mahdi

2. Plane Curvilinear Motion:

Curvilinear motion occurs when a particle moves along a curved path. Curvilinear motion can
cause changes in both the magnitude and direction of the position, velocity, and acceleration

vectors

Path of |
particle |

- Displacement
The displacement represented the change in
the particle’s positions.

Ar=rpy —1a=1—T

- Velocity

. Ar
Average velocity, Vgy,g = "

. . Ar
Instantaneous velocity, v = limy,_,g (E)

dr .
Or, vVv=—=7
dt

The magnitude of v is called speed (scalar).

v = lim (AS)
— At—=0 At AV ;
’ ;
ds ) v a
Or, v=|v|=—=S5§
dt v
.<'; ‘A
- Acceleration g
Average accel a v A !
. = — , Av=V —v
g avg ~ ;
. Av
Instantaneous accel., a = llmAt_,O(E) , or
. dv
T dt

Note: The velocity (v) is always a vector tangent to the path, while the acceleration (a) is not

tangent to the path.
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2.1. Rectanqular Coordinates (x-y):

- Vector Representation

Position vector

r =xi+yj v Ay |
: ay—} |
| |
velocity vector I
V=r=x1+Yyj v, ax;—“’A
V = Vel + vy vj /
. ————X
acceleration vector i
a=v=r=Xi+yj
a=ayit+ayj
The scalar values of the components of v and a are;
vy=X,v,=Y, and ay =v, =X, a, =v, =}y
Where:  x = x(t) =), x=Z , y=%
- X=X Y EYW XY= YT
The magnitude of the velocity is: v = /v,% + v§, (16)
feacti ‘o -1 (Y%
The direction of v is: 0 = tan (v—) (17)
X
The magnitude of accelerationis: a = [a2+ af, (18)
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Ex. (7): The curvilinear motion of a particle is defined by v, = 50 — 16t and y = 100 — 4t?2,
where v, is in meters per second, y is in meters, and t is in seconds. It is also known that x = 0
when t = 0. Determine velocity and acceleration of the particle when the position y = 0 is
reached.

Sol.:
x t
U dx = f Vs df} j dx = f (50 —166)dt  x =50t — 82 m
0 0
_ _d . B 9
la, = v,] @ = (50 — 16t) a, = —16 m/s
¢

The y-components of velocity and acceleration are

[v, = y] vy = % (100 — 4¢2) vy, = —8t m/s
[a..y = I:’}_.] a, = % (—8¢) a, = —8 m/s2

When y =0 .
0=100—4t2 & t=F5s Irf

~ v, =50—16t = 50 — 16(5) = —30 m/s

v, = —8t = —8(5) = —40 m/s
v = JvZ+vZ=,/(-30)%+ (—40)2 =50 m/s
a=.aZ+aZ=,(-16)2+ (—8)2 = 17.89 m/s?

The velocity and acceleration as a vectors are

v=1ud+v,j=—-30i—40jm/s Ans. Path

a = a,i+a,j=—16i — 8j m/s? Ans. /

a, = -16 m/s? J/

pa— -/ "_1
| gid
pas Ya,=-8 m/s?

a = 17.89 m/s?
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Projectile Motion:

An important application of two-dimensional kinematic theory is the problem of projectile
motion. The free- flight motion of projectile is studied in terms of its rectilinear components.

The projectile have a constant downward acceleration (gravity acceleration) is (a =g =

9.81m/s% or g = 32.2 ft/s?).

Horizontal motion

Vertical motion

a=a, =0

a=a,=—g

+
(—>) v=v,+at

v, = (vy), = v, cos O

+M v=v,+at
Uy = (vy)o —gt

(;) v2 =v2 + 2a(x — x,)

v, = (v), =V, cosb

+D v:P=vi+2aly —y,)

vy = (W5)y — 29y = ¥o)

+ 1 2
(—>) X =%+ Vot +-at

X =x,+ (v,),t

1
y=1 +vot+zat2

1
y=Y, + (Uy)ot - Egtz
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EX. (8): The projectile is launched with a velocity v,. Determine the range R, the maximum
height h attained, and the time of flight. Express the results in terms of the angle and .The
acceleration due to gravity is g.

= 8 + ’U()f
=0 + (vgcos )t

1,
=359+ vot + Ea(f“

=0+ (vgsinb)t + %(—g)r2

1 R
p— 1 9 _ —_—
Yosin 2 (g)(’i)[] cos 9)

2
_— sin 26
g
B R B -v% (2 sinf cosh)
v, cos 6 B vy g cosf
2v
- =0 sin 0
g

(+T) v* = vf + 2a.(s — so)

0

= (vgsin )* + 2(—g)(h — 0)

Ans.

Ans.

Ans.
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Ex. (9): A projectile is launched with an initial speed of 200 m/s at an angle of 60°with respect to the
horizontal. Compute the range R as measured up the incline.

Sol.:

Uy, = 200cos 60 = 100 m/s ,

vy, = 200sin60 = 30 m/s
AtB:  x = x5+ vt
Rcos20 =0+ 100ty == tr = 0.00940R , ( tf : the time duration of the flight)
1
Y =Y +vyot—5gt2
. _ 9.81 -
Rsin20 = 173.2 t; — th

9.81

Rsin20 = 173.2(0.00940R) — -~ (0.00940R)*>

~ R=2970m/s Ans.

Ex. (10): A projectile is fired from the edge of a 150-m cliff with an initial velocity of 180 m/s at an
angle of 30° with the horizontal. Neglecting air resistance, find (a) the horizontal distance from the gun
to the point where the projectile strikes the ground, (b) the greatest elevation above the ground reached
by the projectile

Sol.:

(v,)o = 180 cos 30 = 1559 m/s

(vy)o =180sin30 =90m/s , a, =a =g =9.81m/s?

+
(—>) X = Xg t Uyt

x=0+1559t¢ 1) &
(1) ¥ =yo+ () ¢ — 59t ‘ 180 mis
(a). When the projectile strikes the ground; y = =150 m (V‘"’)((‘Df (30° 1; o
—150 = 0 + 90t — 4.9t —*\ |
t = 19.91 sec. e L‘
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x = 155.9(19.91) = 3100 m AnS.

(b). at the greatest elevation; v, =0
2
(+1) vy = (vy)o + 2a(y — y,)
0 =8100+2(—9.8)(y—-0) , y =413 m
The greatest elevation above the ground = 150 + 413 = 563 m Ans,
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2.2. Normal and Tangential Coordinates ( n-t):

One of the common descriptions of the curvilinear motion uses the path variables, which are
measurements made along the normal(n) and tangent(t) to the path of particle.

_ ¢ _L
ds = pdp b2 R
S = p s_//‘/ | ...-""'Ml \ ™~
A A L 7 \n
p :radius of curvature (m, ft) W h'lr____.._.n::“_;_ *-
t\ B
dp : angle in (radian)
- Velocity.
. _das 5 __aB
ST a b= dt

_ds_ 4B _ 5
V=" dt—pﬁ

V =ve, = pfe,

- Acceleration.

q = dv _ d(vet)
Tdt . dt

a = ve; +ve;
for small angle tandf = df = de;/e, a\

de; = e, df /
e, , e, : Unit vectors N

dec _,
dﬁ n €;

Divided by (de,) gives; dp

det dﬁ
dt dt

€ = ﬁen
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The acceleration becomes

v2 .
a=—en+ve

a=aye, +a.e; (as avector)

where: (19)

172 - ’ . .
an=—-=pp*=vB , a=v=3%

the magnitude of acceleration is :

a= /a%+af (20)
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Circular Motion:

In this case the radius of curvature (p) is replaced by constant radius (r) of the circle and the

angle (8 ) is replaced by angle (6).
p->r and B-6 N

The velocity and acceleration components =
for the circular motion become:

v=r9

(21)

a, = v*/r =r6?* = vo

a,=v=r0

Notes:

1-

If the particle moves along a straight line, then p — o
a,=0,a=a,=7

2- If the particle move along curve with constant speed then;
a=a,=v=0 and a=an=%2
3- The a; acts in the positive direction of s if the particle’s speed is increasing or in the
opposite direction if the particle’s speed is decreasing.
4- The relations between a; ,v,t and s are the same as for rectilinear motion, namely,
a,=v ,a,ds=vdv
5- If a; isconstant, a; = (a;). , the above equations, when integrated, give;
v=vy+ (a).t, V2 =vi+2(a).(s—5sy) and s =5+ vyt +%(at)c t?
6- The a, component is always directed toward the center of curvature of the path (along the
positive n axis).
7- If the path is expressed as y = f(x), the radius of curvature p at any point on the path is
determined from the equation
3
()|
P = \@yaa]

-10-
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Ex. (11): To anticipate the dip and hump in the road, the driver of a car applies her brakes to produce a
uniform deceleration. Her speed is 100 km/h at the bottom A of the dip and 50 km/h at the top C of the
hump, which is 120 m along the road from A. If the passengers experience a total acceleration of
3 m/s? at A and if the radius of curvature of the hump at C is 150 m, calculate:

(a) The radius of curvature at A.

(b) The total acceleration at the inflection point B. gom C
(c) The total acceleration at C. W
A B 150 m
Sol.: l
km 1000
(8). vy = 100“% =100 (%) = 27.8m/s

Ve = 50%m = 50(1000/3600) = 13.89 m/s
For constant deceleration, we can use the following formulae
vé = v3 + 2as +n

|
(13.89)2 = (27.8)% + 2a,(120) a=3mi? |

} a, = 1.785 m/s?

a, = —2.14 m/s?

- e i L 2 ——TT +
Total acceleration at Aisgivenas: a =3 m/s a; = -2.41 m/s?
a=.d2+a?
3 =,/a2 + (—2.14)2 ~ a, =1.785m/s?
_vi _ (27.8)?
a, = R Pa =" o = 432 m Ans.
(b). Since the radius of curvature is infinite at the inflection point B (pg = )
a,=0 and =a, —2.41 m/s?
_ ) B -
Total acceleration at B is a=at=-2.41m/s? / ——=T
a=a; =—-2.41 m/s?
(c). a, = —2.14 m/s?
v:  (13.89)2 _ o, 2O
a, = p_f: == 1.286 m/SZ a, _j%_:%}-II]Xb C R
Total acceleration at C is ' a, = 1.286 m/s?
a=273m/s :
a=.a2+a?=,/(1286)% + (—2.14)% = 2.73 m/s? Ans. |

+n

11-
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Ex. (12): A small particle P starts from point O with a negligible speed and increases its speed to a
value v = ,/2gy, where y is the vertical drop from O. When x = 50 ft, determine the n-component of

acceleration of the particle.
0 Horizontal

Sol.: | e (ﬁ) i

2 50 2 Vertical
=) =) - ez :
v =29y = VZ*32.2 %625 = 20 ft/s I

213/2 3/2 3/2

B s )

p= |d2y/dx2| ~ |1/200  |1/200] ¢
a, = ”?2 2 = 1.838 ft/s? Ans.

Ex. (13): A race car C travels around the horizontal circular track that has a radius of 300 ft. If the car
increases its speed at a constant rate of 7 ft/s?2, starting from rest, determine the time needed for it to
reach an acceleration of 8 ft/s2. What is its speed at this instant?

/ = \\
},’ s T
f - ']
t ."\\ L\. / ,/‘ /‘/“
Sol.: L Y r=3001t A
The magnitude of acceleration is {“‘ S
a=,a?+a?
=7f 2
a, =7ft/s

V=vy+ agt

0+7t=7t

v

v? (7t)2
300

a, = = 0.163¢2

-12-
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The time needed for the acceleration to reach 8 ft/s? is therefore

— [42 2
a=.a; +ag

8 = /7% + (0.163t2)2

Solving for the positive value of t gives

0.163t2 =V82+72 =
The speed at time t = 4.87s is

v="7t=7(4.87) = 34.1 ft/s

t =4.87s

Ans.

ANS.

-13-
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2.3. Polar Coordinates (r — 0 ):

The third description of plane curvilinear motion is the polar coordinates. Where the particle is
located by the radial distance (r) from a fixed point (0) and by an angle (8) measured from the
radial line.

The position vector is Path

r=re,

tandf = do = &

€9
der = egdg
deg = —erdg

e,, eg . are unit vectors in r and 0 directions
d d
dt dt

And %0 — _ (de) e,

dt dt

ér = éeg and ég = —éer P

- Velocity

V=TI =re, +716€,

vV =Te, +rfe, = v,.e, + Vge,

where: :
V. =T

(22)

ro

Vg

The magnitude of velocity v is: v = /v% + 3 (23)

- Acceleration.

a=v=(fe,+re)+ (e, +rie, + roe,

14-
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a=(F—rode.+ 6 + 2r0)e,

a = a,e, + Ag€y

Where: - ;
a, =i —r@?
. (24)
ag =16 + 210
The magnitude of acceleration a is: a= /a% + a’ (25)
Where:

Path

v,.. radial component of velocity

Vg transverse component of velocity

do

0= —; - angular velocity (rad/s)

2
=126

=7 angular acceleration (rad/s?)

a,.. radial component of acceleration

ay: transverse component of acceleration

Circular Motion:

For motion in a circular path with r constant, the components of velocity and acceleration
are:

v, =0 v, =10

a, = —r62 a, =ro

-15-
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Ex. (14): Rotation of the radially slotted arm is governed by 8 = 0.2t + 0.02t3, where @ is in
radians and t is in seconds. Simultaneously, the power screw in the arm engages the slider B and
controls its distance from O according to r = 0.2 + 0.04t2, where r is in meters and t is in
seconds. Calculate the magnitudes of the velocity and acceleration of the slider for the instant
whent = 3 s.

Sol.:

Fort =3s

r=0.2 + 0.04¢2 rq = 0.2 + 0.04(3%) = 0.56 m

7 = 0.08t r3 = 0.08(3)= 0.24 m/s

7 =0.08 F5 = 0.08 m/s? iy i” °

=02t +0.023 6= 02(3) +0.02(3%) = 1.14 rad / h ) =024 mls

or 65 = 1.14(180/m) = 65.3° Up=0414m/s /5

0 =02+0062 6;=02+0.06(3%) = 0.74 rad/s

6 =0.12¢ 65 =0.12(3) = 0.36 rad/s? 0.56 m
The velocity components are ; g

[v, =] v,=024ms 0o

[v, = 18] vy = 0.56(0.74) = 0.414 m/s

[v=u,2+ 0,7 v =(0.24)2 + (0.414)% = 0.479 m/s Ans.

The acceleration components are
ag = 0.557 m/s?

[o,=F -rf% @, =0.08 - 0.56(0.74)% = —0.227 m/s?

[ap =76 +2/0]  a,=056(0.36) + 2(0.24)(0.74) = 0.557 m/s?

b=Ve2+el  a=(-02217+ (05577 =0601mis>  Ans.

-16-
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Ex. (15): A tracking radar lies in the vertical plane of the
path of a rocket which is coasting in unpowered flight
above the atmosphere. For the instant when 8 = 30°, the
tracking data give r = 25(10%) ft, 7 = 4000 ft/s, and
6 = 0.80 deg/s. The acceleration of the rocket is due only
to gravitational attraction and for its particular altitude is
31.4 ft/s? vertically down. For these conditions determine
the velocity v of the rocket and the values of # and 6 .

Sol.:
The components of velocity are

v, =7 = 4000 ft/s

v, =10 = 25(10%) * <0.80 (1%)) = 3490 ft/s

v= [v?+v}=1+40002 + 34902 = 5310 ft/s

The total acceleration of the rocket is g = 31.4 ft/s? down,
the components of acceleration are:

=300/ ~ |
T/ a =g =314 ft/sec?

a, = —31.4cos 30 = —27.2 ft/s?
ag = —31.4sin30 = 15.7 ft/s?

a, =% —rf?

2
—27.2 = # — 25(10%) <0.80 (i)> —> # =215 ft/s? Ans.

180
g = T'é + 27"9

15.7 = 25(10%)8 + 2(4000) (0.80 (%)) —> 6§ =-3.84(107%) ft/s? Ans.

A7-
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Ex. (16): As the hydraulic cylinder rotates around O, the
exposed length | of the piston rod P is controlled by the
action of oil pressure in the cylinder. If the cylinder
rotates at the constant rate 6 = 60 deg/s and [ is
decreasing at the constant rate of 150 mm/s, calculate
the magnitudes of the velocity v and acceleration a of
end Bwhen ! = 125 mm/s.

Sol.:

f= 315+ 125 = 500 mm | ¥=1=-150 g

L]
e

- s
P R0, O= 6%%0 = 3 rodls }9=‘o

mm

Y =F = o150 B Uy=rd = 500 (F) = 52+ g

¢ =
1= VU 5% = 50y (524)7 < 545 T

0 = F-r6* = 0-500 (F)7 = - 548 mms?

Q= ré+r2r8= O+ 2(—|So)(m/3) = =314 mmjs©

o= QT4 = 543 (314) = 632 mmfs
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